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Abstract

We consider the question of the existence of models for V = HOD, the Ground Axiom
(GA), and the level by level equivalence between strong compactness and supercompactness
containing supercompact cardinals where there is a proper class of cardinals at which GCH
fails. We prove two theorems pointing towards positive answers to this question. In the first of
the models constructed, the class of supercompact cardinals can be arbitrary, both V = HOD
and GA hold, there is a proper class of cardinals at which GCH fails, and all sets are coded
via the continuum function. Level by level equivalence will also be true, except possibly
at successors of singular cardinals of cofinality ω. In the second of the models constructed,
level by level equivalence between strong compactness and supercompactness holds, there are
no supercompact cardinals, there are proper classes of strong cardinals which are limits of
strong cardinals such that each member of the relevant class exhibits significant degrees of
supercompactness, both V = HOD and GA hold, GCH fails at every strong cardinal and
measurable limit of strong cardinals (so there is a proper class of cardinals at which GCH
fails), and all sets are coded via the continuum function.
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1 Introduction and Preliminaries

We begin with some preliminary definitions and terminology. We recall that the Ground Axiom

(GA), introduced in [9, 18], is the assertion that the set-theoretic universe V is not a forcing

extension of any inner model W ⊆ V by nontrivial set forcing P ∈ W . As was observed in [18,

Observation 1.2 and the succeeding paragraph], whereas certain canonical inner models, e.g., L

and LU for κ a measurable cardinal and U a normal measure over κ, satisfy GA, others, e.g., M1

(the minimal model for one Woodin cardinal), do not.

Suppose V is a model of ZFC in which for all regular cardinals κ < λ, κ is λ strongly compact

iff κ is λ supercompact, except possibly if κ is a measurable limit of cardinals δ which are λ

supercompact. Such a universe will be said to witness level by level equivalence between strong

compactness and supercompactness. For brevity, we will henceforth abbreviate this as just level by

level equivalence. The exception is provided by a theorem of Menas [17], who showed that if κ is

a measurable limit of cardinals δ which are λ strongly compact, then κ is λ strongly compact but

need not be λ supercompact. When this occurs, we will say that κ witnesses the Menas exception.

Otherwise, if κ is a measurable cardinal such that for every regular λ > κ, κ is λ strongly compact

iff κ is λ supercompact, we will say that κ witnesses level by level equivalence. If, however, κ is

λ strongly compact, κ is not λ supercompact, λ is regular, and κ does not witness the Menas

exception at λ, we will say that κ witnesses a failure of level by level equivalence at λ. Any model

of ZFC satisfying level by level equivalence also has the Kimchi-Magidor property [14] that the

classes of strongly compact and supercompact cardinals coincide precisely, except at measurable

limit points. Models in which GCH and level by level equivalence hold nontrivially were first

constructed by Shelah and the author in [6].

Turning now to the main narrative, in [3], the following theorem was proven.

Theorem A Suppose V � “ZFC + GCH + K 6= ∅ is the class of supercompact cardinals”. There

is then a partial ordering P ⊆ V such that V P � “ZFC + GCH + K is the class of supercompact

cardinals + Level by level equivalence holds + V = HOD + GA”.
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In the model witnessing the conclusions of Theorem A, since GCH is true, there is not a proper

class of cardinals at which GCH fails. In fact, no model currently known in which level by level

equivalence holds even contains infinitely many distinct failures of GCH at and above the least

supercompact cardinal. In particular, it is presently unknown how to construct a model for level

by level equivalence in which if κ is the least supercompact cardinal, there is an increasing sequence

of cardinals 〈δi | i < ω〉 such that for all i, δi ≥ κ, 2δi > δ+i for every i, and if i 6= j, 2δi 6= 2δj . This

is in sharp contrast to [18, Theorem 3.2], in which a model for “V = HOD + GA” is built in which

there is a proper class of cardinals at which GCH is false. Therefore, taking as our terminology

that a model with a proper class of cardinals at which GCH fails is a model with global failures of

GCH, we now have the following

Question: Is it possible to construct a model for V = HOD, GA, and level by level equivalence

containing supercompact cardinals with global failures of GCH?

Unfortunately, we have at this juncture been unable to answer the above Question. The purpose

of this paper is to prove two theorems pointing towards a positive resolution. Specifically, we will

establish the following results.

Theorem 1 Suppose V � “ZFC + GCH + K 6= ∅ is the class of supercompact cardinals”. There

is then a partial ordering P ⊆ V such that V P � “ZFC + K is the class of supercompact

cardinals + V = HOD + GA”. In V P, every set is coded via the continuum function, and there is

a proper class of cardinals at which GCH fails. In addition, in V P, level by level equivalence holds,

except possibly at successors of singular cardinals of cofinality ω. In other words, in V P, κ can only

possibly witness a failure of level by level equivalence at a regular cardinal λ if λ is the successor of

a singular cardinal of cofinality ω.

Theorem 2 Suppose V � “ZFC + GCH + κ is the least supercompact cardinal”. There is then a

partial ordering P ∈ V and a submodel V ⊆ V P such that V � “ZFC + There is a proper class of

measurable limits of strong cardinals + No cardinal is supercompact + V = HOD + GA”. In V ,
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GCH fails at every strong cardinal and measurable limit of strong cardinals, every set is coded via

the continuum function, and level by level equivalence holds.

