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Abstract. The paper studies the behaviour of the specific entropy for Ginz-
burg—Landau type models under the hydrodynamical scaling of time and space.
It is shown that if the initial configurations possess a macroscopic profile, then
for any fixed positive macroscopic time the specific microscopic entropy con-
verges to the macroscopic entropy. The latter is defined in terms of the solution
of the corresponding hydrodynamical equation, which is a non-linear diffusion
equation. The above result is equivalent to the following statement: under the
hydrodynamical scaling, for any positive macroscopic time the specific micro-
scopic entropy relative to local Gibbs measures converges to zero.
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1. The description of the model

Let Ay be the one-dimensional periodic integer lattice Z/NZ, N € N. The
variable z; € R, ¢ =1,..., N, attached to a lattice site, represents a charge at
this site. The collection of all charges is a vector (™) in R, which we call the
configuration. The nearest neighbour charges interact and the configuration
(M) changes in time. Applying the diffusive scaling of space and time, i.e.
shrinking the spacing between charges by N and speeding up the time by N2,
we obtain a system of charges located at points i/N, i =1,..., N, of the circle
S = R/Z. The evolution of (™) (t) is described by the following system of
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stochastic differential equations:

2
dai(t) = NT(SO'(%'H () = 2¢' (zi(t)) + ¢ (zi-1(1))) dt
+ N(dBi(t) — dBir (1), i€ An, (1.1)

where f8;, i = 1,..., N, are independent Brownian motions and ¢ € C2?(R)
satisfies the hypotheses (H;) — (Hj3) listed below.

(Hy) / exp(—p(z)) dz = 1.

R

(Hs) /exp(a|g0'(m)| — ¢(z)) dz < oo for any a > 0.
R

(H3) There exist positive constants Cy, Ci, Ca, R and p € [1/2,1] such that

¢'"(z) > Co for all |z| > R; (1.2)
¢"(x) < Crp(z) + Co for all z € R; (1.3)
l¢' (z)] < Ci(|e(z)|P + 1) for all z € R. (1.4)

For a simple example one can take ¢(z) = (2% — log2m)/2.
The convexity assumption (1.2) implies the convergence of the integral

(Hy) M(N) ef /exp()\x — p(z))dx < oo for any A € R.
R

The infinitesimal generator of the diffusion process V) (t) is given by

N? 0 0 \2
L = — —
N 2 iChw (6,’1]1 6$i+1)
N? , , d )
- ) — @ ( = . 1.
2 v (‘p (xl) SO (x1+1)) <6$1 8$z+1) ( 5)

The generator Ly is formally symmetric with respect to the product measure
dun (x) = exp ( - z <p(:cz)) dry---dry (1.6)
i€EAN

on R which is an invariant but non-ergodic measure for our diffusion. Non-
ergodicity follows from the fact that £y is degenerate in the direction of vector
(1,1,...,1).
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For n € N and y € R let
n
Xy ={z € R : > 2 =ny}. (1.7)
i=1

Denote by Ly, the restriction of Ly to the hyperplane Xy . Then the
operator Ly, is strictly elliptic. The conditional measure

vy ) = (| 32 2 = Ny), (18)
i€EAN

supported on Xy, is invariant and ergodic.
The Dirichlet form Dy, corresponding to Ly 4 is defined by the relation

def 2
Do)~ [ fony iy =7 / Z o 2ty

XN,y

(1.9)

It is non-degenerate for all non-constant f € Wh%(Xn y, i y)-
Assume that the process (™) () starts from a deterministic configuration
n) = (n§N ), .. ,nl(VN)) Denote by P™) the measure on the space of continuous

paths corresponding to the process z(™) (-). Let v}, be the distribution of charges
in R" at time ¢ > 0. Since the total charge DicAy T z( ) is preserved in time,
the measure vY; is supported on the hyperplane Xy 4, , where

= % > .

i€EAN

Restricting v to X,y we obtain a measure V}fv’yN, which is absolutely con-
tinuous with respect to un 4. Let

t
f d_ef dVNny
Ny~ — :
’ lelNa?/N

The density thV,yN (up to a normalization constant) is the restriction to Xy,
of the solution to the following Cauchy problem:
of

5t =Lnf on (0,+00) xRN,

f|t:0 = Oy

It is a consequence of ellipticity of Ly, that f}t\,’yN is a smooth and strictly
positive function on Xy, for all ¢ > 0.
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For any ¢ > 0 the microscopic entropy H (v}, |n,yy) relative to the in-
variant measure is given by

dvl,
H(VfV,yN |NN,yN) = / log (ﬁ)du}f\fﬂz\r
YN

XN,yN

/ thV,yN logfftv’yNdll’NayN'

XN,yN

Clearly, for our initial data H (v, | tin,yy) = +00.
The relative entropy H (Vf\,’yN | N ,yy ) is decreasing in time: for ¢ > 0

dH(VfV,yN | nyn) _ _N_2 / 1 Z (afItV,yN _ 8f1tV7yN)2d .
dt 2 X thV,?/N 1€EAN 6.’13, amH_l o
N,yn
= —4Dn,, (, [T n ) <0. (1.10)

It was shown in [4] that if the average N™" 37, ) - go(ngN)) is bounded uni-

formly in N and ¢ satisfies (Hy), (Hz), (Hj), and the inequalities
—C < ¢"(z) < Cro(z) + Ca, z €R, (1.11)
hold for some positive constants C', Cy and Cs, then
H(V}"Vin |pnyy) S C()N for any t > 0. (1.12)

Moreover, for any sequence {ty} such that ty — 0 as N — oo and N2ty is
bounded away from 0, the corresponding constants C(ty) in (1.12) are still
uniformly bounded in N.

We study the behaviour of the specific entropy N™"H(vy [ fn,yy) a8
N — oo. We prove that it converges to the macroscopic entropy as N — oo
(Theorem 2.2). We also discuss the equivalent result about the behaviour of the
specific entropy relative to local Gibbs measures (Theorem 2.3). The necessary
definitions and the precise formulations of these results are given in Section 2.
We obtain a lower bound on N™'H (vl , | N,y ) in Section 3. The proof of
the upper bound is given in Section 4 modulo a number of technical lemmas,
which we prove in Sections 5 and 6. We show the equivalence of Theorem 2.2
and Theorem 2.3 in Section 7. Appendices A and B contain limit theorems
for densities, which we use throughout the paper, and a lemma from convex
analysis, which is needed in Section 6.

