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Abstract

We show that the consistency of the theories “ZF + ¬ACω + GCH holds below ℵω +
There is an injection f : ℵω+2 → ℘(ℵω) + Both �∗ℵω and APℵω fail” and “ZF + ¬ACω +
GCH holds below ℵω + There is an injection f : ℵω+2 → ℘(ℵω) + ℵω+1 satisfies the tree
property” follow from the appropriate supercompactness hypotheses. These provide answers
in a choiceless context to certain long-standing open questions concerning SCH, weak square,
approachability, and the tree property. There is nothing special about ℵω+2, and the injection
into ℘(ℵω) can be from any ordinal λ (which means that pcf theory can fail badly in the models
constructed if λ ≥ ℵω4).
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1 Introduction and Preliminaries

Obtaining models of ZFC in which the Singular Cardinal Hypothesis (SCH) fails at a singular

cardinal κ but certain combinatorial properties (namely weak square or the tree property) either

hold or fail at κ or κ+ is one which has intrigued many set theorists over the years. In particular,

we have the following results.

Theorem 1 (Gitik and Sharon [4, Theorem 1.1]) Suppose V � “ZFC + κ is supercompact”.

There is then a partial ordering P ⊆ V such that V P � “ZFC + κ is a singular strong limit cardinal

of cofinality ω and SCH, �∗κ, and the approachability property APκ all fail at κ”.

Theorem 2 (Gitik and Sharon [4, Theorem 1.2]) Suppose V � “ZFC + κ is supercompact”.

There is then a partial ordering P ⊆ V such that V P � “κ = ℵω2 is a strong limit cardinal and

SCH, �∗ℵω2 , and APℵω2 all fail at ℵω2”.

Theorem 3 (Neeman [8]) Suppose V � “ZFC + There are ω many supercompact cardinals”.

There is then a partial ordering P ⊆ V such that for κ0 the least V -supercompact cardinal,

V P � “ZFC + κ0 is a singular strong limit cardinal of cofinality ω at which SCH fails + The

tree property holds at κ+0 ”.

Theorem 4 (Sinapova [10]) Suppose V � “ZFC + There are ω many supercompact cardinals”.

There is then a partial ordering P ⊆ V such that V P � “ZFC + ℵω2 is a strong limit cardinal at

which SCH fails + The tree property holds at ℵω2+1”.

Left open by Theorems 1 – 4 is the question of whether analogous theorems can be true for

ℵω, i.e., whether it is possible to construct models where SCH fails at ℵω and either both �∗ℵω and

APℵω are false or the tree property holds at ℵω+1. Also left open by Theorems 1 – 4 is the question

of whether it is possible to construct models of ZFC in which GCH holds below some singular

cardinal λ, GCH fails at λ, and either both �∗λ and APλ are false or the tree property holds at λ+.

Unfortunately, the answer to these questions is still unknown for universes satisfying the Axiom

of Choice. However, if we are willing to construct models in which ACω fails, then it is possible to

obtain positive answers. Specifically, we have the following theorems.
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Theorem 5 Suppose V � “ZFC + κ is supercompact”. There is then a partial ordering P ⊆ V

and a symmetric submodel N ⊆ V
P

such that N � “ZF + ¬ACω + GCH holds below κ = ℵω +

There is an injection f : ℵω+2 → ℘(ℵω) + Both �∗ℵω and APℵω fail”.

Theorem 6 Suppose V � “ZFC + 〈κn | n < ω〉 is an increasing sequence of supercompact car-

dinals”. There is then a partial ordering P ⊆ V and a symmetric submodel N ⊆ V
P

such that

N � “ZF + ¬ACω + GCH holds below κ0 = ℵω + There is an injection f : ℵω+2 → ℘(ℵω) + The

tree property holds at ℵω+1”.

As in [1], when we say that GCH holds below ℵω in Theorems 5 and 6, we mean exactly the

same thing as in the context of AC. Also as in [1], the existence of an injection from a (well-ordered)

cardinal κ into ℘(ℵω), together with GCH holding below ℵω, is taken as our failure of SCH in these

theorems.