We take this opportunity to make a few brief remarks concerning Theorems 1 and 2. First, we

explicitly note that the conclusions of both of these theorems indicate that the witnessing models

contain global failures of GCH. In addition, as our proof will show, there is nothing special in

Theorem 1 about the possible failure of level by level equivalence at the successor of a singular

cardinal of cofinality ω. Depending on the definition of the forcing partial ordering, this ambiguity

could occur at, e.g., the successor of a singular cardinal of cofinality ℵ1, the triple successor of

any limit cardinal, the (ω + 1)st successor of any beth fixed point, etc. This is analogous to the

situation in [1, Theorem 3]. Further, regardless of the large cardinal structure of the ground model,

the model V satisfying the conclusions of Theorem 2 will always contain proper classes such that

each member of the relevant proper class exhibits significant degrees of supercompactness. This is

in spite of the fact that unfortunately, V contains no supercompact cardinals. We will comment

on this further in the paragraph immediately following the proof of Theorem 2.

We conclude Section 1 with a discussion of some additional preliminary material. When forcing,

q ≥ p means that q is stronger than p. We will have some slight abuses of notation. In particular,

when G is V -generic over P, we take both V [G] and V P as being the generic extension of V by

P. We will also, from time to time, confuse terms with the sets they denote and write x when we

actually mean ẋ or x̌. For α < β ordinals, [α, β], [α, β), (α, β], and (α, β) are as in standard interval

notation. For κ a regular cardinal and λ an ordinal, Add(κ, λ) is the standard partial ordering for

adding λ many Cohen subsets of κ. The partial ordering P is κ-directed closed if every directed set

of conditions of size less than κ has an upper bound. The field of P when P is a forcing iteration is

the set of possibly nontrivial stages in the definition of P. When we present proofs which are based

on arguments from bibliographical citations of our own papers, we will feel free to quote verbatim

without mentioning this explicitly.

We recall for the benefit of readers the definition given by Hamkins in [13, Section 3] of the

lottery sum of a collection of partial orderings. If A is a collection of partial orderings, then the

4



lottery sum is the partial ordering ⊕A = {〈P, p〉 | P ∈ A and p ∈ P} ∪ {0}, ordered with 0 below

everything and 〈P, p〉 ≤ 〈P′, p′〉 iff P = P′ and p ≤ p′. Intuitively, if G is V -generic over ⊕A, then

G first selects an element of A (or as Hamkins says in [13], “holds a lottery among the posets in

A”) and then forces with it.1

A corollary of Hamkins’ work of [10] on the approximation and cover properties (which is a

generalization of his gap forcing results found in [11, 12]) will be employed in the proofs of Theorems

1 and 2. This corollary follows from [10, Theorems 3, 31, and Corollary 14]. We therefore state as a

separate theorem what is relevant for this paper, along with some associated terminology, quoting

from [11, 12, 10] when appropriate. Suppose P is a partial ordering which can be written as Q ∗ Ṙ,

where |Q| ≤ δ, Q is nontrivial, and Q “Ṙ is δ+-directed closed”. In Hamkins’ terminology of [10],

P admits a closure point at δ. In Hamkins’ terminology of [11, 12, 10], P is mild with respect to a

cardinal κ iff every set of ordinals x in V P of size below κ has a “nice” name τ in V of size below κ,

i.e., there is a set y in V , |y| < κ, such that any ordinal forced by a condition in P to be in τ is an

element of y. Also, as in the terminology of [11, 12, 10] and elsewhere, an embedding j : V → M

is amenable to V when j � A ∈ V for any A ∈ V . The specific corollary of Hamkins’ work from

[10] we will be using is then the following.

Theorem 3 (Hamkins) Suppose V [G] is a generic extension obtained by forcing with a partial or-

dering P admitting a closure point at some regular δ < κ. Suppose further that j : V [G]→M [j(G)]

is an elementary embedding with critical point κ for which M [j(G)] ⊆ V [G] and M [j(G)]δ ⊆

M [j(G)] in V [G]. The following then hold:

• M ⊆ V ; indeed, M = V ∩M [j(G)].

• If the full embedding j is amenable to V [G], the restricted embedding j � V : V → M is

amenable to V .

1The terminology “lottery sum” is due to Hamkins, although the concept of the lottery sum of partial orderings
has been around for quite some time and has been referred to at different junctures via the names “disjoint sum of
partial orderings,” “side-by-side forcing,” and “choosing which partial ordering to force with generically.”
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• If j is definable from parameters (such as a measure or extender) in V [G], the restricted

embedding j � V is definable from the names of those parameters in V .

• If P is mild with respect to κ and κ is λ strongly compact in V [G] for any λ ≥ κ, then κ is λ

strongly compact in V .

It immediately follows from Theorem 3 that any cardinal κ which is λ supercompact in a generic

extension obtained by forcing that admits a closure point below κ (such as at ω) must also be λ

supercompact in the ground model. Consequently, if κ is fully supercompact, it must have been

supercompact in the ground model. In addition, if V is a generic extension of V by a partial

ordering admitting a closure point at ω in which each supercompact cardinal is preserved, the class

of supercompact cardinals in V remains the same as in V (so κ is the least supercompact cardinal

in V iff κ is the least supercompact cardinal in V ). Further, it follows from Theorem 3 that if P

admits a closure point at ω, P is mild with respect to κ, and V P � “κ is λ strongly compact”, then

V � “κ is λ strongly compact”. Finally, it follows from Theorem 3 that if V is a generic extension

of V by a partial ordering admitting a closure point at ω and κ is either a strong or measurable

cardinal in V , then κ is either strong or measurable in V .