2. The existence of the scaling limit and main results

At first we give a definition of an asymptotic macroscopic profile.
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Definition 2.1. For each N € N let vy be a probability measure on RN.
We shall say that the set {vny} possesses an asymptotic macroscopic profile
m € L'(S) as N — oo and denote this by vxy ~ m if for every function
Je(C(S)and each § >0

Jim vy n €Ry : ‘N Z J /J(a)m(a) da‘ > 5} —0. (2.1)
S

Our main assumption on the initial data is the existence of an asymptotic
macroscopic profile, i.e.

I/JOV = 571(1\7) ~ My (2.2)

for some mg € L'(S). In particular,

1
lim — Z ngN) = /m0(0) d9 < m. (2.3)

1EAN 0

Then it is known (see Theorem 2.1 below) that for any ¢t > 0

VFV,yN ~ m(ta ')7

where m(t,-) is the solution of a non-linear diffusion equation with the initial
condition mg. We shall formulate this statement more precisely after introduc-
ing some notation.

Let M be defined as in (Hj) above. It is easy to check that

=log M()\) (2.4)
is a convex analytic function. Its convex conjugate
h(y) = sug(yz —log M(z)) (2.5)
F4S]
is also analytic and
_ M'(\)
=1 /
= = . 2.
0= Ty =AW (2.6)

The following theorem was proven in [4].
Theorem 2.1. Assume that ¢ satisfies (H;), (Hy), (H;) and (1.11). Let the
sequence nN) of deterministic configurations satisfy (2.2) for some mg € L'(S)
and the average N™' Y.\ o(n; (N )) be bounded uniformly in N. Let m be a
weak solution of the equation
om _ 18°H(m)
ot 2 062

with the initial condition mo. Then vy, .~ m(t,-) locally uniformly in t > 0.

(t,0) € (0,00) x S, (2.7)
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Remark 2.1. The above theorem is the extension of the results obtained earlier
in [3] to the case of deterministic initial data. The main ingredient of the proof
of Theorem 2.1 is the entropy estimate (1.12).

The main result of this paper is the following theorem.

Theorem 2.2. Let the sequence n™), N = 1,2,..., of deterministic config-
urations possess an asymptotic profile mg € L'(S) as N — oo in the sense
of (2.2). Assume that ¢ satisfies (Hy) — (H3) and that there are constants C > 0
and 69 > 0 such that

Z (P2P+50 (N) < CN, (2.8)
i€EAN

where p is given in (H3). Denote the average N ! D icAn nz N by yn. Then for
any t > 0 the specific microscopic entropy converges to the macroscopic entropy
as N — oo, namely

N—o00

lim %H(y}v’w | i) = / h(m(t,0)) do — b / m(t,60) db),
S

where m(t,8) is the solution of (2.7) with the initial condition my.

Remark 2.2. Notice that [,m s m(t,0)dd does not depend on ¢ and is equal to m
(see (2.3)).

To every solution m of the hydrodynamical equation (2.7) we can associate a
family of local Gibbs measures y* on R™. Let A(t,8) = h'(m(t,6)). Measures
vt are defined by their densities gi* with respect to the invariant measure py:

R0 = P = o e"p( > w)=)

where Z* is the normalization constant, Zy* = [[;ca, M(A(t,i/N)). Mea-
sures 'yN‘ depend only on the solution m(t, 0) and form a convenient set of
reference measures. The conditional measure

' ( | Y e = Ny)

i€EAN

and its density relative to pun,, will be denoted by *yxf () and g Ny Tespectively.
It is not difficult to show that for any ¢ > 0

W~ m(t ).
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If we start the process from the local equilibrium v3°, then the measure 9%,
which describes the distribution of this process at time ¢, will diverge from yy*.
But the specific entropy N~'H (¢ |yn*) approaches zero as N — oo. This
result was proven in [7] as a part of the derivation of the scaling limit for this
case.

The next theorem shows that even if the process starts very far away from the
local equilibrium, the specific entropy relative to local Gibbs measures converges
to zero as N — oo for any ¢ > 0. Thus, as far as the specific entropy is concerned,
the process with the deterministic initial data in the hydrodynamical scaling
limit immediately becomes indistinguishable from the one which started from
the local equilibrium.

Theorem 2.3. Under the assumptions of Theorem 2.2, for any fixed positive
macroscopic time t the specific relative entropy

1 det 1 Ix,
NH(VN,yN |’YN yN) :e / fN,yN log Noyw d,U'N YN

XN . N YN
approaches zero as N — 0.
We show (see Lemma 7.1) that
1
Jdim [ P 1088l divay = [ B(t,6))db ~ hm).
XNun 0

This implies the equivalence of Theorem 2.2 and Theorem 2.3.
We prove Theorem 2.2 by establishing the lower and upper bounds on the
specific macroscopic entropy as N — oo.

3. Lower bound

We show that

N—oo

1

|

hmlnfﬁ (I/NyN ENyx) /h )) df — h(m). (3.1)
0

Lemma 3.1. Let ¢ satisfy (Hy), (H}). Assume that a sequence of real numbers
{y~n} and probability measures {vn} satisty the following conditions:

(a) for each N measure vy is supported on Xy, (see (1.7));

(b) H(vn | pun,yy) < CN, where puy,yy is defined by (1.8);
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(c) vn ~ m for some function m such that hom € L'(S).
Then
|
1}\r{ri>1£10f I H(vn|pnyy) = | h(m(0)) do — h( m(6) dﬁ).
5 s
Proof. The entropy inequality implies that for every J € C(S)

SHON vay) > 1 Y (3 )o

iEAN

_ %10g Ein,,, €XD ( Z J(%)xz) (3.2)

i€AN
Condition (c) means that
¥ Z J mz — / J(0
i€EAN

as N — oo in probability relative to vy. Next we prove the uniform integrability
of N~1Y". 4\ - |zi| under vy, which allows us to conclude that

i€EAN
Jim "NZJ )i = /J
Lemma 3.2. Let ¢ satisfy (Hy) and (H}). Define

ANR = {18 €Xnyy : N1 Z || > R}.
iEAN
Then under assumptions (a) and (b) of Lemma 3.1

Rh_r)noo / Z |z;|dvny =0

AN, R zeAN

uniformly in N.