We take this opportunity to make a few remarks concerning Theorems 5 and 6. As indicated

by the discussion found in [3, page 176], in any model in which AC is true, it follows relatively

easily that for a strong limit cardinal κ of cofinality ω, �∗κ =⇒ APκ, and so ¬APκ =⇒ ¬�∗κ.

However, since ACω does not hold in the models for Theorems 5 and 6, we explicitly mention in

the statement of Theorem 5 that both �∗ℵω and APℵω fail in the model witnessing the conclusions

of Theorem 5. Also, Theorem 5 provides a partial answer to [4, Questions 1 and 2, page 319].

In addition, Gitik and Sharon’s proof from [4] tells us that �∗κ and APκ fail in the model for [8,

Theorem 1.1]. This means we may conclude that �∗ℵω and APℵω will fail in the model we construct

witnessing the conclusions of Theorem 6 as well. Further, there is nothing special about ℵω+2 in

Theorems 5 and 6. As our proofs will show, ℵω+2 can be replaced by essentially any ordinal λ,

including cardinals λ ≥ ℵω4 . We will return to this point at the end of the paper. This allows for

significant failures of pcf theory in a choiceless context (see [9] for further details concerning pcf

consequences in models satisfying AC). Finally, because our proofs are heavily dependent on the

proofs of both [4] and [8], we recommend that readers keep copies of these papers close at hand.

Before beginning the proofs of our theorems, we very briefly mention some of our conventions

and terminology. We will abuse notation slightly and use both V P and V [G] to indicate the
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universe obtained by forcing with the partial ordering P. For κ a regular cardinal and λ an ordinal,

Add(κ, λ) is the standard Cohen partial ordering for adding λ many Cohen subsets of κ. For κ < λ

inaccessible cardinals, Coll(κ,<λ) is the standard Lévy collapse partial ordering for collapsing all

cardinals in the open interval (κ, λ) to κ. Both of these partial orderings are κ-directed closed (i.e.,

any directed subset of size less than κ has a common extension).

As usual, for κ a regular cardinal, a κ-tree is a tree of height κ, all of whose levels have cardinality

less than κ. κ satisfies the tree property if every κ-tree has a branch of length κ. For our purposes,

all κ-trees will be of cardinality κ and will be subsets of κ×κ. This means that by using a canonical

bijection between κ×κ and κ, every κ-tree may be coded by a set of ordinals. Also, for κ > ω any

cardinal, our definition of the approachability property at κ, APκ, will be the usual one. Specifically,

we will say that APκ holds iff there is a sequence 〈Cα | α < κ+〉 satisfying the following properties:

1. If α is a limit ordinal, then Cα is a club subset of α whose order type is cof(α).

2. There is a club subset D of κ+ such that for every α ∈ D and every β < α, there is γ < α

such that Cα ∩ β = Cγ.

In addition, for κ > ω any cardinal, our definition of weak square at κ, �∗κ, will be slightly

different from the usual one. In particular, we will say that �∗κ holds iff there is a sequence

〈Cα | α < κ+, α a limit ordinal〉 satisfying the following properties:

1. For each α, Cα = 〈Cβ | 1 ≤ β ≤ κ〉 is a sequence of club subsets of α.

2. If cof(α) < κ, then if C ∈ Cα, C’s order type is less than κ.

3. If C ∈ Cα and β is a limit point of C, then C ∩ β ∈ Cβ.

In the usual definition of �∗κ (see [2, Definition 2.3, page 41]), condition (1) is replaced with

1 ≤ |Cα| ≤ κ. This will not be sufficient for our purposes. It will be necessary to have condition

(1) as just presented, so that every �∗κ sequence can be coded as a set of ordinals. To see how this

coding is accomplished, let S = 〈Cα | α < κ+〉 be a �∗κ sequence as per the above definition. Given
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any Cα = 〈Cβ | 1 ≤ β ≤ κ〉 ∈ S, the set {〈γ, δ〉 | γ ≤ β, δ ∈ Cγ} is a subset of κ× κ+ which, using

a fixed canonical bijection f between κ+×κ+, may be identified uniquely with a subset of κ+. We

then have a κ+-length sequence of subsets of κ+ which, via f , can be used to code S.