2 The Proofs of Theorems 1 and 2

We turn now to the proofs of Theorems 1 and 2.

Proof: Suppose V � “ZFC + GCH + K 6= ∅ is the class of supercompact cardinals”. By the work

of [6], we may assume in addition that in V , level by level equivalence holds.

Our goal is to define a partial ordering P ⊆ V such that V P � “ZFC + K is the class of

supercompact cardinals + V = HOD + GA”. We will want further that in V P, every set is coded

via the continuum function, there is a proper class of cardinals at which GCH fails, and in addition,

level by level equivalence holds, except possibly at successors of singular cardinals of cofinality ω.

Towards this end, we let P = 〈〈Pλ, Q̇λ〉 | λ ∈ ORD〉 be the proper class Easton support iteration

which begins by forcing with Add(ω, 1) (i.e., P0 = {∅} and Q̇0 = ˙Add(ω, 1)) so as to ensure a

closure point at ω. We then let Q̇λ be a term for the lottery sum of Add(λ, λ++) and trivial
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forcing {∅} at cardinals λ where λ = δ+ for δ a singular cardinal of cofinality ω. Q̇δ is a term for

trivial forcing otherwise. Standard arguments show V P � ZFC and that forcing with P preserves

all cardinals and cofinalities.

Lemma 2.1 If V � “κ < λ are such that κ is λ supercompact and λ is regular but not the successor

of a singular cardinal of cofinality ω”, then V P � “κ is λ supercompact”.

Proof: If κ and λ are as in the hypotheses of Lemma 2.1, then we consider the following two cases.

Case 1: Either λ 6= δ++ for δ a singular cardinal of cofinality ω, or λ = δ++ for δ a singular cardinal

of cofinality ω, and trivial forcing is chosen in the stage δ+ lottery held in the definition of P. Write

P = Pλ ∗ Ṗλ, where (as in the usual notation) the field of Pλ consists of ordinals below λ, and Ṗλ is

a term for the rest of P. By forcing above the appropriate condition ensuring that trivial forcing is

chosen in the stage δ+ lottery held in the definition of P (when necessary), we may assume without

loss of generality that Pλ is forcing equivalent to a partial ordering P∗λ such that Pκ = P∗κ and

|P∗λ| ≤ λ.

Fix j : V →M an elementary embedding witnessing the λ supercompactness of κ generated by

a supercompact ultrafilter over Pκ(λ). By the definition of Pλ, P∗λ may be taken as an initial segment

of j(P∗λ). Therefore, the standard reverse Easton arguments show V P∗
λ � “κ is λ supercompact”.

More explicitly, with an abuse of notation, we can assume that j(P∗λ) = Pκ ∗ Ṗ∗ � [κ, λ) ∗ Q̇ ∗ Ṙ =

P∗λ ∗ Q̇∗ Ṙ. Here, Ṗ∗ � [κ, λ) is a term for the portion of P whose field is composed of ordinals in the

half-open interval [κ, λ), Pκ “|Ṗ∗ � [κ, λ)| ≤ λ”, Q̇ is a term for the portion of j(P∗λ) whose field

is composed of ordinals in the half-open interval [λ, j(κ)) (so the field of Q̇ is actually the open

interval (λ, j(κ))), and Ṙ is a term for j(Ṗ∗ � [κ, λ)). Thus, since Mλ ⊆ M , it is the case that in

both V and M , Pκ∗Ṗ∗�[κ,λ) “Q̇ is λ+-directed closed”, and Pκ∗Ṗ∗�[κ,λ)∗Q̇ “Ṙ is λ+-directed closed”,

Let G be V -generic over Pκ, and let H be V [G]-generic over P∗ � [κ, λ). Standard arguments

show that M [G][H] remains λ closed with respect to V [G][H]. Since M [G][H] � “|Q| = j(κ)”

and GCH holds in both V and M , there are 2j(κ) = j(κ+) dense open subsets of Q present in

M [G][H]. However, since |j(κ+)| = |{f | f : Pκ(λ) → κ+ is a function}| = |{f | f : λ → κ+
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is a function}| = λ+ by GCH, we can use the standard diagonalization arguments (as given,

e.g., in the construction of the generic object G1 in [4, Lemma 2.4]) to construct in V [G][H] an

M [G][H]-generic object H ′ over Q and lift j to j : V [G] → M [G][H][H ′] in V [G][H]. Note that

M [G][H][H ′] remains λ closed with respect to V [G][H][H ′] = V [G][H]. Then, as the number of

dense open subsets of R in M [G][H][H ′] is at most 2j(λ) = j(λ+), |j(λ+)| = |{f | f : Pκ(λ) → λ+

is a function}| = |{f | f : λ → λ+ is a function}| = λ+ by GCH, R is λ+-directed closed in both

M [G][H][H ′] and V [G][H], and V [G] � “|P∗ � [κ, λ)| ≤ λ”, we can once again use the standard

diagonalization arguments to construct in V [G][H] an M [G][H][H ′]-generic object H ′′ containing a

master condition for j′′H. We can now fully lift j to j : V [G][H]→ M [G][H][H ′][H ′′] in V [G][H],

thereby showing that V [G][H] � “κ is λ supercompact”. Since Pλ “Ṗλ is (2[λ]<κ)
+

-directed closed”

and Pλ and P∗λ are forcing equivalent, V Pλ∗Ṗλ = V P � “κ is λ supercompact”.