Proof. It can be shown (see, for example, [6]) that (Hj) implies the existence of
a function w : [0,00) — [1,00), which is symmetric, convex and satisfies

lim |:c|
|z 00 w(|2])

=0 and / exp(w(|z]) — 9(z)) dz < oo, (3.3)
R
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For any £ > 0 and all sufficiently large R we obtain

/ N— Z |z;| dvn

AnN,R €Ay
< ¢ / w(N‘1 Z |m,|) dvy < / N~ w(|z;]) dvy
ANR iEAN AN.R lEAN
< eNllog / exp( Z w(|w,|)) dun gy + N TH(uN | N yy)
XN,yN 1€EAN
< Ce

uniformly in N. This follows from (3.3), Theorem A.l1 and condition (b) of
Lemma 3.1. Hence

lim Nt E |$,| dvy =0
R—o00 .
AN,R €Ay

uniformly in N. O

To compute the limit of the second term in the right-hand side of (3.2) we
notice at first that by assumption (¢) we have

lim yy = / m(0) do
N—oo
S
It follows from Theorems A.1 and A.2 that
l1m —logEuNy exp( Z J /logM do

+ / m(6)ds), (3.4)

and, therefore,

liinf  H (v | ox )
> s (S J(0)m(9) —log M (J(8)) d0) —n( S/ m(9) db)
/h 6)) d6 — h(/ (o)do),
as claimed. O

The lower bound (3.1) follows immediately from (1.12), Theorem 2.1 and
Lemma 3.1.
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4. Upper bound
We have to show that

1

limsup — H (V4 . | 1tNyn) < /h(m(t, 0)) d6 — h(m). (4.1)
N—soo N YN ’

3

The proof depends on a number of lemmas. The precise statements of these
lemmas are given in appropriate steps below but the proofs are presented in the
next two sections.

Step 1. We start with a martingale decomposition.

Lemma 4.1 (Martingale Decomposition). Let (2, Go,P) be a probability
space and Gy D Gy D --- D Gy be a decreasing sequence of o-algebras. For
a non-negative random variable Xq such that E Xy|log Xo| < oo, define X; =
E(XO | g,), 1= 0, ]., .. .,k. Then

k
E Xolog Xo = ; EE (XZ-_1 log X)’(‘il ‘ gi) + E X, log Xp.

The proof is straightforward, and we omit it.

We apply the above lemma in the following context. Consider fjt\,’yN as a
random variable on the probability space (Xn,yy, Go, N,yx), Where Gy is the
Borel o-algebra on Xy 4, . Fix a large number [ € N. Divide the circle S into
kn = [N/(20+1)] equal parts, which we call “boxes”. Each box contains (2! +1)
or (21 + 2) sites. Let B; C Ay be the set of indexes corresponding to the ith
box and

1
= ) %, i=1,...,kn,
xT; |Bz| Zj ) N

JEB;
where |B;| is the number of elements in B;. For i =1,...,kn define
G; = {a—subalgebra of Gy generated by the averages Z;,Zs,...,Z; and
kn
by #;, j€ J Bn}.
n=i+1

Let f{ = Euy . (fiyw | Gi)- The dependence of G; and f} on N will not be
reflected in the notation. By Lemma 4.1,

1 t 1 t t
NH(VN,yN |/"N,y1v) = ﬁ EMN,yN fN,yN lngN,yN

kn .
1 i—1
= N ZZ:;EHN,yN Eunyy (fffllog}—f ‘ gi)

1
+ N EHN,yN flﬁN logflﬁN
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Since the entropy decreases in time, we can average in ¢ and obtain that for
any tg € (0, t)

1 1
~ Hh | A8x)
t

1 S
< m/H(VN,yN | uNyn) ds
to

kn
1 s
= — E E s 1 ’;1‘ \d
N(t—to)/zzzl UN,yny “HENyn (fzfl 0g f{s gz) S
0
t

1
+ Nt—tq) / Eunyn fin 108 fioy ds. (4.2)
to
Step 2. We show that the first term in the right-hand side of (4.2) can be
made arbitrarily small as N — oo.
At first we apply a version of the logarithmic Sobolev inequality (see Theo-
rem 4.1 below) to each term of the sum in the right-hand side of (4.2).
Let n € N, y € R and X,,, be defined by (1.7). Denote the Lebesgue
measure on X, , by oy 4.

Theorem 4.1. Let ¢ € C%(R) satisfy (H;) and the convexity condition (1.2).
Define the probability measure ., , on the hyperplane X, , by

l

1

dpn,y = 7 XD <— Z gp(m,)) don,y,
mY i=1

where Z, , is the normalization constant. Then for any smooth f : R™ — R4

such that E,,  f =1 we have the inequality

Vs 6—“7) iy, (43)

n—1
Eu,., flo fgCn,C,R/ ( —
pn, g (n, Co )Xl)y ; Ox;  Oxiyr

where R is defined in (1.2).

Remark 4.1. Tt is known (see, for example, [1] and [2]) that if ¢"(z) > Co > 0
for all z € R, then C(n, Cy,0) = 4n?/Cy. Since we need merely the existence of
some constant C'(n,Co, R), we can relax the assumption on ¢ and require the
convexity of ¢ only for large |z|. (See pp. 201-202 of [5] on how to obtain one
logarithmic Sobolev inequality directly from another.)
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Let p; « Ny~ (-] G;i) and fi; be the marginal of p; on the ith box. Then
fi = By fnyn = Eg; fiz1- It is easy to see that fi; is exactly in the form
described in Theorem 4.1 (n = |B;|, y = Z;). Let

9 i)_

6$j_1 - 8.’L‘J'

Oj-1,5 = <

Setting ff = f# ,/ff and applying (4.3) with f = f# we obtain

Ea filogff < C(l,Co,R)/ > <6j71,j\/fo)2dﬂi

Xp.g, I—1I€B:

2

C(l, Co, Dj-1,j ) .

= BT / > dii. (4.4
Xi,q, J71HIEBI

Moreover,

0j—1,jfi1=0j-1,Buiy fRynw = Buici 0j-1,iflyn» J—1,J € Bi.  (4.5)

The term where 0;_1 ; is applied to p;—1 vanishes because p;—1 depends only
on the sum of z;, j € UZL.BR, and 0;_1,; applied to this sum is equal to zero.
Using (4.5) and Holder’s inequality we find that

> (0j-1,3f81)° i = > (Eui_1aj;1,jfls\f,y1v)2 i

X, 5 J—1.J€B; =1 X, , J—1.4€B; i1

< /4 Z Epics (6jfl,j\/fls\f,yw)2drai

x|, J-Li€Bi

I

= 4B, Y (B fig ) (4.6)

J—1,j€B;

From (4.6), (4.4) and (4.2) we obtain

i
1 ‘ C(,Co,R) B
NH(VN,yN |uNyy) < m /DN,yN (\/fN,yN ) ds

to

+ t—to /EuNyN filog fr ds,

where the Dirichlet form Dy, (-) is given by (1.9).
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The inequality (1.10) and the entropy bound (1.12) imply the following es-
timate on time averages of the Dirichlet form:

t
/ Diyw (\/ gy ) ds = HWR | 1N yn) = HWyy | N ,yx) < C(to)N.
to

This allows us to conclude that the first term in the right-hand side of (4.2)
converges to zero as N — oo.

