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Abstract

We construct via forcing models for the level by level equivalence between strong com-
pactness and supercompactness in which �δ holds on a stationary subset A of the least
supercompact cardinal. We may write A = A0 ∪ A1, where both A0 and A1 are stationary,
A0 is composed of regular cardinals, and A1 is composed of singular cardinals. In our models,
a weak version of � holds for every infinite cardinal, various versions of the combinatorial
principle ♦ hold at every regular cardinal, and the versions of ♦ holding at relevant successor
cardinals are controlled by a suitably defined ground model function. In the first model con-
structed, GCH holds everywhere, and there are no restrictions on the class of supercompact
cardinals. In the second model constructed, GCH holds except at inaccessible cardinals, and
no cardinal is supercompact up to an inaccessible cardinal.

1 Introduction and Preliminaries

We begin with a discussion of some basic terminology. Suppose V is a model of ZFC in which for

all regular cardinals κ < λ, κ is λ strongly compact iff κ is λ supercompact, except possibly if κ
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is a measurable limit of cardinals δ which are λ supercompact. Such a universe will be said to

witness level by level equivalence between strong compactness and supercompactness. For brevity,

we will henceforth abbreviate this as just level by level equivalence. The exception is provided by

a theorem of Menas [21], who showed that if κ is a measurable limit of cardinals δ which are λ

strongly compact, then κ is λ strongly compact but need not be λ supercompact. Any model of

ZFC with this property also witnesses the Kimchi-Magidor property [17] that the classes of strongly

compact and supercompact cardinals coincide precisely, except at measurable limit points. Models

in which GCH and level by level equivalence between strong compactness and supercompactness

hold nontrivially were first constructed by Shelah and the author in [7].

Continuing now with the main narrative, in [2, 6, 5], the following theorems were proven (where

these theorems are stated essentially as in the original articles):

Theorem 1 ([2, Theorem 1]) Let V � “ZFC + K 6= ∅ is the class of supercompact cardinals +

κ is the least supercompact cardinal”. There is then a partial ordering P ⊆ V such that V P � “ZFC

+ GCH + K is the class of supercompact cardinals (so κ is the least supercompact cardinal) +

Level by level equivalence holds + For every δ ∈ A where A is a certain stationary subset of κ, �δ

holds + For every regular uncountable cardinal δ, ♦δ holds”.

Theorem 2 ([6, Theorem 2]) Let V � “ZFC + GCH + K 6= ∅ is the class of supercompact

cardinals”. There is then a partial ordering P ⊆ V such that V P � “ZFC + GCH + K is the class

of supercompact cardinals + Level by level equivalence holds”. In V P, �S
γ holds for every infinite

cardinal γ, where S = Safe(γ).1 In addition, in V P, µ holds for every µ which is inaccessible or

the successor of a singular cardinal, and ♦+
µ holds for every µ which is the successor of a regular

cardinal.

Theorem 3 ([5, Theorem 2]) Let V � “ZFC + GCH + The class of supercompact cardinals is

nonempty”. There is then a partial ordering P ⊆ V such that V P � “ZFC + GCH + The class

of supercompact cardinals is the same as in V + Level by level equivalence holds + V = HOD +

1�Sγ and Safe(γ) will be defined later in Section 1.
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GA”.2 In V P, �S
γ holds for every infinite cardinal γ, where S = Safe(γ). In addition, in V P, ♦µ

holds for every regular cardinal µ, and ♦+
µ holds for every µ such that µ = λ+, λ is regular, but λ

is not the successor of a singular cardinal.

Quoting from [6, 5], in terminology used by Woodin, Theorems 1 – 3 can be classified as

“inner model theorems proven via forcing.” This is since the witnessing models satisfy pleasant

properties one usually associates with an inner model. In particular, in these models, GCH and

many instances of square and diamond, along with a property one might perhaps expect if a “nice”

inner model containing supercompact cardinals ever were to be constructed, namely level by level

equivalence, are all true.3 Theorems 1 – 3 can also be considered as a part of S. Friedman’s “outer

model program”, as first described in [12].

The purpose of this paper is to continue the outer model program by investigating some ques-

tions concerning level by level equivalence and its interactions with strong combinatorial principles

which were not addressed in either [2, 6]. In particular, is it possible to enhance the results of [2, 6]

so that the full square principle holds on a stationary subset of the least supercompact cardinal

which has a stationary subset composed of singular cardinals? Is it possible to control exactly the

different versions of the diamond principle which hold at the relevant successor cardinals? Is it

possible to obtain models of level by level equivalence satisfying strong combinatorial principles in

which there are significant failures of GCH (something which isn’t the case in the models witnessing

the conclusions of Theorems 1 – 3)?

We will provide positive answers to each of the aforementioned questions. Specifically, we have

the following results.

Theorem 4 Let V � “ZFC + GCH + K 6= ∅ is the class of supercompact cardinals + κ0 is the

least supercompact cardinal”. Suppose f : Ord→ 2 is a function definable over V such that

(*) if κ < λ are regular cardinals and κ is λ supercompact, then in any generic extension V

of V in which cardinals, cofinalities, and the λ supercompactness of κ are preserved, there is a

2Readers are referred to [5] for the exact statement of the Ground Axiom GA.
3Readers are encouraged to consult [26] for a discussion of the topic of inner models for very large cardinals.
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supercompact ultrafilter U over Pκ(λ) so that for j : V →M the associated elementary embedding,

j(f)(λ) = f(λ).

There is then a partial ordering P ⊆ V with V P � “ZFC + GCH + K is the class of supercompact

cardinals (so κ0 is the least supercompact cardinal) + Level by level equivalence holds”. In addition,

in V P, the following are true:

1. �δ holds for every δ ∈ A, where A = A0∪A1 ⊆ κ0 is such that both A0 and A1 are stationary,

A0 is composed of regular cardinals, and A1 is composed of singular cardinals.