Case 2: Case 1 doesn’t hold, i.e., λ = δ++ for δ a singular cardinal of cofinality ω, and for γ = δ+,

Add(γ, γ++) is chosen in the stage γ lottery held in the definition of P. We use the notation of

Case 1. Write P = Pλ ∗ Ṗλ. In this instance, we are unable to assume we are forcing above a

condition ensuring Pλ is forcing equivalent to a partial ordering P∗λ such that |P∗λ| ≤ λ = γ+. This

is since Add(γ, γ++) is chosen in the stage γ lottery held in the definition of P. However, the

arguments given in [6, pages 118–120], [7, pages 2023–2025], as well as elsewhere in the literature

(which are originally due to Magidor and are also found earlier in [16]) will yield that V Pλ � “κ is

λ supercompact”. For the convenience of readers, we give these arguments below.

We assume we are forcing above a condition ensuring Add(γ, γ++) is chosen in the stage γ

lottery held in the definition of P. We abuse notation and write Pλ = Pκ ∗ Ṗ � [κ, γ) ∗ ˙Add(γ, γ++).

Let G be V -generic over Pλ, with G0 ∗G1 ∗G2 the corresponding factorization of G. Fix j : V →M

an elementary embedding witnessing the λ = γ+ supercompactness of κ which is generated by a

supercompact ultrafilter over Pκ(λ). We then have that j(Pλ) = Pκ ∗ Ṗ � [κ, γ) ∗ ˙Add(γ, γ++) ∗ Ṙ0 ∗

Ṙ1∗Ṙ2, where the field of Ṙ0 is composed of ordinals in the interval (γ, j(κ)), Ṙ1 = j(Ṗ � [κ, γ)), and

Ṙ2 is a term for Add(j(γ), j(γ++)) as computed in MPκ∗Ṗ�[κ,γ)∗ ˙Add(γ,γ++)∗Ṙ0 . Therefore, by using the

argument given in Case 1, since M [G0][G1][G2] remains λ closed with respect to V [G0][G1][G2] and
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V � GCH, it is possible working in V [G0][G1][G2] to construct an M [G0][G1][G2]-generic object G3

over R0 and anM [G0][G1][G2][G3]-generic objectG4 over R1 containing a master condition for j′′G1.

Because our construction ensures that j′′(G0 ∗G1) ⊆ G0 ∗G1 ∗G2 ∗G3 ∗G4, we may consequently

lift j to j : V [G0][G1] → M [G0][G1][G2][G3][G4]. It is then the case that M [G0][G1][G2][G3][G4]

remains γ+ closed with respect to V [G0][G1][G2].

We continue working in V [G0][G1][G2] and construct an M [G0][G1][G2][G3][G4]-generic object

G5 over R2 = Add(j(γ), j(γ++)) in a way such that if p ∈ G2, j(p) ∈ G5. This allows us to lift j

further to j : V [G0][G1][G2]→M [G0][G1][G2][G3][G4][G5]. For α ∈ (γ, γ++) and p ∈ Add(γ, γ++),

let p � α = {〈〈ρ, σ〉, η〉 ∈ p | σ < α} and G2 � α = {p � α | p ∈ G2}. Clearly, V [G0][G1][G2] �

“|G2 � α| ≤ γ+ for all α ∈ (γ, γ++)”. Thus, since Add(j(γ), j(γ++))
M [G0][G1][G2][G3][G4] is j(γ)-

directed closed and j(γ) > γ++, qα =
⋃
{j(p) | p ∈ G2 � α} is well-defined and is an element

of Add(j(γ), j(γ++))
M [G0][G1][G2][G3][G4]. Further, if 〈ρ, σ〉 ∈ dom(qα) − dom(

⋃
β<α qβ) (

⋃
β<α qβ is

well-defined by closure), then σ ∈ [
⋃
β<α j(β), j(α)). To see this, assume to the contrary that

σ <
⋃
β<α j(β). Let β be minimal such that σ < j(β). It must thus be the case that for some

p ∈ G2 � α, 〈ρ, σ〉 ∈ dom(j(p)). Since by elementarity and the definitions of G2 � β and G2 � α,

for p � β = q ∈ G2 � β, j(q) = j(p) � j(β) = j(p � β), it must be the case that 〈ρ, σ〉 ∈ dom(j(q)).

This means 〈ρ, σ〉 ∈ dom(qβ), a contradiction.

As M [G0][G1][G2][G3][G4] � “GCH holds for all cardinals at and above j(γ)”,

M [G0][G1][G2][G3][G4] � “Add(j(γ), j(γ++)) is j(γ+)-c.c. and has j(γ++) many maximal an-

tichains”. This means that if A ∈ M [G0][G1][G2][G3][G4] is a maximal antichain of

Add(j(γ), j(γ++)), A ⊆ Add(j(γ), β) for some β ∈ (j(γ), j(γ++)). Thus, because the fact j

is generated by a supercompact ultrafilter over Pκ(γ
+) implies by GCH that |j(γ++)| = |{f |

f : Pκ(γ
+) → γ++ is a function}| = |{f | f : γ+ → γ++ is a function}| = γ++, we can let

〈Aα | α ∈ (γ, γ++)〉 ∈ V [G0][G1][G2] be an enumeration of all of the maximal antichains of

Add(j(γ), j(γ++)) present in M [G0][G1][G2][G3][G4].