Step 3. We show that the last term in (4.2) admits the desired upper bound.
Denote by 7} (firy ) the joint distribution of averages Z1,Zs, . .., Ty under
us’yN (1N ,yn Tespectively). We have d = fi dfix, and

>

R s dv;, dfix
ENN,yN ka log ka = E”fv,yN log dO'kZ a Ey’sv’yN IOg m’ (47)

where o, 4y is the Lebesgue measure on Xy, 4y -
In Section 5 we prove

Lemma 4.2. Under the assumptions of Theorem 2.2, for any t > tg > 0

t
li li 1 / E 1 Wi ds <0
imsuplimsup ————— s og ——ds .

l—>oop N—>oop N(t—to) ; Ry 108 Aok ,yn h
0
To finish the proof of Theorem 2.2, we only have to deal with the last term

in (4.7).
For n € N define

ha(y) def _% log / exp ( - icp(a:])) dop, y.

Xny j=1
Then
1 dfi 1 &
~log kN = B;| hi. (Z;
7 log — N z:zll il h B, (T:)
1
- % log / exp ( - Z cp(:c,)) doN yn -
X i€EAN
N,yn

By Theorem A.1 we know that

lim h,(y) = h(y) locally uniformly in y,

n—oo
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and, since limy_,, yny = M, we have that
N—oo

Therefore, we arrive at the estimate

. 1.,
lgljgop N HWN gy [ BNy

N—>oo

t b
1
< B —— | E s B; 1(Z4 — h(m 4.
< limsup N(t—to)/ ,,N’yNz;| i|hB;|(Z;) ds — h(1m) (4.8)
to i=

for any I € N and ¢y € (0,1).

Step 4. For j € Ay define the shift operator T} on RY and also on functions
f:RY 5 RN by

Tj.’L'z' = Zjyj, i € An,
and
T; f(z) = f(T;x).
We also set for any n € N

) 1
Tin = 50y PORE?? (4.9)

li—il<n

Notice that the left-hand side of (4.8) does not depend on the way we divide
the circle S into boxes. This observation implies that

1
lim sup N H(va,yN | pnyy) < limsuplimsup

N—oo l—mo0 N—oo N(t - tO)
t A
X / E,,]sv’yN m Z Z |Bi|h|Bi\ (Tj.fz') ds
to 7=0 i=1
— h(m). (4.10)

Remark 4.2. If N is divisible by (21 + 1) then, clearly, |B;| = 2 + 1 and

2l kn

1 1 _ 1 _
N E,,]sv,yN m ]Zozzl |Bi|h|Bi|(Tj$i) ds = N E,,]sv’yN E; h21+1($i,1).
=0 i= 1EAN
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Otherwise there is a difference between the left-hand side and the right-hand
side in the above expression, which can not be a priori neglected even in the
limit (as N — oo and then | — 00), since functions h,, are neither bounded nor
uniformly continuous.

Next we obtain an estimate on h,,, which is uniform in n.

Lemma 4.3. Let ¢ € C?(R) satisfy (Hy), (1.2) and (1.4) with p = 1. Then
there is a constant M > 0 such that

lhn(2)| < M(lp(2)| +1),  z€R,
uniformly in n.

The proof of this lemma is given in Section 6.

The next lemma combined with Lemma 4.3 provides us with the uniform
integrability, which we need when passing from the convergence in probability
(relative to v{; , ) to the convergence in LY (X Ny AV yn)-

Lemma 4.4. Under the assumptions of Theorem 2.2 there is ¢ > 1 and a
constant C' such that

1 q
Evteun (N Z |<P(~’Cz)|) <C
uniformly in N and locally uniformly in s > 0.

We postpone the proof of this lemma until Section 6.
We use Lemma 4.3 and Lemma 4.4 to justify the following replacements. At
first we replace the expression under the integral sign in (4.10) with

Evg,. O h(@ip), (4.11)

iEAN

where Z;; is defined by (4.9) with n = [. Then we substitute the averages over
small macroscopic blocks z; . for the averages over large microscopic blocks
Ti Obtaining

1
lim sup N H(V}SV,yN |pnyn) < lim limsup lim sup (4.12)

N—oco e20 |30 N-ox (t_tO)
t 1
x / S Eus, h@en) ds — h(m)
to

This substitution is based on the following two-block estimate.
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Theorem 4.2 (two-block estimate). Under the assumptions of Theorem 2.1,
for any to > t1 >0

to
L . 1 _ _
lim lim sup limsup [ E,= — E |Zi1 — Tien|ds = 0.
£20 300 N-ooo v N
i i€EAN

This theorem is an immediate consequence of the entropy estimate (1.12) and
Theorem 4.7 of [3].
The existence of the scaling limit implies that for any v € S, > 0and § > 0

u+te
1
”f\f,yw{m € XNyn © |Z[uN],eN — % / m(s,0) dﬁ‘ > 6} —0
u—=e

as N — oo. Thus we can replace the expression under the integral sign in (4.12)
with

i/N+e

%Zh(% / m(s,H)dH). (4.13)

iC€AN i/N—¢
But (4.13) is the integral sum for

/ h(% 75m(s,0) d0) du.
S u—e

Then, since h and m are continuous functions, we can pass to the limit as ¢ — 0.
Finally we let t¢ — t and obtain the upper bound (4.1).

5. Proof of Lemma 4.2

For this lemma we need, in fact, only assumptions (H;), (H%), the inequal-
ity (1.3) and the entropy estimate (1.12).

For each N and s € [tg,t] we introduce a new process mgﬁ)(), which satis-
fies (1.1) up to time sy < s. At time sy we “switch off” the drift, and then the
process ;cgﬁﬁ’ evolves as a Gaussian diffusion process with constant covariance.
For all quantities associated with the new process we keep the same notation as
for ™) but add a subscript sy. In particular, the corresponding measure on

the space of continuous paths will be denoted by Pgﬁg).
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We have
t

1 / E 1 dﬁgN d
(t - tO)N ; N °8 dUkN,yN i
0

7S

d
= 7/E,, lg V
(t—toN NN dvs

Ven kn

ds

SNkN
v == d 5.1
t—toN/ S 108 G 05 B

The idea of the proof is to choose the “switch off” time sy in such a way that
both terms in the right-hand side of (5.1) can be bounded above by quantities,
which vanish when we pass to the limit as N — oo and then as | — oo. It
turns out that the optimal choice for sy is given by sy = s — ky/N?®, where
kn =[N/(21+1)].