This coding will be essential in the proof of Lemma 2.1. If the standard definition of �∗κ were to

be used instead, then one would need ACκ+ to choose bijections between each Cα and its cardinality

in order to effectuate the above coding. Since ACω fails in the models witnessing the conclusions of

Theorems 5 and 6, this will be impossible to accomplish. However, as is easily verified, in models

satisfying the Axiom of Choice, the two definitions of �∗κ are equivalent.

2 The Proofs of Theorems 5 and 6

We turn now to the proof of Theorem 5.

Proof: Suppose V � “ZFC + κ is supercompact”. Without loss of generality, by first forcing

GCH and then forcing with Laver’s partial ordering of [6], we assume in addition that V � “κ’s

supercompactness is indestructible when forcing with κ-directed closed partial orderings + 2δ = δ+

for every δ ≥ κ”. Since (Add(κ, κ+ω+2))V is κ-directed closed, V
Add(κ,κ+ω+2)

� “κ is supercompact

+ 2κ = κ+ω+2”.

Work in V
Add(κ,κ+ω+2)

= V ∗. We will need to force over V ∗ with a version of the partial ordering

Gitik and Sharon use in the proof of [4, Theorem 1.1], which we will call Q. We give the definition

of Q, since it will be critical to the proof of Theorem 5. Specifically, suppose U is a supercompact

ultrafilter over Pκ(κ
+ω+2). For every i < ω, let Ui be the projection of U to Pκ(κ

+i), i.e., X ∈ Ui iff

{p ∈ Pκ(κ+ω+2) | p ∩ κ+i ∈ X} ∈ U . It is easily verified that U is a supercompact ultrafilter over

Pκ(κ
+i). Then Q, also known as diagonal supercompact Prikry forcing over Pκ(κ

+ω), is defined

as the set of all finite sequences of the form 〈p0, . . . , pn−1, Xn, Xn+1, . . .〉 satisfying the following

properties:

1. For 0 ≤ i ≤ n− 1, pi ∈ Pκ(κ+i) and pi ∩ κ is an inaccessible cardinal.

2. For i ≥ n, Xi ∈ Ui.
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3. For 0 ≤ i < j ≤ n− 1, pi ⊂∼ pj, i.e., pi ⊆ pj and order-type(pi) < pj ∩ κ.

4. If i ≥ n and p ∈ Xi, then pn−1 ⊂∼ p.

Next, for p = 〈p0, . . . , pn−1, Xn, Xn+1, . . .〉, q = 〈q0, . . . , qm−1, Ym, Ym+1, . . .〉 ∈ Q, q ≥ p (i.e., q is

stronger than p) iff the following hold:

1. n ≤ m.

2. For i = 0, . . . , n− 1, qi = pi.

3. For i = n, . . . ,m− 1, qi ∈ Xi.

4. For i ≥ m, Yi ⊆ Xi.

We are now in a position to describe the model N witnessing the conclusions of Theorem 5.

Let G∗ be V ∗-generic over Q, and let V ∗[G∗] = V . We will take V as our ground model. By

[4, Lemma 2.14], we know that V ∗ and V have the same bounded subsets of κ. By [4, Lemma

2.16], we know that V � “κ is a strong limit cardinal, 2κ = κ++ = (κ+ω+2)V
∗
, and cof(κ) = ω”.

Consequently, since the models V ∗ and V have the same bounded subsets of κ, and since V ∗ � “κ

is supercompact”, we can let 〈κi | i < ω〉 ∈ V be a cofinal sequence in κ of inaccessible cardinals.

We assume without loss of generality that κ0 = ω.