Working in V [G0][G1][G2], we define now an increasing sequence 〈rα | α ∈ (γ, γ++)〉 of elements

of Add(j(γ), j(γ++)) such that ∀α ∈ (γ, γ++)[rα ≥ qα and rα ∈ Add(j(γ), j(α))] and such that
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∀A ∈ 〈Aα | α ∈ (γ, γ++)〉∃β ∈ (γ, γ++)∃r ∈ A[rβ ≥ r]. Assuming we have such a sequence,

G5 = {p ∈ Add(j(γ), j(γ++)) | ∃r ∈ 〈rα | α ∈ (γ, γ++)〉[r ≥ p] is an M [G0][G1][G2][G3][G4]-generic

object over Add(j(γ), j(γ++)). To define 〈rα | α ∈ (γ, γ++)〉, if α is a limit, we let rα =
⋃
β∈(γ,α) rβ.

By the facts 〈rβ | β ∈ (γ, α)〉 is (strictly) increasing and M [G0][G1][G2][G3][G4] is γ+ closed with

respect to V [G0][G1][G2], this definition is valid. Assuming now rα has been defined and we wish to

define rα+1, let 〈Bβ | β < η ≤ γ+〉 be the subsequence of 〈Aβ | β ≤ α+1〉 containing each antichain

A such that A ⊆ Add(j(γ), j(α + 1)). Since qα, rα ∈ Add(j(γ), j(α)), qα+1 ∈ Add(j(γ), j(α + 1)),

and j(α) < j(α+1), the condition r′α+1 = rα∪qα+1 is well-defined, since by our earlier observations,

any new elements of dom(qα+1) won’t be present in either dom(qα) or dom(rα). We can thus, using

the fact M [G0][G1][G2][G3][G4] is closed under γ+ sequences with respect to V [G0][G1][G2], define

by induction an increasing sequence 〈sβ | β < η〉 such that s0 ≥ r′α+1, sρ =
⋃
β<ρ sβ if ρ is a limit

ordinal, and sβ+1 ≥ sβ is such that sβ+1 extends some element of Bβ. The just mentioned closure

fact implies rα+1 =
⋃
β<η sβ is a well-defined condition.

In order to show that G5 is M [G0][G1][G2][G3][G4]-generic over Add(j(γ), j(γ++)), we must

show that ∀A ∈ 〈Aα | α ∈ (γ, γ++)〉∃β ∈ (γ, γ++)∃r ∈ A[rβ ≥ r]. To do this, we first note

that 〈j(α) | α < γ++〉 is unbounded in j(γ++). To see this, if β < j(γ++) is an ordinal, then for

some f : Pκ(γ
+) → M representing β, we can assume that for p ∈ Pκ(γ

+), f(p) < γ++. Thus,

by the regularity of γ++ in V , β0 =
⋃
p∈Pκ(γ+) f(p) < γ++, and j(β0) > β. This means by our

earlier remarks that if A ∈ 〈Aα | α < γ++〉, A = Aρ, then we can let β ∈ (γ, γ++) be such

that A ⊆ Add(j(γ), j(β)). By construction, for η > max(β, ρ), there is some r ∈ A such that

rη ≥ r. And, as any p ∈ Add(γ, γ++) is such that for some α ∈ (γ, γ++), p = p � α, G5 is

such that if p ∈ G2, j(p) ∈ G5. Thus, working in V [G0][G1][G2], we have shown that j lifts to

j : V [G0][G1][G2]→M [G0][G1][G2][G3][G4][G5], i.e., V [G0][G1][G2] � “κ is λ = γ+ supercompact”.

Since as in Case 1, Pλ “Ṗλ is (2[λ]<κ)
+

-directed closed”, V Pλ∗Ṗλ = V P � “κ is λ supercompact”.

This completes the proof of Case 2 and Lemma 2.1.

�

We observe that the proof of Lemma 2.1 breaks down if λ is the successor of a singular cardinal
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of cofinality ω and Add(λ, λ++) is chosen in the stage λ lottery held in the definition of P. This is

since the inner model M will not have enough closure to allow either of the proofs given in Cases

1 and 2 above to remain valid.

Lemma 2.2 V P � “For every pair of regular cardinals κ < λ, κ is λ strongly compact iff κ is λ

supercompact, except possibly if κ is a measurable limit of cardinals δ which are λ supercompact,

or λ is the successor of a singular cardinal of cofinality ω”.

Proof: Suppose V P � “κ < λ are regular, λ is not the successor of a singular cardinal of cofinality ω,

κ is λ strongly compact, and κ is not a measurable limit of cardinals δ which are λ supercompact”.