We rewrite the system (1.1) using matrix notation,

dz(t) = N2ZAMNYN) (2(2)) dt + NGV dpt™),

where 3™ is a standard N-dimensional Brownian motion, A®) = G GM*
and

1 -1 0 0 ¢'(21)
0 1 -1 1 o' (x2)
GM™M = | . , b(N)(,z-) -3 . (5.2)
0o 0 0 ... -1
-1 0 0 ... 1 o' (zN)
We now give a formal description of ;cgg) The process xgjp is defined by
the system
da(t) = N2AMN (¢, 2(t)) dt + NG ag™ (1)
where
BV ift < sy
b(N) t,-) = = ’ 5.3
' (6) 0 if t > sy, (5.3)

and GV), b(™)(z) are given by (5.2). Assume that zs~ (0) = n().
To estimate the first term in the right-hand side of (5.1), we notice that by
the convexity of function zlogz and Jensen’s inequality

7 ap™)
kn
E,,N . log dV:N,kN < Epav) log —ngp -

where F; is the o-algebra up to time s.
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Proposition 5.1.

ap™)
dP) |7

s

N

+ Encv log = 5 oo [ =P @ @)Pdr (54

SN

Proof. By Girsanov’s formula

PN r N? |
SN - _ V) _p(NNYaz — —— (N)
log P = 0/(b byy’) dz 5 O/(b

— b\, AN (B(N) — b)) dr

where 7 = 2 — N2 [* AMp(N) dr is a P™)_martingale and (-, -) denotes a scalar
product in RY. Since bs, coincides with b up to time sy and vanishes for all
T > SN, we obtain

dP®)

tog dP(N)

/ bM dz + — / (O™ AN N g,

Taking expectation with respect to P?Y) in the above equality and using (5.2)
we obtain (5.4). O

Proposition 5.2. Let sy = s—en > to/2 and let ¢ satisfy (1.3). Assume also
that the entropy estimate (1.12) holds. Then

= (M// (2:(r)) — @' (2241 (1))? dr ds < NO(t, to)en
_0

to sn

Proof. Step 1. Applying Itd’s formula to 3 p(z;(s)) and using (1.1) we

find that for any t, > ¢, >0

i€EAN

12
2B [ 3 (s — (@i (5)) ds

th i€EAN

= B (X et = Y plilta))

+ Epon, / S o (wi(s)) ds. (5.5)
i, €AN
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Since we assumed that ¢ (z) < Crp(z)+ C2, the last term in the above equality
is bounded by

2}

(o Epvy / Z (,0(331(8)) ds + CzN(tg — tl).
. i€EAN
Step 2. We show that for any to > 0 there exists a constant C' = C(tp) such
that for all V and all ¢ > ¢
1
F B, D @) < Clto). (5.6)
i€An
By the entropy inequality and (1.12), for any é € (0,1)
1 E log E é C 7
N B 22 910 < 75108 By o (53 () + 5 Clto). (5.7

i€EAN i€EAN

By Theorem A.1 the first term in the right-hand side of (5.7) converges to a
limit as N — oo. The inequality (5.6) follows.

Step 3. Combining the results of Steps 1 and 2 we conclude that

t—to P(N)// (zi(1)) — ¢ (zi41(7)))? dr ds

to sN

t
< wrr e [ (X el = ¥ elas) ds
to

’LEAN iEAN
+NC(t0)6N. (58)

Notice that

t

Eoor [ (3 wlaitow) = Y plai(e)) ds

i, i€AN i€EAN
¢
= Epw / Z (z;:(s)) ds — Epvy / Z p(zi(s)) ds
to—en iEAN t—en iEAN
< NC(to)en, (5.9)

where the last inequality follows from Step 2. Relations (5.8) and (5.9) imply
the statement of Proposition 5.2. a
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Propositions 5.1 and 5.2 allow us to conclude that for sy =s —en > to/2

t

i @,
—  _[E. 1 N < N2C(t,to)en-
N(t _ tO) / NN 0g dv® C( O)EN

k
io SN,RN

In particular, for ey = kn /N3, where kny = [N/(2l + 1)], the right-hand side of
the above inequality converges to zero when we let N — oo and then [ — oo.

We turn now to the last term in (5.1). After time sy the box averages
(Fop 1> Tsy 25+, Fsy hy) undergo a Gaussian diffusion in R¥™ with parameters
(0, k% A%~ where A®N) . REY 5 R* s given by

2 -1 0 0 -1
-1 2 -1 0 0
ARN) — .
0 0 0 2 -1
-1 0 0 -1 2

Let A~) be the restriction of A®~) to Xy ,~. Then A*~) is non-degenerate
and

X log kN ()
N dUkN SYN

= % log [((27rk‘}2\761\r)]m71 det A(’“N)) —1/2

x / exp (—(z — -)TA(kN)_l(ﬂf —+)/(2en)) d”ﬁﬁ,kN]
Xkn.un

<
2N

1 .
log (2mken) — N log det A~), (5.10)

The det A*~) is equal to the product of non-zero eigenvalues of Ak~),

Proposition 5.3. For k = 3,4,... we have

k—1 .
pe _ 27y
A® = 2 (1 = cos =2);

det j:1( cos — );

1/2
1 -
lim —log(det A®) = 2log2+4 / log sin(7z) dz.
k—oo k
0
Proof. Denote 27j/k by agk). It is easy to check that vectors

(k) _ ¢ ial®) ikal®) .
e; = (e ,...,e"% ), j=0,....k—1,
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are independent eigenvectors for A*) with eigenvalues 2 (1 — cos ag-k)) respec-

tively. Taking the product of non-zero eigenvalues (7 = 1,...,k — 1) we obtain
the first part of the proposition.
To prove the second statement, notice that

1. 27j k-1 = T
—1 1—cos—~) = log 2 — logsin® ==
kogjl;[l( cos k) 7 log +;kogsm A
[k/2] .
k-1
= - log2+4;; Elogsin 7;€—J (5.11)
The last sum is the integral sum for the convergent integral
1/2
/ log sin(7z) dz.
0
Passing to the limit as kK — oo concludes the proof. m|

Let s — sy = kny/N3. Since kny = [N/(2[ + 1)], we obtain from (5.10) and
Proposition 5.3 that

kv —1

lim lim (—

l—00 N—oo

log(2nkyen) — % log det /I(’“N)) =0.

The proof of Lemma, 4.2 is complete.

6. Proofs of Lemma 4.3 and Lemma 4.4

Proof of Lemma 4.3. Tt is clear that for any z' < z"

"
T

/exp(—hn(m)) de = / exp (— igp(az])) d"z

1 1 n . " Jj=1
z na' 307 zi<ne

exp (— i w(wj)) d"z

WV

zlgzjgmu
j=1,....n

"
T

([ exp-pta)) ds)".

z!