2. �S
δ holds for every infinite cardinal δ, where S = Safe(δ).

3. ♦δ holds for every regular uncountable cardinal δ.

4. For every λ which is the successor of a regular cardinal, ♦+
λ holds if f(λ) = 0, but if f(λ) = 1,

♦+
λ fails and ♦λ holds.

Theorem 5 Let V � “ZFC + GCH + κ0 is supercompact + No cardinal is supercompact up to

an inaccessible cardinal”. Suppose f : Ord → 2 is as in Theorem 4. There is then a partial

ordering P ⊆ V such that V P � “ZFC + 2δ = δ++ if δ is inaccessible but 2δ = δ+ otherwise +

κ0 is supercompact + No cardinal is supercompact up to an inaccessible cardinal + Level by level

equivalence holds”. In addition, in V P, the following are true:

1. �δ holds for every δ ∈ A, where A = A0∪A1 ⊆ κ0 is such that both A0 and A1 are stationary,

A0 is composed of regular cardinals, and A1 is composed of singular cardinals.

2. �S
δ holds for every infinite cardinal δ, where S = Safe(δ).

3. ♦δ holds for every regular uncountable cardinal δ which is not the successor of an inaccessible

cardinal.

4. For every inaccessible cardinal δ, there are 2δ = δ++ distinct ♦δ sequences.
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5. For every λ below the least inaccessible cardinal which is the successor of a regular cardinal,

♦+
λ holds if f(λ) = 0, but if f(λ) = 1, ♦+

λ fails and ♦λ holds. In addition, for every λ above

the least inaccessible cardinal which is the double successor of a non-inaccessible cardinal, ♦+
λ

holds if f(λ) = 0, but if f(λ) = 1, ♦+
λ fails and ♦λ holds.

In Theorem 5, because no cardinal is supercompact up to an inaccessible cardinal in V and

V P, it immediately follows that in both of these models, κ0 is the least (and in fact, the only)

supercompact cardinal.

We take this opportunity to make several remarks concerning Theorems 4 and 5, beginning

with a brief discussion of some of the consequences for the ♦ principles mentioned. There are

many naturally occurring functions meeting the description of the f given in the hypotheses of

these theorems. Some examples include

• f(λ) = 0 if λ is the successor of a singular cardinal but f(λ) = 1 otherwise,

• f(λ) = 0 if λ = κ+4n+3 or λ = κ+7n+2 but f(λ) = 1 otherwise, where n ∈ ω and κ is a

singular cardinal,

• f(λ) = 0 if λ is the quadruple successor of a weakly compact cardinal but f(λ) = 1 otherwise,

etc. Further, the key property (*) of f will be used implicitly throughout the proofs of Theorems 4

and 5 when passing to successive cardinal and cofinality preserving generic extensions. In addition,

because 2δ = δ++ for every inaccessible cardinal δ in the models witnessing the conclusions of

Theorem 5 but GCH holds in the models witnessing the conclusions of Theorem 4, above the least

inaccessible cardinal, we will only be able to control where ♦+
δ holds and where it fails at double

successors of non-inaccessible cardinals. This is as opposed to the finer control we have in Theorem

4, i.e., at successors of regular cardinals. We will, however, be able to infer that ♦δ+ holds when

δ > ℵ0 in Theorem 4 by Shelah’s celebrated result of [24], since our partial ordering used to prove

Theorem 4 preserves GCH at successor cardinals. In Theorem 5, we will be able to infer by [24]

that ♦δ+ holds for every δ > ℵ0, as long as δ isn’t inaccessible. (In fact, in Theorem 5, since
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2δ = δ++ if δ is inaccessible, because ♦δ+ implies 2δ = δ+, ♦δ+ is false.) It is also interesting to

note Theorem 5 shows that GCH can fail at an inaccessible cardinal δ while ♦δ holds. In fact, as

the proof of Lemma 2.8 indicates, if δ is an uncountable regular cardinal (successor or inaccessible),

it is possible to have 2δ ≥ δ++, along with ♦δ holding. (This does not contradict the fact that ♦δ+

implies 2δ = δ+, since it is possible for both 2δ = δ+ and 2δ
+ ≥ δ+++ both to hold simultaneously.)

In terms of consequences for the � principles mentioned, we observe that Theorems 4 and 5

combine and extend the versions of � present in the models witnessing the conclusions of the main

results of [2, 6, 5]. In particular, in the aforementioned papers, one will have either full square

holding on a certain stationary subset of the least supercompact cardinal (in [2]), or a weak form

of square holding globally (in [6, 5]), but not both versions holding simultaneously. Also, we now

have extended the amount of full � holding below the least supercompact cardinal κ0. This is in

the sense that �δ will hold for every δ in a stationary subset of κ0 that can be decomposed into

two disjoint components, one composed of regular cardinals, and the other made up of singular

cardinals. This is in contrast to the results of [2], where � only holds on a stationary subset of

the least supercompact cardinal comprised of regular cardinals. It is of course impossible for �δ to

hold at any cardinal δ above a strongly compact (let alone) supercompact cardinal κ. This is since

by [25, Corollary 4.9], �δ contradicts that κ is δ+ strongly compact. Thus, by reflection, below

any supercompact cardinal, there must be unboundedly many cardinals δ at which �δ fails. This

means the occurrences of �δ found in both Theorems 4 and 5 are in a sense best possible, since

there cannot be a final segment F of cardinals below any supercompact cardinal on which �δ holds

for any δ ∈ F. We will also use throughout the proofs of Theorems 4 and 5 that any version of �

persists in a cardinal and cofinality preserving generic extension.