We define the partial ordering P used in the proof of Theorem 5. For each i < ω, let Pi =

Coll(κi, <κi+1). Let P =
∏

i<ω Pi be the full support product, and let G be V -generic over P. V [G],

being a model of AC, is not our desired choiceless inner model N witnessing the conclusions of

Theorem 5. In order to define N , we note that by the Product Lemma, the projection of G onto

Pi, Gi, is V -generic over Pi. Next, for n < ω, define Gn =
∏

i≤nGi. Once again, by the Product

Lemma, Gn is V -generic over Pn =
∏

i≤n Pi. N can now be intuitively described as the least model

of ZF extending V which contains, for each n < ω, the set Gn.

In order to define N more formally, we let L1 be the ramified sublanguage of the forcing language

L with respect to P which contains symbols v̌ for each v ∈ V , a unary predicate symbol V̌ (to
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be interpreted V̌ (v̌) ↔ v ∈ V , i.e., V̌ allows us to determine members of the ground model), and

symbols Ġn for each Gn. N is then defined as follows.

N0 = ∅.

Nδ =
⋃
α<δNα if δ is a limit ordinal.

Nα+1 =
{
x ⊆ Nα

∣∣∣ x is definable over the model 〈Nα,∈, c〉c∈Nα
via a term τ ∈ L1 of rank ≤ α

}
.

N =
⋃
α∈OrdV Nα.

As in [1, paragraph immediately preceding Section 6], we have the fundamental fact that if

x ∈ N is a set of ordinals, then x ∈ V [Gn] for some n < ω. Further, since κ0 = ω, the arguments

found in [1, Sections 5 and 6] for the proof of the forcing portion of [1, Theorem 2], adjusted to

take into account the current definition of P, show that N � “ZF + κ = ℵω + There is an injection

f : ℵω+2 → ℘(ℵω)”. Again as in [1, paragraph immediately preceding Section 6], once more making

the appropriate adjustments to take into account the current definition of P, we may also infer that

N � “¬ACω”. In addition, as in [1], it will be the case that GCH holds below ℵω in N . To see

this, we observe that by the properties of the Lévy collapse, forcing with Coll(κi, <κi+1) ensures

that 2κi = κi+1. Consequently, since N � “For i < ω, κi = ℵi”, the fact that if x ∈ N is a set of

ordinals, then x ∈ V [Gn] for some n < ω allows us to infer that GCH holds below ℵω in N .

The proof of Theorem 5 is now completed by the following lemma.

Lemma 2.1 N � “Both �∗ℵω and APℵω fail”.

Proof: Suppose N � “Either S is a �∗ℵω = �∗κ sequence or A is an APℵω = APκ sequence”. By

our definition of �∗κ and using the method described at the end of Section 1, S can be coded by a

set of ordinals. In addition, by the definition of APℵω sequence, A can be coded by a set of ordinals

as well. Therefore, there exists some sufficiently large n < ω such that S,A ∈ V [Gn]. Because

V = V ∗[G∗], it is actually the case that S,A ∈ V ∗[G∗][Gn] ⊆ N . However, as V ∗ and V contain the

same bounded subsets of κ and Pn can be coded as a bounded subset of κ, it follows that Pn ∈ V ∗.

Thus, by the Product Lemma, we may “reverse the order” and write S,A ∈ V ∗[Gn][G∗], where we

know that G∗ is V ∗[Gn]-generic over Q. Then, since V ∗ � “|Pn| < κ”, by the Lévy-Solovay results

[7], this means that V ∗[Gn] � “κ is supercompact, Un = {x ⊆ Pκ(κ
+ω+2) | x ⊇ A for some A ∈ U}
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is a supercompact ultrafilter over Pκ(κ
+ω+2), and for each i < ω, Uni = {x ⊆ Pκ(κ

+i) | x ⊇ A for

some A ∈ Ui} is a supercompact ultrafilter over Pκ(κ
+i) which is the projection of Un to Pκ(κ

+i)”.

Hence, if Qn ∈ V ∗[Gn] is diagonal supercompact Prikry forcing over (Pκ(κ
+ω))V

∗[Gn] defined using

Un instead of U , then we have the following

Claim 2.2 Q is dense in Qn (so in particular, every member of Qn can be extended to a member

of Q).