Since forcing with P preserves all cardinals and cofinalities, V � “λ is regular but is not the successor

of a singular cardinal of cofinality ω”. Therefore, by Lemma 2.1, any cardinal δ such that V � “δ

is λ supercompact” remains λ supercompact in V P. This means V � “κ < λ are regular, λ is not

the successor of a singular cardinal of cofinality ω, and κ is not a measurable limit of cardinals

δ which are λ supercompact”. Since by its definition, P admits a closure point at ω and is mild

with respect to κ, by our remarks in the paragraph immediately following Theorem 3, V � “κ is

λ strongly compact”. Hence, by level by level equivalence in V , V � “κ is λ supercompact”, so

another application of Lemma 2.1 implies that V P � “κ is λ supercompact”. This completes the

proof of Lemma 2.2.

�

We remark that implicit in the proof of Lemma 2.2 is the fact that under the hypotheses of

the lemma, the statement “κ is λ supercompact” is absolute between V and V P, i.e., V � “κ is λ

supercompact” iff V P � “κ is λ supercompact”.

Lemma 2.3 V P � “K is the class of supercompact cardinals”.

Proof: By Lemma 2.1, if V � “κ is supercompact”, V P � “κ is supercompact” as well. Further, as

we observed in the proof of Lemma 2.2, P admits a closure point at ω. Therefore, by our remarks in

the paragraph immediately following Theorem 3, V P � “K is the class of supercompact cardinals”.
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This completes the proof of Lemma 2.3.

�

Lemma 2.4 V P � “Every set of ordinals is coded cofinally into the continuum function”.

Proof: We use ideas given by Brooke-Taylor in [8, Theorem 9] (see also the proof of [5, Lemma

4.3] and [3, Lemma 2.3]). In particular, to prove the lemma, it will suffice to show that every

subset of an arbitrary limit ordinal α in V P is definable using a coding oracle given by where GCH

holds or fails for κ the successor of a singular cardinal of cofinality ω.

To do this, suppose p ∈ P, ẋ, and α are such that p  “ẋ ⊆ α” and that α is a limit ordinal.

By the definition of P, there must exist some ordinal β such that p  “ẋ ∈ V Pβ”. Also, since

P is an Easton support proper class length iteration, there must be some ordinal γ such that

support(p) ⊆ γ. This allows us to write p = 〈pη | η < γ〉. Let δ > max(α, β, γ) be fixed but

arbitrary, with 〈δη | η < α〉 the first α many singular cardinals of cofinality ω greater than δ.

Define ρ = sup({δη | η < α}). Take q > p, q = 〈qσ | σ < ρ〉 as the condition such that qσ = pσ for

σ < γ. For σ ≥ γ, σ < ρ, qσ is a term for the trivial condition, except if ζ < α and σ = δ+ζ . At

such a σ, qσ is defined as the term such that Pσ “qσ ∈ Q̇σ forces that ˙Add(σ, σ++) is chosen in the

stage σ lottery if ζ ∈ ẋ, but trivial forcing is chosen in the stage σ lottery if ζ 6∈ ẋ”. The definition

of P tells us that in V P, GCH fails at σ if Add(σ, σ++) is chosen in the stage σ lottery. On the

other hand, standard arguments yield that GCH holds at σ if trivial forcing is chosen in the stage

σ lottery. This means that the proper class of conditions forcing that the set x is coded using the

coding oracle mentioned in the first paragraph of the proof of this lemma is dense in P. Since x and

α were both arbitrary, V P � “Every set of ordinals is coded cofinally into the continuum function”.

This completes the proof of Lemma 2.4.

�

We note explicitly the proof of Lemma 2.4 indicates that for any ordinal α, if p  “ẋ 6= ∅ and

ẋ ⊆ α”, there is always a condition q ≥ p such that q forces a failure of GCH above α. This

immediately yields that V P is a model with global failures of GCH.
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By [18, Theorem 3.2 and the preceding paragraph], Lemma 2.4 immediately implies that

V P � “V = HOD + GA”. This fact, together with Lemmas 2.1 – 2.3 and the intervening remarks,

complete the proof of Theorem 1.

�

Turning now to the proof of Theorem 2, suppose V � “ZFC + GCH + κ is the least super-

compact cardinal”. Once again, by the work of [6], we may assume in addition that in V , level by

level equivalence holds.

Our goal is to define a partial ordering P ∈ V and a submodel V ⊆ V P such that

V � “ZFC + There is a proper class of measurable limits of strong cardinals + No cardinal is

supercompact + V = HOD + GA”. We will want further that in V , GCH fails at every strong

cardinal and measurable limit of strong cardinals, every set is coded via the continuum function,

and level by level equivalence holds. Towards this end, we let P = 〈〈Pδ, Q̇δ〉 | δ ≤ κ〉 be the Easton

support iteration of length κ+ 1 such that:

1. P0 = {∅} and Q̇0 = ˙Add(ω, 1) (so as to ensure a closure point at ω).

2. If δ is in V either a strong cardinal or a measurable limit of strong cardinals, Q̇δ = ˙Add(δ, δ++).

3. If δ is such that λ is a strong cardinal in V and δ is the least inaccessible cardinal in V

greater than λ, let 〈δα | α < λ〉 be the increasing enumeration of the first λ successors of

singular cardinals of cofinality ω greater than δ. Q̇δα is then a term for the lottery sum of

Add(δα, δ
++
α ) and trivial forcing {∅}.

4. Q̇δ is a term for trivial forcing otherwise.

As before, standard arguments show V P � ZFC and that forcing with P preserves all cardinals

and cofinalities.

