
Project Description: Geometric Energies

Before explaining the goal of this project, we present a brief introduction for two subjects
that the project is based on.

Additive energy. Let A ⊂ R be a set of n real numbers. The sum set of A is

A+A = {a+ b : a, b ∈ A}.

When A = {1, 2, 3, . . . , n} we have A+A = {2, 3, . . . , 2n} and thus |A+A| = 2n− 1. It
is not difficult to verify that |A + A| = 2n − 1 whenever A is an arithmetic progression of
size n. On the other hand, when choosing the elements of A randomly, we do not expect
many sums in A+A to have more then one representation as a sum of two elements of A.
That is, for a random set A we expect the size of A+A to be close to n2. To recap, while
most sets have a large sum set there exist sets with some kind of an additive structure that
gives them a small sum set (close to n instead of close to n2).

One main tool in studying the additive structure of sets is additive energy. The additive
energy of a set A ⊂ R is

E+(A) =
∣∣{(a1, a2, a3, a4) ∈ A4 : a1 + a2 = a3 + a4

}∣∣ .
Let |A| = n. Since there are n2 quadruples (a1, a2, a3, a4) ∈ A4 where a1 = a3 and

a2 = a4, we have that n2 ≤ E+(A). Since for any choice of a1, a2, and a3 there is at most
one valid choice for a4, we have that E+(A) ≤ n3. That is, while the size of the sum set is
approximately between n and n2, the additive energy is between n2 and n3.

For x ∈ A + A we set r+A(x) =
∣∣{(a1, a2) ∈ A2 : a1 + a2 = x

}∣∣. That is, r+(x) is the
number of ways to write x as a sum of the elements of A. Since each of the n2 pairs of A2

contributes to exactly one r+A(x), we have∑
x∈A+A

r+A(x) = n2.

By the Cauchy–Schwarz inequality, we get

E+(A) =
∑

x∈A+A

r+A(x)
2 ≥

(∑
x r

+
A(x)

)2
|A+A|

=
n4

|A+A|
. (1)

That is, a small sum set implies that the energy is large. For example, an arithmetic
progression has a sum set of size close to n and an energy close to n3. Unfortunately, a large
energy does not necessarily imply that the sum set is small. For example, let A = P ∪ R
where P is an arithmetic progression of size |A|/2 and R is a random set of size |A|/2. In
this case P contributes close to n3 to the energy while R contributes close to n2 to the sum
set.

Although a large additive energy of a set A says nothing about the size of A+A, it does
tell us that there is a large subset A′ ⊂ A such that A′ +A′ is small. In the above example
of A = P ∪ R, note that A does contain a large subset with a strong additive structure
(namely P ).

This was a very brief introduction of the concept of additive energy, while a whole books
can be written this object. For more information, see for example Additive Combinatorics
lecture notes by the author in https://adamsheffer.wordpress.com/pdf-files/.
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Distance energy. The distinct distances problem was originally posed by Erdős in 1946
[1]. It asks for the minimum number of distinct distances that can be determined by a set
of n points in the plane. For example, consider the set of n equally spaced points on a line:
{(1, 0), (2, 0), (3, 0), . . . , (n, 0)}. It is not difficult to verify that the distances spanned by
pairs of points from this set are {1, 2, 3, . . . , n− 1}. That is, the above point set spans n− 1
distinct distances (by distinct distances we mean that a distance is counted once even if it
is spanned by many different pairs of points). Similarly, one can verify that the vertices of
a regular polygon with n sides span about n/2 distances. Are there sets of n points that
span fewer distinct distances?

Denoting the distance between two points p, q ∈ R2 as |pq|, the distinct distances prob-
lem asks to find

d(n) = min
|P|=n

|{|pq| : p, q ∈ P}|.

While the problem might seem like a simple riddle, it turned out to be very difficult, to
have a deep underlying theory, and to have connections to many parts of mathematics. In
a survey of his favorite contributions to mathematics, compiled for the celebrations of his
80’th birthday, Erdős wrote

“My most striking contribution to geometry is, no doubt, my problem on
the number of distinct distances. This can be found in many of my papers on
combinatorial and geometric problems.”

In his original paper Erdős considered the lattice {1, 2, . . . ,
√
n} × {1, 2, . . . ,

√
n}. To

estimate the number of distinct distances spanned by this set, he relied on the following
number theoretic result.

Theorem 1. (Landau and Ramanujan) The number of positive integers smaller than
n that are the sum of two squares is Θ(n/

√
log n).

Every distance in the
√
n×

√
n integer lattice is the square root of a sum of two squares

between 0 and n. Thus, Theorem 1 implies that the number of distinct distances in this
case is Θ(n/

√
log n).

Theorem 2. d(n) = O(n/
√
log n).

Erdős conjectured that this bound is tight but only managed to prove d(n) = Ω(n1/2).
This led to a constant stream of works on distinct distances problems over the decades (both
on the above problem and on many variants). Many of the leading combinatorists of the
past decades made contributions to this topic. In 2010 the problem was almost completely
settled by Guth and Katz [2], who proved that every set of n points in R2 determines
Ω(n/ log n) distinct distances.

Many works on distinct distances problems start with a set P of n points and study the
set

Q = {(a, b, c, d) ∈ P4 : |ab| = |cd|}.

Note that |Q| can be thought of as a distance variant of additive energy: Instead of
a+ b = c+ d, we ask the distance between a and b to equal the distance between c and d.
This quantity was an important part of Guth–Katz proof and many other distinct distances
works.
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The project. We are interested in further pursuing the use of geometric energies (such as
distance energy) in the study of problems from Discrete Geometry (such as the distinct dis-
tances problem). Since this is a very recent development, there are many related unexplored
problems to study.

One approach for a project is to further study properties of distance energy. This can
be done by reading about additive energy and trying to adapt the techniques to distance
energy. We recently obtained a family of new results by adapting the concept of higher
moment energies from additive energy to distance energy (see [4]). Alternatively, one can
intrinsically study distance energy by trying to answer questions such as “what does it mean
for a point set to have a large distance energy?”.

Another possible project would be to study other types of geometric energies. For
example, we obtained distinct distances results by studying “bisector energy” (see [3]). In
this case we study quadruples of points (a, b, c, d) ∈ P4 such that a and b have the same
perpendicular bisector as c and d. It would be interesting to play with other possible types
of geometric energies, see what can be said about them, and how they can be connected to
other problems in Discrete Geometry.

For a list of the open distinct distances problems, see [5].
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