Proof: Work throughout in V ∗. Suppose q ∈ Pn is such that q  “〈ṗ0, . . . , ṗm−1, Ẋm, Ẋm+1, . . .〉 ∈

Q̇n”. Since Pn “(P̌κ(κ
+ω+2))V

∗ ∈ U̇n”, we may assume without loss of generality that for some

p0, . . . , pm−1 ∈ Pκ(κ+ω), q  “ṗi = p̌i for 0 ≤ i ≤ m−1”. Since as we have just indicated, the results

of [7] tell us that for every i < ω, Uni = {x ⊆ Pκ(κ
+i) | x ⊇ A for some A ∈ Ui} is a supercompact

ultrafilter over Pκ(κ
+i), for each i ≥ m, there must be Yi ∈ Ui such that q  “Y̌i ⊆ Ẋi”. It is

then the case that 〈p0, . . . , pm−1, Ym, Ym+1, . . .〉 ∈ Q and q  “〈p̌0, . . . , p̌m−1, Y̌m, Y̌m+1, . . .〉 extends

〈ṗ0, . . . , ṗm−1, Ẋm, Ẋm+1, . . .〉”.

�

It consequently holds that G∗ is in fact V ∗[Gn]-generic over Qn, which further implies that by [4,

Proposition 2.19], V ∗[Gn][G∗] = V ∗[G∗][Gn] � “APκ (and hence �∗κ) both fail”. By the downwards

absoluteness of �∗κ and APκ, however, it must be the case that V ∗[Gn][G∗] � “Either S is a �∗κ

sequence or A is an APκ sequence”. This contradiction completes the proof of Lemma 2.1.

�

Lemma 2.1 completes the proof of Theorem 5.

�

Turning now to the proof of Theorem 6, suppose V � “ZFC + 〈κn | n < ω〉 is an increasing

sequence of supercompact cardinals”. Without loss of generality, as Neeman does in [8], again by

first forcing GCH and then forcing with Laver’s partial ordering of [6], we assume in addition that

V � “κ0’s supercompactness is indestructible when forcing with κ0-directed closed partial orderings
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+ 2δ = δ+ for every δ ≥ κ0”. Then, as Neeman does in [8], let ν = sup(〈κn | n < ω〉), and let

E be V -generic over Add(κ0, ν
++). Work in V [E] = V ∗, where by indestructibility, κ0 remains

supercompact. In analogy to the proof of Theorem 5, we will need to force over V ∗ with a version

of diagonal supercompact Prikry forcing defined over Pκ0(ν), which we will as before call Q. More

specifically, Q is defined as in the proof of Theorem 5, except that U is a supercompact ultrafilter

over Pκ0(ν
+), and for every n < ω, Un is the projection of U to Pκ0(κn). We then as in the proof

of Theorem 5 let G∗ be V ∗-generic over Q and let V ∗[G∗] = V . Next, we force over V with the

partial ordering P defined as in the proof of Theorem 5 using a cofinal in κ0 sequence 〈λi | i < ω〉

of inaccessible cardinals added by Q (i.e., as earlier, we assume that λ0 = ω, then for each i < ω,

let Pi = Coll(λi, <λi+1), and lastly, take P =
∏

i<ω Pi as the full support product). Finally, we

define the symmetric inner model N witnessing the conclusions of Theorem 6 as in the proof of

Theorem 5. As with Theorem 5, N � “ZF + ¬ACω + GCH holds below ℵω + There is an injection

f : ℵω+2 → ℘(ℵω)”.

Similarly to the proof of Theorem 5, the proof of Theorem 6 is completed by the following

lemma.

Lemma 2.3 N � “The tree property holds at ℵω+1”.

Proof: We proceed analogously to the proof of Lemma 2.1. Let Pi, Pn, and Gn be as in the

proof of Theorem 5 (replacing κ in the relevant definitions with κ0). By its definition, Pn ∈ V and

V � “|Pn| < κ0”.