Lemma 2.5 V P � “κ is the least supercompact cardinal”.
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Proof: By its definition, P admits a closure point at ω. Therefore, by our remarks in the paragraph

immediately following Theorem 3, since V � “κ is the least supercompact cardinal”, it suffices to

show that V P � “κ is supercompact”.

To do this, let λ > κ+ = 2κ be a regular cardinal. It is well-known that the Mitchell ordering

of supercompact ultrafilters over Pκ(λ) is well-founded. Hence, we may take j : V →M as an ele-

mentary embedding witnessing the λ supercompactness of κ which is generated by a supercompact

ultrafilter over Pκ(λ) of minimal rank. This ensures that M � “κ is not λ supercompact”. By [4,

Lemma 2.1], because j witnesses (at least) the 2κ supercompactness of κ, both M � “κ is a strong

cardinal” and V � “κ is a limit of strong cardinals”. In addition, since the critical point of j is κ,

for any V -strong cardinal δ < κ, M � “j(δ) = δ is a strong cardinal”. It thus follows that M � “κ

is a strong cardinal which is a limit of strong cardinals”. Further, M � “No cardinal δ ∈ (κ, λ] is

strong”. Otherwise, as in [4, Lemma 2.4], for some δ ∈ (κ, λ], M � “κ is γ supercompact for every

γ less than the strong cardinal δ and so is fully supercompact”. This contradicts that M � “κ is

not λ supercompact”. This means we can write j(P) = Pκ ∗ ˙Add(κ, κ++) ∗ Q̇ ∗ ˙Add(j(κ), j(κ++)),

where the first ordinal in the field of Q̇ is above λ. Consequently, the arguments given in the proof

of Case 1 of Lemma 2.1 show that V P � “κ is λ supercompact”. Since λ was arbitrary, V P � “κ is

supercompact”. This completes the proof of Lemma 2.5.

�

Lemma 2.6 If V � “δ < λ < κ are such that δ is λ supercompact and λ is regular”, then V P � “δ

is λ supercompact”.

Proof: The proof of Lemma 2.6 uses ideas from the proof of Lemma 2.1. Let A = {γ < δ | γ is in

V either a strong cardinal or a measurable limit of strong cardinals}. Write P = PA ∗ Q̇, where PA

is the portion of P whose field is composed of ordinals at most δ, and Q̇ is a term for the rest of P,

i.e., the portion of P whose field contains ordinals above δ. Since δ < κ, it must be the case that λ

is below the least V -strong cardinal ζ above δ. This is because otherwise, V � “δ is γ supercompact

for every γ < ζ and ζ is strong”, so as we just observed in the proof of Lemma 2.5, V � “δ is
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supercompact”. This is a contradiction to the fact that κ is the least V -supercompact cardinal.

As PA “Q̇ is ζ-directed closed and ζ is inaccessible”, to show that V P � “δ is λ supercompact”, it

hence suffices to show that V PA � “δ is λ supercompact”.

If |PA| < δ, then by the results of [15], V PA � “δ is λ supercompact”. We may therefore assume

that |PA| ≥ δ, i.e., by the definition of P and PA, |PA| = δ++. If λ ≥ δ++, then the argument given

in the proof of Case 1 of Lemma 2.1 may be used to show that V PA � “δ is λ supercompact”. If

λ = δ+, then the argument given in the proof of Case 2 of Lemma 2.1 shows that V PA � “δ is λ

supercompact”. This completes the proof of Lemma 2.6.

�

Lemma 2.7 V P � “Level by level equivalence holds below κ”.

Proof: The proof of Lemma 2.7 follows closely the proof of [1, Lemma 3.2] and also contains ideas

used in the proof of Lemma 2.2. Suppose V P � “δ < λ < κ are regular cardinals such that δ is λ

strongly compact and δ is not a measurable limit of cardinals γ which are λ supercompact”. By

Lemma 2.6, any cardinal γ < κ such that γ is λ supercompact in V remains λ supercompact in

V P. This means that V � “δ < λ < κ are regular cardinals such that δ is not a measurable limit

of cardinals γ which are λ supercompact”.

As mentioned in the first paragraph of the proof of Lemma 2.5, P admits a closure point at ω.

Further, it is easily seen by the definition of P that P is mild with respect to δ. Consequently, by

our remarks in the paragraph immediately following Theorem 3, V � “δ is λ strongly compact”.

Hence, by level by level equivalence in V , V � “δ is λ supercompact”, so another application of

Lemma 2.6 yields that V P � “δ is λ supercompact”. This completes the proof of Lemma 2.7.

�

We note that in fact, level by level equivalence holds in V P at and above κ as well. This follows

since by Lemma 2.5, V P � “κ is supercompact” and hence witnesses level by level equivalence in

V P. In addition, P’s definition ensures that |P| = κ++, and by hypothesis, V is a model for level

by level equivalence. Thus, if V P � “δ > κ is measurable”, by the results of [15], because small
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forcing cannot create any new instances of either strong compactness or supercompactness, δ also

witnesses either level by level equivalence or the Menas exception in V P.