If h,, and ¢ are monotone increasing for x > x9 > 0, then

(" — ') exp(—nhyp(z") > (2" — 2")" exp(—np(z")) for z’,z" € [zg,0),
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ie. hy(z') < —(1—=1/n)log(z"” — 2') + p(x"), which implies

hn(z) < oz +1) for z > xo. (6.1)
Similarly, if h, and ¢ are monotone decreasing for £ < —xg, then

ha(z) < oz — 1) for z < —x. (6.2)

Since ¢ is convex for large |z| and [exp(—p(z)) dz < oo, we know that it is
monotone increasing for large positive z and is monotone decreasing for large
negative x. Moreover,

o'(x) = Coxr —C  for x> xg

and
o) <Cox+C  forz < —x¢

for some zy > 0. These inequalities hold also for A!,. Indeed, if > x¢, then

/ % i ¢'(zj)exp ( - i w(mj))dan,w
W) = e
/ exp ( — Z so(wj))don,w

Xone j=1

2 C(].TI—C.

Similarly, bl (z) < Coz + C for £ < —zg. This implies monotonicity of h,, for
large |z|. Using the condition on the derivative of ¢ we find that

lo(z £1)] < Cle(z)| + 1) (6.3)

for some constant C' > 0. The statement of the lemma now follows from (6.1)-
(6.3) by noticing that h,, are bounded below uniformly in n. The last observation
is a consequence of monotonicity of h,, for large || and Theorem A.1. m

Proof of Lemma 4.4. Let ¢ = min{2,1 + §¢/2p}. Without loss of generality we
can assume that ¢ > 0. Let

HO (s) = / S 1108 £y |? ity

XN,yN
By Lemma B.1 we have
1 q C 4
B (7 2 9@) < b+ gplog? (14 Eunyy o0 (3 9(00))
2
+ =H9(s). (6.4)

N4



The behaviour of the specific entropy in the hydrodynamic scaling limit 405

The second term in the right-hand side of (6.4) is clearly bounded since
1
+ 108 B, P ( > w(wi))
i€EAN

converges to a limit as N — co. Thus we have reduced the problem to proving
that for our choice of ¢

HY(s) < C,N* (6.5)

locally uniformly in s > 0.

The proof of (6.5) is similar to the proof of (1.12) given in [4]. Even though
the function z|logx|? is convex only for z > exp(1 — ¢), it will not affect our
considerations. There exists a smooth convex function K(z) such that

z|logz|? < K(z) < B+ z|logz|?, z >0, (6.6)

for some B > O. We have

d S
= [ KGR duan

XN,yN

= / KI(fISV,yN)ENfISV,yN AN,y

XN,yN
s ofy Ry )2
= — / K”(fN,yN) Z ( 8ib',yN - 6.7]1_5:) dNNny S 0
XN,yN i€EAN

and, therefore, if (6.5) holds for some sq > 0 with C; = Cy(so), then it holds
for all s > so with Cy < Cy(so) + B. In the next step we argue that if we
let so depend on N in such a way that so(N) — 0 as N — oo and so(N)N?2

is bounded below by some 7 > 0, then the sequence HJ(\?)(SO(N ))/N? remains
bounded by a constant C' = C(7). This will finish the proof of (6.5).

Step 2. Let sy = TN~2, 7 > 0, and define a non-speeded process z(V)(7) =
™ (sx). Then 2V (1) satisfies the system

dzi(t) = %(@'(zz’—l) = 2¢(2;) + @(zi41))dT + dBi(1) — dBita (1), (6.7)

with initial conditions z;(0) = nz(N), i€ AN.
By abuse of notation we write f% , ., VX ;x> Hj(\?) (1) instead of f~, . VAT, L

HY (sn).
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We need to show that

HO (r /fwm%mwwwM\mmw

XN,yn

uniformly in N. This is done by “comparison” of z(¥) with a Gaussian process
w™) which solves

dw{™ (1) = dg{™ (1) — BN} (r), i€ An,

with the same initial data.
Denote by r%, , - the density of the finite dimensional distribution of w™) (1)
with respect to pn,y,- Then

/ f;\—layN“ngE,yN'q dl”'NayN

XN,yN
fN YN T a q
< / fRn ‘ log (T TNy )| ANy + max z|logz|?.
N yN RKYR
(Fa 21}

It is evident that for any 0 < z <y, 2y > 1,

0 < log(zy) < 2logy.
We have

N - q
/ fN,yN‘log( . TN,yN>‘ dru’N,yN

N YN
{FZeyy 21}

< 2 / fNyN(max{logf YN longyN})qd,uN,yN

NyN
(P 21}

I&
< Zq / I yN‘ log Low ‘ dpn gy

XN UN

+ / PR 108" TRy i ).

(R 21}

The first term of the sum above will be estimated by Girsanov’s formula. At
this point our assumption (2.8) on the initial data comes into play. The fact
that r, . is known explicitly will allow us to obtain a bound on the second
term. The following two propositions complete the proof of Lemma 4.4.
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Proposition 6.1. Assume that {n"V)} satisfies (2.8) where p is defined in (Hs).
Then

() B, Yl <C@TN forall 7 € [0,T], T < oo;
i€EAN

(i) / INyn ‘ 10g ’yN ‘ dun,yy < C(T)NY for any T > 0.
NyN

XN,y

Proposition 6.2. For any 7 > 0 there exists a constant C(7) such that

fl‘(f,yN logq T}—V,yN dNN,yN < C(T)Nq'
T}-V,yN >1

Proof of Proposition 6.1. To simplify the notation we drop the superscript in
(N
z
(i) First we prove a slightly more general statement. Let 1)(z) be any smooth
convex function which satisfies the inequality

P"(z) < C1ep(z) + Ca. (6.8)
By Ito’s formula
d(z:) = 9" (2:) dr + ' (2:) dz;.