Suppose N � “T is a tree over κ+0 = ℵω+1”. Again, since as we have already observed, T can

be coded by a set of ordinals, T ∈ V [Gn] = V ∗[G∗][Gn] = V [E][G∗][Gn] for some n < ω. As in the

proof of Lemma 2.1, because V � “|Pn| < κ0” and V ∗ and V contain the same bounded subsets

of κ0, Pn ∈ V ∗. We may therefore once more “reverse the order” and write T ∈ V ∗[Gn][G∗] =

V [E][Gn][G∗].

We show now that in V [E][Gn][G∗], T contains a branch. Since V [E][Gn][G∗] = V [E][G∗][Gn] ⊆

N , this will suffice. To do this, we demonstrate that Neeman’s arguments used in the proof of [8,

Theorem 1.1], which yield that in V [E][G∗], any κ+-tree has a branch, remain valid in V [E][Gn][G∗]
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as well. This will be accomplished via a careful examination of the proofs of the relevant facts from

[8]. Specifically, we first note that as in the proof of Theorem 5, the ultrafilters Un, Uni for i < ω,

and partial ordering Qn may all be defined. By Claim 2.2, we then have that Q is dense in Qn.

Since [8, Lemma 3.1] holds when forcing over V [E] = V ∗ with Q, and since by the results of [7],

V ∗[Gn] � “κ0 is supercompact”, it therefore follows that [8, Lemma 3.1] holds when forcing over

V [E][Gn] with Qn.

Next, suppose σ : V → M is an elementary embedding witnessing the ν+ supercompactness

of κk+1, where k < ω. Let F be V [E]-generic over B = Add(κ0, σ(ν++)) (which has the same

definition in either V or V [E], since Add(κ0, ν
++) is κ0-directed closed). The proof of [8, Theorem

1.1] found in [8, Section 3] requires that it be possible in V [E][F ][Gn] = V ∗[F ][Gn] to lift σ : V →M

to σ∗∗ : V [E][Gn] → M [E∗][Gn], where E∗ is a certain M -generic object over B. To do this, it

follows as in the proof of [8, Lemma 3.2] that there is an M -generic object E∗ combining σ′′E

and F , E∗ ⊇ σ′′E, E∗ ∈ V [E][F ] such that σ lifts in V [E][F ] to σ∗ : V [E] → M [E∗]. However,

since Pn ∈ V ∗ = V [E] and V [E] � “|Pn| < κ0”, the proof of [5, Theorem 21.1] shows that σ∗ lifts

in V [E][F ][Gn] = V [E][Gn][F ] to σ∗∗ : V [E][Gn] → M [E∗][Gn]. The proof of [8, Theorem 1.1]

also requires that the <κ0 support powers of B as calculated in V [E][Gn] are κ+0 -c.c. in V [E][Gn]

(see [8, page 151, paragraph 2]). In the current situation, this is true since any <κ0 support

power of B as calculated in V [E][Gn] is a subordering of the corresponding <κ0 support power of

Add(κ0, σ(ν++))V [E][Gn] as calculated in V [E][Gn], a partial ordering which is κ+0 -c.c. This means

that the argument presented in [8, Section 3] remains valid when forcing over V [E][Gn] with Qn

and shows that T contains a branch in V [E][Gn][G∗]. This completes the proof of Lemma 2.3.

�

Lemma 2.3 completes the proof of Theorem 6.

�

As we remarked in Section 1, in the models witnessing the conclusions of Theorems 5 and 6, it

is possible to have an injection from a cardinal λ ≥ ℵω4 into ℵω. This may be achieved, e.g., by

forcing over the relevant V with either Add(κ, κ+κ+1) instead of Add(κ, κ+ω+2) (for the proof of
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Theorem 5) or Add(κ0, ν
+ν+1) instead of Add(κ0, ν

++) (for the proof of Theorem 6).

We conclude by asking whether it is possible to construct models witnessing the conclusions of

Theorems 5 and 6 in which AC is true.
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