We conclude Section 1 with a discussion of some preliminary material. We presume a basic

knowledge of large cardinals and forcing. A good reference in this regard is [16]. When forcing,

q ≥ p means that q is stronger than p. We will have some slight abuses of notation. In particular,

when G is V -generic over the partial ordering P, we take both V [G] and V P as being the generic

extension of V by P. We will also, from time to time, confuse terms with the sets they denote and
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write x when we actually mean ẋ or x̌. For κ a regular cardinal and λ an ordinal, Add(κ, λ) is the

standard partial ordering for adding λ many Cohen subsets of κ.

The partial ordering P is κ-directed closed if every directed set of conditions of size less than

κ has an upper bound. P is κ-strategically closed if in the two person game in which the players

construct an increasing sequence 〈pα | α ≤ κ〉, where player I plays odd stages and player II plays

even (including limit) stages, player II has a strategy ensuring the game can always be continued.

P is <κ-strategically closed if P is δ-strategically closed for every δ < κ. It therefore follows that

any partial ordering P which is κ-directed closed is also <κ-strategically closed.

A corollary of Hamkins’ work of [13] on the approximation and cover properties (which is a

generalization of his gap forcing results found in [14, 15]) will be employed in the proofs of Theorems

4 and 5. This corollary follows from [13, Theorems 3, 31, and Corollary 14]. We therefore state as a

separate theorem what is relevant for this paper, along with some associated terminology, quoting

from [14, 15, 13] when appropriate. Suppose P is a partial ordering which can be written as Q ∗ Ṙ,

where |Q| ≤ δ, Q is nontrivial, and Q “Ṙ is δ-strategically closed”. In Hamkins’ terminology of

[13], P admits a closure point at δ. In Hamkins’ terminology of [14, 15, 13], P is mild with respect

to a cardinal κ iff every set of ordinals x in V P of size below κ has a “nice” name τ in V of size

below κ, i.e., there is a set y in V , |y| < κ, such that any ordinal forced by a condition in P to be

in τ is an element of y. Also, as in the terminology of [14, 15, 13] and elsewhere, an embedding

j : V → M is amenable to V when j � B ∈ V for any B ∈ V . The specific corollary of Hamkins’

work from [13] we will be using is then the following.

Theorem 6 (Hamkins) Suppose that V [G] is a generic extension obtained by forcing with P that

admits a closure point at some regular δ < κ. Suppose further that j : V [G] → M [j(G)] is an

elementary embedding with critical point κ for which M [j(G)] ⊆ V [G] and M [j(G)]δ ⊆ M [j(G)]

in V [G]. Then M ⊆ V ; indeed, M = V ∩M [j(G)]. If the full embedding j is amenable to V [G],

then the restricted embedding j � V : V → M is amenable to V . If j is definable from parameters

(such as a measure or extender) in V [G], then the restricted embedding j � V is definable from the

names of those parameters in V . Finally, if P is mild with respect to κ and κ is λ strongly compact
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in V [G] for any λ ≥ κ, then κ is λ strongly compact in V .

It immediately follows from Theorem 6 that any cardinal κ which is λ supercompact in a

generic extension obtained by forcing that admits a closure point below κ (such as at ω or the least

inaccessible cardinal) must also be λ supercompact in the ground model. In particular, in such a

generic extension, if κ is supercompact up to a cardinal λ (i.e., if κ is δ supercompact for every

δ < λ), then κ must also be supercompact up to λ in the ground model as well. In addition, it

follows from Theorem 6 that if P admits a closure point at ω or the least inaccessible cardinal, P

is mild with respect to κ, and V P � “κ is λ strongly compact”, then it is also true that V � “κ is

λ strongly compact”.

We end Section 1 by stating the definitions of the combinatorial notions we will be using.

Readers may consult [2, 6] for additional details, from which we will feel free to quote verbatim

when appropriate. If κ is a regular uncountable cardinal, ♦κ is the principle stating that there

exists a sequence of sets 〈Sα | α < κ〉 such that Sα ⊆ α, with the additional property that for every

X ⊆ κ, {α < κ | X ∩α = Sα} is a stationary subset of κ. We recall that if λ is an infinite cardinal

1. ♦∗λ is the assertion that there exists a sequence 〈Sα | α < λ〉 such that:

(a) For every α, Sα is a family of subsets of α with |Sα| < λ.

(b) For every X ⊆ λ, there is C ⊆ λ a club set such that ∀α ∈ C X ∩ α ∈ Sα.

2. ♦+
λ is the assertion that there exists a sequence 〈Sα | α < λ〉 such that:

(a) For every α, Sα is a family of subsets of α with |Sα| < λ.

(b) For every X ⊆ λ, there is C ⊆ λ a club set such that ∀α ∈ C X ∩ α,C ∩ α ∈ Sα.

We explicitly make the observation that by their definitions, ♦+
λ =⇒ ♦∗λ =⇒ ♦λ. This of course

means that if ♦∗λ fails, then so does ♦+
λ . We will use this in our proofs of Lemmas 2.7 and 2.9.

If κ is an arbitrary uncountable cardinal, �κ is the principle stating that there exists a sequence

of sets 〈Cα | α < κ+ and α is a limit ordinal〉 such that Cα is a closed, unbounded subset of α so

that if cf(α) < κ, then ot(Cα) < κ, with the additional property that for any limit point β ∈ Cα,
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Cα∩β = Cβ. For basic facts about �κ, readers are urged to consult [10, Section 2]. In addition, we

now give a partial version of square denoted by �S
κ , for κ an uncountable cardinal and S ⊆ κ a set

of regular cardinals, compatible with supercompact cardinals. As was mentioned in [6, Section 2.1],

square sequences of this kind were first shown to be consistent with supercompactness by Foreman

and Magidor [11, page 191], using techniques of Baumgartner. In the notation of Definition 1.1

found immediately below, they showed that �{κ
+n|n<ω}

κ+ω is consistent with κ being supercompact.

Given a set S of regular cardinals, we denote by cof(S) the class of ordinals α such that

cf(α) ∈ S. We also let REG stand for the class of regular cardinals.