Since V P � “κ is supercompact”, let j : V P → M be an elementary embedding generated

by a supercompact ultrafilter over Pκ(λ) witnessing (at least) the 2κ supercompactness of κ. As

we observed in the proof of Lemma 2.5, M � “κ is a strong cardinal which is a limit of strong

cardinals”. By reflection, in V P, the strong cardinals which are limits of strong cardinals are

therefore unbounded in κ. Also, because P admits a closure point at ω, by our remarks in the

paragraph immediately following Theorem 3, any cardinal which is either strong or measurable in

V P had to have been strong or measurable in V . Further, by the definition of P, V P � “If δ < κ is

either a strong cardinal or a measurable limit of strong cardinals in V , then 2δ = δ++”. Therefore,

V P � “If δ < κ is either a strong cardinal or a measurable limit of strong cardinals, then 2δ = δ++”.

Let V = (Vκ)
V P

. We may now immediately infer that V � “There is a proper class of measurable

limits of strong cardinals + GCH fails at every strong cardinal and measurable limit of strong

cardinals”.

Lemma 2.8 V � “No cardinal is supercompact”.

Proof: Suppose V � “δ is supercompact”. It is then the case that V P � “δ is γ supercompact for

every γ < κ and κ is supercompact”. Because any supercompact cardinal is also a strong cardinal,

as we observed in the proof of Lemma 2.5, V P � “δ is supercompact”. By our remarks in the

paragraph immediately following Theorem 3, since P admits a closure point at ω, V � “δ < κ is

supercompact” as well. This contradicts the fact that V � “κ is the least supercompact cardinal”.

This completes the proof of Lemma 2.8.

�

Lemma 2.9 V � “Every set of ordinals is coded cofinally into the continuum function”.

Proof: We will modify the proof used for Lemma 2.4. In particular, to prove the lemma, it will

suffice to show that every set of ordinals in V is definable in the manner presented in the proof of
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Lemma 2.4, i.e., by using a coding oracle given by where GCH holds or fails for η the successor of

a singular cardinal of cofinality ω.

To do this, in analogy to what was done earlier, suppose p ∈ P, ẋ, and α are such that

p  “ẋ ⊆ α < κ” and that α is a strong cardinal in V . By the definition of P, there must exist

some ordinal β < κ such that p  “ẋ ∈ V Pβ”. Also, since P is an Easton support iteration of

length κ + 1, there must be some ordinal γ < κ such that support(p) � κ ⊆ γ. This allows us to

write p = 〈〈pη | η < γ〉, 〈pη | γ ≤ η ≤ κ〉〉, where pη for η ∈ [γ, κ) is a term for the trivial condition.

Let δ > max(α, β, γ), δ < κ be a fixed but arbitrary V -strong cardinal, with 〈δη | η < α〉 the

first α many singular cardinals of cofinality ω greater than the least inaccessible cardinal above δ.

Essentially the same proof as given in Lemma 2.4 now shows that V � “Every set of ordinals is

coded cofinally into the continuum function”. This completes the proof of Lemma 2.9.

�

Since as before, Lemma 2.9 implies that V � “V = HOD + GA”, Lemmas 2.5 – 2.9 and the

intervening remarks complete the proof of Theorem 2.

�

We remark that even though V contains no supercompact cardinals, its large cardinal structure

can be rich and complex, depending on the large cardinal structure of V . To illustrate this phe-

nomenon, suppose there is a huge cardinal λ > κ in V . By the results of [15], since P’s definition

ensures that |P| = κ++, V P � “κ is supercompact and λ is huge”. By reflection, the huge cardinals

are therefore unbounded in κ in V P and hence form a proper class in V . In fact, regardless of the

large cardinal structure of V , V will contain proper classes of strong cardinals which are limits of

strong cardinals such that each member of the proper class exhibits significant degrees of supercom-

pactness. To see this, suppose for example that j : V P →M is an elementary embedding witnessing

the κ+4 supercompactness of κ generated by a supercompact ultrafilter over Pκ(κ
+4). As we noted

in the proof of Lemma 2.5, M � “κ is a strong cardinal which is a limit of strong cardinals”. By

the definition of P and the fact Mκ+4 ⊆ M , M � “κ is 22κ = κ+3 supercompact”, so by reflection,

{δ < κ | δ is a strong cardinal which is a limit of strong cardinals and δ is 22δ = δ+3 supercompact}
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is unbounded in κ in V P and thus forms a proper class in V . This is in sharp contrast to any

model witnessing the conclusions of [7, Theorem 2]. In a model satisfying the conclusions of [7,

Theorem 2], there is a proper class of measurable cardinals, level by level equivalence holds, GCH

fails at every measurable cardinal, each measurable cardinal δ is (at least) δ+ supercompact, yet

no measurable cardinal δ is even 2δ supercompact. In addition, we observe that using the methods

of [2], we can obtain versions of V in which every strong cardinal δ or measurable limit of strong

cardinals δ is such that 2δ = δ+++, 2δ = δ+75, etc.

3 Concluding Remarks

We conclude this paper with several questions. In particular, does level by level equivalence hold

in the model witnessing the conclusions of Theorem 1? If not, is it possible to construct a model

satisfying the conclusions of Theorem 1 in which level by level equivalence does hold? Is it possible

to construct a model witnessing the conclusions of Theorem 2 containing supercompact cardinals?

In general, is it possible to construct a model with at least one supercompact cardinal in which

level by level equivalence holds and there is a proper class of cardinals at which GCH fails?
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