Taking summation over i, integrating from 0 to 7, applying (6.7) and computing
the expectation we obtain

EPN Z ¢(Zz (T))

i€EAN
= Y we™) / o 0" (24(5)) ds
i€EAN
-5 / Ery Y (@' (2i41(5)) — ¥'(2:(5)))(¢' (zi1(8)) — ¢/ (2i(s))) ds
zEAN
< Y wm™) +02NT+01/EPN 3 (e
i€EAN i€EAN

In the last inequality we used convexity of ¢ and ¢ and condition (6.8). An
application of the Gronwall inequality yields

B,y 2 90 < (X0 w0i™) + N —exp(~Cr)) exp(CT).  (69)
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In our case we can take ¢ (x) essentially to be equal to |¢(z)|?P? modifying the
latter on a finite interval as necessary. Then (6.9) implies that for 7 € [0,T]

Evg,. O lo(z)" <C(DN.

i€EAN

(ii) We show that

/ K (fiv’y’v ) TNy QN < C(T)NY

rN,yN
N,yn

where K satisfies (6.6). This immediately implies (ii). By convexity of K,

f;\—[a N T dPN
/ K(TT ‘ )TN,yN dunyy < Eqy K(dQ—N)

N,yn

~f‘l'
XN,yn

dPy| |

S Pl gay

log

7

F‘r

where Qu is the measure on continuous paths associated with w®). In the
same way as in the proof of Proposition 5.1 we obtain

dP N 1
E SN
Py |log A0 |7
T T q
= Ep, /b(N)(z(s)) dz(s) + %/(b(N)(z),A(N)b(N)(z))(s) ds
0 0
P q
< 27 Eny [ BV (a(s) dat)
0

T

+C(r) Ep,, / BN (2), ADBN (2)y1(s) ds
0

with .
ﬂﬂ:ﬂﬁ—/AWWM@@»@.

From the inequality a? < C(g)(a® + 1), where ¢ € [1,2], a > 0, and Itd’s
isometry we find that
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q

C(a)(Epn [0, AMHM())(5)ds +1)
0

Ep dPN ‘

dQn 7,

log

N

+C(r)Ep,, / (B (2(s)), AN ((s))) ds

< é(q,f)(EpN / N (2), AN (2))4(s) ds + 1).
0

Notice that by (5.2) and (1.4)
1

N (), AN = 5 (@ () - ¢ ()
i€EAN
< 4G (Y g+ N).

i€EAN
Therefore by the Holder inequality and part (i)

T

Ep, / (O™ (2(5)), ACNYBN (2(5)))1 ds

0
-
< O(N"TEey [ Y le(a()PPds +NT) < C(r)N
0 iEAN
This completes the proof of Proposition 6.1. a
Proof of Proposition 6.2. Let AXN) be the restriction of A™) to Xy, . Then

by the definition of 7§, = for any 2 such that r5 ,  (2) > 1 we obtain

0

IN

1 T
N log Ty 4y (2)

1 dun 1 _ ~ —1/2
= ——1 YN —1 ) N-1 A(N)
3 log rfN,yN (z) + 3 log [(( T) det )

X exp ( B %<z ™) (A(N))—l (2 - n(N))>)]

N-1 1 ~ 1
aT) — —— (v il § ' )
oN log(27T) N log (det AYY)) 4+ N p: w(z)

e [ (- 5 o)

1EAN

N

XN,yN
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The first term in the right-hand side is evidently bounded. The second and the
fourth terms have finite limits as N — oo by Proposition 5.3 (with ¥ = N) and
Theorem A.1 respectively. The third term is the only one which depends on z.
We conclude that

1
m / f}\—’ayN logq r}—V,yN d'uNJJN
rl";,’yNzl
201 a
< e+ [ X et kg
XN,y i€EAN
2¢—1 B 12
< oty [ ONT(Y letp) T g,
XN,yN i€EAN
_ 1 1/2p ~
= 0 +27(Eg,, ¥ 2 le)™) T <C@)
i€AN
by part (i) of Proposition 6.1. O
Lemma 4.4 is proved |

7. Proof of Theorem 2.3

Lemma 7.1. Under conditions of Theorem 2.2

N—ooo N
XN,yN

1
1 )
lim / f]tvayN 1Ogg}s\ﬁyN dpn,yn = /h(m(t7 6))do — h(m)
0

where m is defined by (2.3).

Proof. Let m(t,0) be the solution of (2.7) with initial condition mg and A(¢,6) =
h!(m(t,8)). Denote A(i/N,6) by Xy. Recall that yn = Y,cp 7" /N. The
density gfv,yN of alocal Gibbs measure vy* with respect to the invariant measure
UN,yy is easily computed:

exp( Z )\3\[371) / exp(— Z 80(%)) don,yy

. i€EAN XNy 1E€EAN
gN,yN(m) = - , T € XN,yN-
/ exp (D0 Myai— Y (@) dowyy
i€EAN i€EAN

XN,yN



The behaviour of the specific entropy in the hydrodynamic scaling limit

Hence
1 t t
N / loggN’yN dVN’yN
XN’yN
1 i t
= ¥ Z ANTi AV o
XN,yN i€EAN

- %log / exp( Z Noz; — Z cp(x,)) don,yn

Xnyn i€An i€An
1
+ 7 log / exp ( - w(wi))dffN,yN-
XN,yN i€EAN

By Theorem A.1 and Theorem A.2 we obtain

Jim g [ exp (= 3 (o)) dowy = —h(m);

Xnun iEAN
1 -
J\}gnooNIOg / exp( Z ANTi — Z ‘P(xz)) don,yx
XNun i€EAN i€EAN

1

- / log M(A(t, 6)) do.

0

The last equality follows from (2.6), (A.2) and the definition of
existence of the scaling limit (2.1) and Lemma 3.2 we have that

11II1 Eut
N—oo Nun

1
1 .
¥ > A —/A(t,a)m(t,e) do‘ =0.
0

iEAN

This completes the proof of Lemma 7.1:

411

A. By the

(7.1)
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A. Limit theorems for densities

Let ¢ satisfy (Hy), (Hz) and (HY%) and functions M, p, h be defined by (H}),
(2.4), (2.5) respectively.
The following theorem was proven in [3]:

Theorem A.1. Let o be the density of ) ;. = Xi/N, where Xy,..., Xy are
independent identically distributed random variables with the common density
exp(—p(z)). Then

. 1
lim N log pn () —h(z),

N—o0

o Len@) _ g,

uniformly on compact x-intervals.

We prove a generalization of this theorem to the series of independent ran-
dom variables X%, X%,..., X%, which are not identically distributed but
whose distributions vary slightly with i. More precisely, fix a function A €
C([0,1]). Denote A(i/N) by A%, the sup-norm of X by ||A||, and the set {\ €
C([0.1]) : [IA]| < R} by Bj. Assume that X4 has the density

, 1 )
a(z, \y) = m exp(Ayz — ¢(z)) (A.1)
with respect to the Lebesgue measure, ¢ = 1,2,..., N and N € N.