Definition 1.1 Let κ be an infinite cardinal and let S be a set of regular cardinals which are less

than or equal to κ. Then a �S
κ -sequence is a sequence 〈Cα | α ∈ κ+ ∩ cof(S)〉 such that:

1. Cα is club in α and ot(Cα) ≤ κ.

2. If β ∈ lim(Cα) ∩ lim(Cα′), then Cα ∩ β = Cα′ ∩ β.

�S
κ holds iff there is a �S

κ -sequence.

Definition 1.2 For each infinite cardinal κ, a regular cardinal µ is safe for κ iff:

1. µ ≤ κ.

2. For every cardinal λ ≤ κ, if λ is κ+ supercompact then λ ≤ µ.

Safe(κ) is the set of safe (regular) cardinals for κ.

We note that the safe set is a final segment of REG ∩ (κ + 1), and that the safe set can only

be empty when κ is a singular limit of cardinals which are κ+ supercompact. In addition, by

the remarks immediately following the statement of Theorem 6, Safe(γ) remains the same in any

cardinal and cofinality preserving generic extension by a partial ordering admitting a closure point

at ω or the least inaccessible cardinal and preserving all regular instances of supercompactness.
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2 The Proofs of Theorems 4 and 5

We turn now to the proof of Theorem 4.

Proof: Let V � “ZFC + GCH + K 6= ∅ is the class of supercompact cardinals + κ0 is the least

supercompact cardinal”. Suppose in addition f : Ord → 2 is as in the hypotheses of Theorems 4

and 5. Without loss of generality, by first forcing with the partial orderings from [7] and Theorem

2, we also assume that level by level equivalence holds in V , and that �S
δ holds for every infinite

cardinal δ, where S = Safe(δ).

We begin by defining the stationary subset A ⊆ κ0 of the hypotheses of both Theorems 4 and

5.

Lemma 2.1 In V , A = {δ < κ0 | δ is a non-measurable cardinal and ¬∃γ < δ[γ is α supercompact

for every α < δ]} is such that both A0 = {δ ∈ A | δ is regular} and A1 = {δ ∈ A | δ is singular}

are stationary subsets of κ0.

Proof: By [1, Lemma 2.1], because κ0 is the least supercompact cardinal, there is a normal measure

µ over κ0 such that A0 ∈ µ. In particular, this immediately implies that A0 is a stationary subset

of κ0. To see that A1 is stationary as well, let C ⊆ κ0 be club. It follows that B = A0 ∩ C ∈ µ. If

we let 〈αn | n ∈ ω〉 be an increasing sequence of members of B, then α = sup(〈αn | n ∈ ω〉) is such

that α ∈ C (since C is club and each αn ∈ C) and α ∈ A1 (since α is singular, each αn ∈ A0 ⊆ A,

and no cardinal is supercompact up to αn for any n). Thus, A1 ∩C 6= ∅. This completes the proof

of Lemma 2.1.

�

We note that if δ ∈ A, then δ+ ∈ A as well. This observation is key in the proof of Lemma 2.2.

We are now in a position to define the first partial ordering P0 used in the proof of Theorem

4. P0 = 〈〈P0
δ , Q̇0

δ〉 | δ < κ0〉 is the Easton support iteration of length κ0 which begins by adding a

Cohen subset of ω, i.e., P0
0 is the trivial partial ordering {∅}, and Q̇0

0 = ˇAdd(ω, 1). This ensures a

closure point at ω. At all other stages δ > 0, Q̇0
δ = {∅̌}, except if δ ∈ A. Under these circumstances,
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Q̇0
δ is a term for the partial ordering P(δ) of [2, Section 0] which adds a �δ sequence.4 Standard

arguments show that V P0
� GCH and that V and V P0

have the same cardinals and cofinalities.

Lemma 2.2 V P0
� “For every δ ∈ A, �δ holds”.

Proof: Suppose δ ∈ A. Write P0 = P0
δ+1 ∗ Ṗ0,δ+1. By the definition of P0, V P0

δ+1 � “�δ holds”.

Since as we just noted, if δ ∈ A, then δ+ ∈ A as well, it immediately follows that P0
δ+1

“P0,δ+1 is

δ+-strategically closed”. We may consequently infer that V P0
δ+1∗Ṗ

0,δ+1

= V P0
� “�δ holds”. This

completes the proof of Lemma 2.2.

�

Lemma 2.3 If V � “κ < λ are such that κ is λ supercompact and λ is regular”, then V P0
� “κ is

λ supercompact”.

Proof: Since the definition of P0 ensures that |P0| = κ0, the Lévy-Solovay results [19] yield that

Lemma 2.3 is true when κ > κ0. If κ ≤ κ0, let j : V → M be an elementary embedding

witnessing the λ supercompactness of κ generated by a supercompact ultrafilter over Pκ(λ). Write

P0
κ = P0

κ ∗ Ṗ0,κ. Because V � “κ is λ supercompact and hence is α supercompact for every α < λ+”,

only trivial forcing is done at any stage α ∈ [κ, λ+] in the definition of P0. This means that

P0
κ

“Ṗ0,κ is (at least) λ++-strategically closed”, so to complete the proof of Lemma 2.3, it suffices

to show that V P0
κ � “κ is λ supercompact”.

To do this, by GCH and the fact that λ ≥ κ+ = 2κ, M � “κ is supercompact up to λ”. By

the definition of P0, we may therefore write j(P0
κ) = P0

κ ∗ Q̇, where the first nontrivial stage forced

to occur in Q̇ is greater than or equal to λ+. Standard arguments, as given in the proofs of [2,

Lemmas 1.2 and 1.7], then show that V P0
κ � “κ is λ supercompact”. This completes the proof of

Lemma 2.3.

�

4The precise definition of P(δ) may be found in either [2, page 389, second complete paragraph] or [10, Definition
6.1]. By [10, Lemma 6.1], P(δ) is δ-strategically closed.
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Lemma 2.4 V P0
� “Level by level equivalence holds”.

Proof: The proof of Lemma 2.4 follows closely the proof of [2, Lemma 1.3], and so we quote

verbatim where appropriate. Suppose V P0
� “κ < λ are regular cardinals such that κ is λ strongly

compact and κ isn’t a measurable limit of cardinals δ which are λ supercompact”. By Lemma 2.3,

any cardinal δ such that δ is λ supercompact in V remains λ supercompact in V P0
. This means

that V � “κ < λ are regular cardinals such that κ isn’t a measurable limit of cardinals δ which are

λ supercompact”.

Note that it is possible to write P0 = P0
1 ∗ Q̇, where |P0

1| = ω, P0
1 is nontrivial, and P0

1
“Q̇

is ω-strategically closed”. Further, by the definition of P0, it is easily seen that P0 is mild with

respect to κ. Therefore, by Theorem 6, V � “κ is λ strongly compact”. Hence, by level by level

equivalence in V , V � “κ is λ supercompact”, so another application of Lemma 2.3 yields that

V P0
� “κ is λ supercompact”. This completes the proof of Lemma 2.4.

�

Lemma 2.5 V P0
� “K is the class of supercompact cardinals”.

Proof: We follow the proof of [2, Lemma 1.4], and once again quote verbatim as appropriate. By

Lemma 2.3, if κ is supercompact in V , then κ is supercompact in V P0
. Further, by the factorization

of P0 as P0
1 ∗ Q̇ given in Lemma 2.4 and the remarks in the paragraph following Theorem 6, any

cardinal which is supercompact in V P0
had to have been supercompact in V . Thus, K is precisely

the class of supercompact cardinals in V P0
. This completes the proof of Lemma 2.5.

�

Let V0 = V P0
. Lemmas 2.1 – 2.5 and the intervening remarks show that V0 � “GCH + K is

the class of supercompact cardinals (so κ0 is the least supercompact cardinal) + Level by level

equivalence holds + �δ holds for every δ ∈ A + A0 is composed of regular cardinals and A1 is

composed of singular cardinals”. Since by its definition, the partial ordering P0 is κ0-c.c., by [18,

Exercise H2, page 247], A0, A1, and A = A0 ∪ A1 all remain stationary subsets of κ0 in V0. In
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addition, as we remarked at the end of Section 1, Safe(γ) stays the same in any cardinal and

cofinality preserving generic extension by a partial ordering admitting a closure point at ω or the

least inaccessible cardinal and preserving all regular instances of supercompactness. Therefore,

because V0 and V have the same cardinals and cofinalities, by the upwards absoluteness of any

version of square in a cardinal and cofinality preserving generic extension and Lemma 2.3, V0 � “�S
δ

holds for every infinite cardinal δ, where S = Safe(δ)”.

Working now in V0, we define the next partial ordering P1 used in the proof of Theorem 4.

We pattern our definition after the iteration found in [5, Section 2]. First, for λ = δ+ with δ

a regular cardinal, let Q♦(λ) be the partial ordering of [6, page 71] which adds ♦+
λ . For the

exact definition, we refer readers to [6]. We note only that Q♦(λ) is λ-directed closed and λ+-c.c.

P1 = 〈〈P1
λ, Q̇1

λ〉 | λ ∈ Ord〉 is defined as the proper class Easton support iteration which begins by

forcing with Add(ω, 1) (in analogy to the definition of P0, P1
0 = {∅} and Q̇1

0 = ˇAdd(ω, 1)) in order

to ensure a closure point at ω. We then let Q̇1
λ be a term for:

1. Add(λ, 1) for λ inaccessible.

2. The partial ordering Q♦(λ) at cardinals λ where λ = δ+, δ is a regular cardinal, and f(λ) = 0.

3. The partial ordering Add(λ, λ+) at cardinals λ where λ = δ+, δ is a regular cardinal, and

f(λ) = 1.

4. Trivial forcing if λ > 0 does not fall into any of the above three categories.

Once again, standard arguments show that V P1

0 � “ZFC + GCH” and that V0 and V P1

0 have

the same cardinals and cofinalities. In particular, in V P1

0 , A0 continues to be composed of regular

cardinals, and A1 continues to be composed of singular cardinals.

Lemma 2.6 If V0 � “κ < λ are such that κ is λ supercompact and λ is regular”, then V P1

0 � “κ is

λ supercompact”.

Proof: We pattern our argument after the proof of [5, Lemma 2.1], from which we feel free to

quote verbatim as appropriate. If λ is inaccessible or λ = δ+ where δ is a singular cardinal,
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then the argument that V P1

0 � “κ is λ supercompact” is exactly the same as in [6, Theorem

5, bottom of page 73 up to and including the first three paragraphs on page 74]. If λ = δ+

where δ is a regular cardinal and f(λ) = 0, then let j : V0 → M be an elementary embedding

witnessing the λ supercompactness of κ generated by a supercompact ultrafilter over Pκ(λ) such

that j(f)(λ) = f(λ). This means that Q♦λ is the partial ordering used at stage λ in the definition

of P1 in both V0 and M . The argument that V P1

0 � “κ is λ supercompact” is therefore exactly

the same as in [6, Theorem 5, fourth paragraph on page 74 through the end of the proof on page

76]. If λ = δ+ where δ is a regular cardinal and f(λ) = 1, then let j : V0 → M be an elementary

embedding witnessing the λ supercompactness of κ generated by a supercompact ultrafilter over

Pκ(λ) such that j(f)(λ) = f(λ). This means that Add(λ, λ+) is the partial ordering used at stage

λ in the definition of P1 in both V0 and M . The argument that V P1

0 � “κ is λ supercompact” is

therefore exactly the same as in [5, proof of Lemma 2.1] and combines standard techniques with

ideas originally due to Magidor [20]. It is sketched in [6, Theorem 5, ninth paragraph on page 74

through line 6 on page 75] and given completely in [7, pages 119–120], to which we refer readers

for additional details. This completes the proof of Lemma 2.6.