Theorem A.2. Let X%, X%,..., XN be defined as above and a be the
density of Y ;c, - Xi/N. Then

; 1 A — _7X
A}l_lflooﬁl()gazv(x)— I'(z)

uniformly on any set of the form {|z| < Ri} x By, Ri,Ry < oo. The rate
function I* is given by the relation

_ [ 1og MO + 2)
Nz) = sgp {zm - 0/10g Wd@}. (A.2)

The proof of this theorem is based on the local limit theorem, which we now
formulate. Define for any s € R

b9) = 37057 €0 (600 +7/(6) = oy + 7 (9). (43)
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Then it is easy to check that
/b(y,S) dy = 1,
/yb(y,S)dy = 0,

Theorem A.3. Let Yy, ..., Y be independent random variables and the den-
sity of Y} with respect to the Lebesgue measure is given by (A.3),i=1,2,...,
N. Let by, be the density of ;. = Y% /VN. Then for any non-negative integer
k the functions b}, belong to C*¥(R) for all N > No(||\||, k) and

) dk \ 1 dk y2
NI, gy In ) = Vomo(n) dyF P ( - 202(A))

uniformly on R x By, R < co. Here 0%()\) = Olp”(/\(ﬂ))dﬁ.

The proof of Theorem A.3 is similar to the proof of Lemma 3.3 of [3] and is
omitted.

Proof of Theorem A.2. From (A.1) and (A.3) we see that X4 has the same
distribution as Y} + p'(\y). This implies the equivalence in law

1 . 1 1 ) 1 .
T 2 X~ == DY) D PO,
N i€EAN \/N (\/N i€AN ) N i€EAN
from which we obtain that
1 .
an(z) = \/Nb;\v(\/ﬁ(x - Z p( 3\,)))
i€EAN
By Theorem A.3 we have

1
lim —

1 . . 1
R logaj\v<ﬁ Z p'(A}V)) = Jim_ N(logx/ﬁ-{—logbf{,(O)) =0. (A4)

i€EAN

_ Let 20 = z(y) be the point where the supremum in (A.2) is attained and
A(8) = M0) + 2. Introduce a new set of random variables X% , i =1,...,N,
with densities

~ U 1 i
G(SL', /\N) = M 5\@' exp()\N:E - 90('([7))
N
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Then by (A.4) the density aJS‘V of the average D ;.5 o X4 /N satisfies
1 1Y —
lgnoo N logaN(N E; p (/\N)) =0. (A.5)
K N

Since a(z, \y) = a(z, Niy) exp(—z0x) M (Ny)/M (N ), using the properties of
convolution we can compute that

N

an(z) = an (@) exp(—z0xN) [ [ (M (Xiy) /M (Ay))-
From the last equation we obtain

logad (5 A0 = ek (3 X A00) -2 S 4G

i€EAN i€EAN iEAN
1 M(Ny)
+ = g ; (A.6)
¥ 2 310

By our choice of 2z¢(z) we find

1 1% )\N+Zo MI(/\(Q) +Zo) _
LY 20 NZM — [ o 1 = (A

i€AN iEAN

as N — oo. The statement of the theorem follows now from (A.5), (A.6), (A.7)
and Lemma A.1.

Lemma A.1. Let I3(y) = —N~lloga)(y) where a) defined as in Theo-
rem A.2. Then for any y1,y2 € {|y| < R}

I8 (y1) = I (y2)| < C(R, [IADlyr — ol.

Proof. We have

1 exp (Nyzi — o(z;))
—— A
Xn,y =
Computing the derivative we find
d i
TR0 = -5 X Nty [ T d@dd,E (49

‘LEAN XN Y 1€EAN
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where the measure duf‘v,y(x) is given by

exp (Y (i = p(a1)))

d/l‘]AV,y ('Z-) _ i€EAN
dony ; '
Ny / exp (3 (Vi — pl(a))) dow,
XN,y i€EAN

The first term of (A.9) is bounded by ||A||. To estimate the second term, we
apply Jensen’s inequality: for any 6 > 0

> 16 @)ldu , (=)

XN,y 1€EAN
< Ll s . e
< sylog [ exp Z o' (z:)]) dun, , ()
Xn.y icAn
[ e (3 @l @l + Il ] = () do,y
1 X i€AN
< ——log—%
= 6N
/ eXP(— > (||/\|||-Tz'|+g0($,~))) don.y
XNy iEAN
Let
wsa(x) = =8| (@) — |IM]|z] + o(z) + log Cs »,
oa(@) = [IAlllz] + o(z) + log Cy,

where the constants Cs, and C) are chosen to turn exp(—;s,5) and exp(—p,)
into probability densities. Now we apply Theorem A.1 twice with ¢ replaced
by ¢s,» and ¢ to see that

. 1 s A
Jim sotog [ e (573 19/(@i)) duky (o)
Xn.y i€EAN
1. Csa 1
Slogo—)‘-l-&(h)\(y) heA(y))

uniformly on compact y-intervals. Rate functions hs ) and hy are defined as
in (2.5) with a suitable choice of index for ¢. They are bounded on bounded
y-intervals. This concludes the proof. O

Theorem A.2 is proved. a
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B. One lemma from convex analysis

Lemma B.1. Let p be a probability measure on R™ and f and g be non-
negative p-measurable functions. Assume also that [gdu = 1. Then for any
q€(L,2]

/f"g dp < Cy + 2°7% log? (/ef dp + 1) +2071 / |log g|?g dps,
where C, is a positive constant.

Proof. The statement of the lemma is a consequence of the convexity of the
function

F(u) = exp(u®) — u® foru>0, a=1/q€[1/2,1]. (B.1)
We write
/f"gdu = / flgdp + / flgdu
fzlogg f<logg
< / flgdu+ / |log g|?g dpu. (B2)
f>logg f<logg

Then we estimate the first term in the right-hand side of the above inequality.

/ fquu<2"‘1/(f—10gg)igdu+2q_1 / [logg|?gdy.  (B.3)
f=logg f>logg

By Jensen’s inequality for function (B.1) we have
1/q
exp (/ (f —logg)ig du) - (/(f —logg)ig du)

< / (exp (f —logg)4 — (f —logg))gd. (B.4)

1/q

Since u < (g/e)e*/? for any ¢ > 0 and u > 0, we obtain from (B.4)

exp (/ (f —logg)ig du)l/q

q 1/q
< 2 (/eXp (f—10g9)+gdu) +/exp (f —logg)+gdu
1/q
= g( / el du + / gd,u) + / el du + / gdu
fZ>logyg f<logg f<logyg f<logg
1/
< g(/efdqul) q—}-/efdu-}—l. (B.5)
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Applying the function log?(-) to both sides of (B.5) and taking into account
the inequality cu + u? < (¢ + 1)u? for u > 1, we conclude that

_ q a((4 !
/(f log )% gdp < log ((e—}—l)(/e du+1)). (B.6)
Relations (B.2), (B.3) and (B.6) imply the statement of the lemma. O
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