�

Lemma 2.7 V P1

0 � “For every λ which is the successor of a regular cardinal, ♦+
λ holds if f(λ) = 0,

but if f(λ) = 1, ♦+
λ fails and ♦λ holds”.

Proof: Suppose λ is the successor of a regular cardinal in either V , V0, or V P1

0 . Write P1 =

P1
λ+1 ∗ Ṗ1,λ+1 = P1

λ ∗ Q̇1
λ ∗ Ṗ1,λ+1. If f(λ) = 0, then by the definition of P1, Q̇1

λ = Q̇♦(λ). This means

that V
P1
λ+1

0 � “♦+
λ holds”. If f(λ) = 1, then by the definition of P1, Q̇1

λ = ˙Add(λ, λ+). By [8,

last paragraph of Section 2], this will ensure that V
P1
λ+1

0 � “♦∗λ, and hence ♦+
λ , both fail”. By the

proof of Lemma 2.8, however, it will be the case that V
P1
λ+1

0 � “♦λ holds”.5 Since P1
λ+1

“Ṗ1,λ+1 is

λ+-directed closed”, V
P1
λ+1∗Ṗ

1,λ+1

0 = V P1

0 � “For every λ which is the successor of a regular cardinal,

5If λ is the successor of an uncountable cardinal (either regular or singular), then the results of [24, Section 2] tell

us that since V
P1
λ+1

0 � GCH, V
P1
λ+1

0 � “♦λ holds”. No forcing argument is required. However, because it is known
(see [23] for a discussion) that CH can hold while ♦ = ♦ℵ1 fails, we refer to the proof of Lemma 2.8 in order to

infer that V
P1
λ+1

0 � “♦λ holds” for λ = ℵ1.
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♦+
λ holds if f(λ) = 0, but if f(λ) = 1, ♦+

λ fails and ♦λ holds”. This completes the proof of Lemma

2.7.

�

Because V P1

0 � GCH, by the work of [24, Section 2], V P1

0 � “For every δ which is the successor of

a singular cardinal, ♦δ holds”. Therefore, since ♦+
δ =⇒ ♦δ, Lemma 2.7 and the previous sentence

imply that V P1

0 � “For every successor cardinal δ, ♦δ holds”. By the arguments of [2, Lemma 1.1],

V P1

0 � “For every inaccessible cardinal δ, ♦δ holds”. We may therefore now infer that V P1

0 � “♦δ

holds for every regular uncountable cardinal δ”. In addition, Lemma 2.6, in conjunction with the

proofs of Lemmas 2.4 and 2.5, show that V P1

0 � “Level by level equivalence holds + K is the class

of supercompact cardinals (so κ0 is the least supercompact cardinal)”. Further, because P1
κ0

is

κ0-c.c. and for P1 = P1
κ0
∗ Q̇, P1

κ0
“Q̇ is κ0-directed closed”, [18, Exercise H2, page 247] together

with the fact that κ0-directed closed forcing preserves the stationarity of any stationary S ⊆ κ0

yield that A0, A1, and A = A0 ∪ A1 all remain stationary subsets of κ0 in V P1

0 . Also, Lemma 2.6,

the persistence of any version of � in a cardinal and cofinality preserving generic extension, and

the same reasoning as found in the paragraph following the proof of Lemma 2.5 allow us to infer

that V P1

0 � “�δ holds for every δ ∈ A + �S
δ holds for every infinite cardinal δ, where S = Safe(δ)”.

Now let P = R ∗ Ṗ0 ∗ Ṗ1, where R is the partial ordering used to force the initial properties of

V assumed. The remarks of this paragraph, together with Lemmas 2.1 – 2.7 and the intervening

comments, complete the proof of Theorem 4.

�

Having completed the proof of Theorem 4, we turn our attention to the proof of Theorem 5.

Proof: Let V � “ZFC + GCH + κ0 is supercompact + No cardinal is supercompact up to an

inaccessible cardinal”. We explicitly note that because V � “No cardinal is supercompact up to

an inaccessible cardinal”, V � “No cardinal δ > κ0 is inaccessible”.

Suppose f : Ord → 2 is once again as in the hypotheses of Theorems 4 and 5. Without loss

of generality, in analogy to the proof of Theorem 4 (where we began by assuming we had done a

preliminary forcing to ensure V satisfied the desired properties), we assume in addition that the
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conclusions of Theorem 4 hold in V . By our remarks in the paragraph following Theorem 6, since

V is built as a forcing extension by finitely many partial orderings (i.e., the partial orderings from

[7], Theorem 2, and Theorem 4) having a closure point at ω, in V , no cardinal is supercompact up

to an inaccessible cardinal as well.6

We are now in a position to define the partial ordering P0 which will be used to complete

the proof of Theorem 5. Intuitively, P0 is the Easton support iteration of length κ0 + 1 which

is trivial except at inaccessible cardinals δ ≤ κ0, where the forcing done is Add(δ, δ++). More

formally, P0 = 〈〈P0
δ , Q̇δ〉 | δ ≤ κ0〉 is defined as the Easton support iteration of length κ0 + 1 where

P0
0 = {∅} and for which Q̇δ = {∅̌}, except if δ ≤ κ0 is inaccessible. In this case, Q̇δ = ˙Add(δ, δ++).

Standard arguments show that V P0
� “2δ = δ++ if δ is inaccessible but 2δ = δ+ otherwise + κ0 is

supercompact” and that V and V P0
have the same cardinals and cofinalities. In particular, as in

the proof of Theorem 4, in V P0
, A0 continues to be composed of regular cardinals, and A1 continues

to be composed of singular cardinals. By [4, Theorem 3] and [3, Theorem 2], V P0
� “Level by level

equivalence holds + No cardinal is supercompact up to an inaccessible cardinal”.7

Lemma 2.8 V P0
� “For every inaccessible cardinal δ, there are 2δ = δ++ distinct ♦δ sequences”.

Proof: We use the ideas found in the proof of [2, Lemma 0.1], which are based on the proof sketch

given in [16, Exercise 15.23, page 263]. Fix δ ≤ κ0 an inaccessible cardinal. Let P∗δ consist of all

sequences 〈Sα | α < β < δ〉 such that Sα ⊆ α for all α < β, ordered by p ≤ q iff p is an initial

segment of q. Since by its definition, P∗δ is δ-directed closed, and by δ’s inaccessibility, |P∗δ| = δ,

P∗δ must be isomorphic to Add(δ, 1). Hence, without loss of generality, for the rest of the proof

of Lemma 2.8, we assume that in the definition of P0, at each inaccessible cardinal δ ≤ κ0 (the

only nontrivial stages of forcing in the definition of P0), we are forcing with Qδ = Add(δ, δ++) as

represented by the <δ -support product of δ++ copies of P∗δ . The ordering on Qδ is p ≤ q iff each

component of p is an initial segment of the corresponding component of q.

6Although not present in the original definition, the partial orderings from [7] may be defined so as to contain a
closure point at ω.

7In both [4] and [3], the relevant partial orderings have a closure point at ω. However, since P0 has a closure

point at the least inaccessible cardinal, it is still possible to infer that V P0

� “Level by level equivalence holds + No
cardinal is supercompact up to an inaccessible cardinal”.
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Let G be V -generic over P0 = P0
δ+1 ∗ Ṗ0,δ+1. Write G = Gδ+1 ∗ Gδ+1 = Gδ ∗Hδ ∗ Gδ+1, where

Gδ ∗ Hδ is the portion of G which is V -generic over P0
δ+1 = P0

δ ∗ Q̇δ. For each γ < δ++, let

♦γ,δ = 〈Sγ,α | α < δ〉, where for any β < δ, 〈Sγ,α | α < β〉 is a member of the γth coordinate of

some p ∈ Hδ. By genericity, each ♦γ,δ is well-defined. We will show that if γ1 6= γ2, ♦γ1,δ 6= ♦γ2,δ

and for each γ < δ++, ♦γ,δ is a ♦δ sequence.

To prove both of these statements, we use a density argument. We begin by showing each

assertion is true in V [Gδ+1]. It will then follow that because P0
δ+1

“Ṗ0,δ+1 is δ∗-directed closed for

δ∗ the least inaccessible cardinal above δ”, both facts are true in V [Gδ+1][G
δ+1] = V [G] as well.

Consequently, for the remainder of the proof of Lemma 2.8, we will work in V [Gδ+1].

For the first fact, suppose that p = 〈pα | α < δ++〉 ∈ Qδ. Fix γ1, γ2 < δ++, γ1 6= γ2. By

extending p if necessary, we assume without loss of generality that both pγ1 and pγ2 are nontrivial

and have the same length, i.e., for some β < δ, pγ1 = 〈Sγ1,α | α < β〉 and pγ2 = 〈S ′γ2,α | α < β〉.

Define p′ = 〈p′α | α < δ++〉 ≥ p by p′α = pα if γ1 6= γ2, but p′γ1 = 〈Sγ1,α | α ≤ β〉 and p′γ2 = 〈S ′γ2,α |

α ≤ β〉, where Sγ1,β 6= S ′γ2,β. Then p′  “♦̇γ1,δ 6= ♦̇γ2,δ”.

For the second fact, fix γ < δ. Suppose p = 〈pα | α < δ++〉 ∈ Qδ is such that p  “Ċ is a

closed, unbounded subset of δ and Ẋ ⊆ δ”. Without loss of generality, by extending p if necessary,

we assume that pγ is nontrivial. By the definition of Qδ as a <δ-support product and P∗δ ’s closure

properties, let 〈qn | −1 ≤ n < ω〉 (where each qn = 〈qn,α | α < δ++〉) be an increasing sequence of

elements of Qδ with q−1 = p satisfying the following properties for every n ∈ ω:

1. qn ≥ qn−1.

2. Each nontrivial qn,α has the form 〈Sρ,α | ρ < βn,α〉.

3. qn  “γn ∈ Ċ” for some ordinal γn.

4. qn completely determines every element of the set Ẋ ∩ γn.

5. βn,α > γn for every α < δ++ where qn,α is nontrivial.

6. βn =
⋃
α<δ++ βn,α < δ (by the regularity of δ and the fact Qδ is a <δ-support product).
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7. γ0 < β0 < γ1 < β1 < · · · < γn < βn < · · ·

By property (7) and the regularity of δ,
⋃
n<ω γn =

⋃
n<ω βn < δ. Call their common supremum

β. For each α < δ++ such that for some n, qn,α is nontrivial, let q′α = 〈Sρ,α | ρ < β〉. Because

β < δ, q′α ∈ P∗δ is well-defined. Hence, again by the regularity of δ and the fact Qδ is a <δ-support

product, q′ = 〈q′α | α < δ++〉 is a well-defined member of Qδ extending each qn (where q′α is trivial

if for every n, qn,α is trivial). It is the case that q′ completely determines every element of the

set denoted by Ẋ ∩ β̌, a set which we call Sβ. It follows that q = 〈qα | α < δ++〉, where each

qα = 〈q′α, Sβ〉 when q′α is nontrivial but q′α is trivial otherwise, is then again a well-defined member

of Qδ. We have that q ≥ q′ ≥ p, and q  “β ∈ Ċ and Ẋ ∩ β = Šβ”. Since qγ is nontrivial and has

Sβ as its βth coordinate, this completes the proof of Lemma 2.8.

�

Lemma 2.9 V P0
� “For every λ below the least inaccessible cardinal which is the successor of a

regular cardinal, ♦+
λ holds if f(λ) = 0, but if f(λ) = 1, ♦+

λ fails and ♦λ holds”. In addition,

V P0
� “For every λ above the least inaccessible cardinal which is the double successor of a non-

inaccessible cardinal, ♦+
λ holds if f(λ) = 0, but if f(λ) = 1, ♦+

λ fails and ♦λ holds”.

Proof: By our assumptions on V (i.e., that we first forced over V with the partial orderings of

Theorem 4), we may assume that V � “For every λ which is the successor of a regular cardinal, ♦+
λ

holds if f(λ) = 0, but if f(λ) = 1, ♦+
λ fails and ♦λ holds”. Therefore, since forcing with P0 adds

no bounded subsets of the least inaccessible cardinal, V P0
� “For every λ which is the successor of

a regular cardinal below the least inaccessible cardinal, ♦+
λ holds if f(λ) = 0, but if f(λ) = 1, ♦+

λ

fails and ♦λ holds”.

Now, take λ above the least inaccessible cardinal as the double successor of a non-inaccessible

cardinal (in either V or V P0
), and let γ be the supremum of the inaccessible cardinals below λ. Write

P0 = P0
γ+1 ∗ Ṗ0,γ+1. Because V � “|P0

γ+1| < λ” and ♦+
λ =⇒ ♦∗λ, by [9, Lemma 19], V P0

γ+1 � “♦∗λ

holds if f(λ) = 0, but if f(λ) = 1, ♦∗λ fails and ♦λ holds”. However, by the definition of P0 and

the fact V � GCH, it follows that V P0
γ+1 � “λℵ0 = λ”. By [22], ♦+

λ and ♦∗λ are equivalent when

18



λℵ0 = λ. Consequently, we may infer that V P0
γ+1 � “♦+

λ holds if f(λ) = 0, but if f(λ) = 1, ♦+
λ

fails and ♦λ holds”. Since P0
γ+1

“Ṗ0,γ+1 is γ∗-directed closed for γ∗ the least inaccessible cardinal

above γ (which is also the least inaccessible cardinal above λ)”, V P0
γ+1∗Ṗ0,γ+1

= V P0
� “♦+

λ holds if

f(λ) = 0, but if f(λ) = 1, ♦+
λ fails and ♦λ holds”. This completes the proof of Lemma 2.9.

�

Because V P0
� “2δ = δ++ if δ is inaccessible but 2δ = δ+ otherwise”, as before, by the results

of [24, Section 2], V P0
� “♦δ holds for every regular uncountable cardinal δ > ℵ1 which is not the

successor of an inaccessible cardinal”. By Lemma 2.9, since ♦+
δ =⇒ ♦δ, V P0

� “♦ = ♦ℵ1 holds”.

Therefore, by Lemma 2.8, V P0
� “♦δ holds for every regular uncountable cardinal δ which is not

the successor of an inaccessible cardinal”. In addition, because we may write P0 = P0
κ0
∗ Q̇κ0 where

P0
κ0

is κ0-c.c. and Q̇κ0 = ˙Add(κ0, κ
++
0 ) is κ0-directed closed, as in the proof of Theorem 4, [18,

Exercise H2, page 247] in conjunction with the fact that κ0-directed closed forcing preserves the

stationarity of any stationary S ⊆ κ0 yield that A0, A1, and A = A0 ∪ A1 all remain stationary

subsets of κ0 in V P0
. In addition, the arguments of [4, Case 1, Lemma 3.1] and [3, Case 1, Lemma

3.4] show that the analogues of Lemmas 2.3 and 2.6 are true when forcing with P0. Therefore,

by the same line of reasoning presented in the last paragraph of the proof of Theorem 4, since P0

admits a closure point at the least inaccessible cardinal, V P0
� “�δ holds for every δ ∈ A + �S

δ

holds for every infinite cardinal δ, where S = Safe(δ)”. Now, in analogy to the proof of Theorem

4, let P = R ∗ Ṗ0, where R is the partial ordering used to force the initial properties of V assumed.

The remarks of this paragraph, together with Lemmas 2.8 and 2.9 and the intervening comments,

complete the proof of Theorem 5.

�

We conclude by posing the general question of what other models for level by level equivalence

may be constructed satisfying strong combinatorial principles, along with additional inner model

like properties. In particular, is it possible to combine the results of this paper with the results of [5]

in order to build models satisfying the conclusions of Theorems 4 and 5, together with V = HOD

and the Ground Axiom GA?
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[19] A. Lévy, R. Solovay, “Measurable Cardinals and the Continuum Hypothesis”, Israel Journal

of Mathematics 5, 1967, 234–248.

[20] M. Magidor, “On the Existence of Nonregular Ultrafilters and the Cardinality of Ultrapowers”,

Transactions of the American Mathematical Society 249, 1979, 97–111.

[21] T. Menas, “On Strong Compactness and Supercompactness”, Annals of Mathematical Logic

7, 1974, 327–359.

[22] A. Rinot, “On Guessing Generalized Clubs at the Successors of Regulars”, Annals of Pure

and Applied Logic 162, 2011, 566–577.

21



[23] A. Rinot, “The Search for Diamonds”, Bulletin of Symbolic Logic 16, 2010, 420–423.

[24] S. Shelah, “Diamonds”, Proceedings of the American Mathematical Society 138, 2010, 2151–

2161.

[25] R. Solovay, W. Reinhardt, A. Kanamori, “Strong Axioms of Infinity and Elementary Embed-

dings”, Annals of Mathematical Logic 13, 1978, 73–116.

[26] W. H. Woodin, “In Search of Ultimate-L: The 19th Midrasha Mathematicae Lectures”, Bul-

letin of Symbolic Logic 23, 2017, 1–109.

22


