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ABSTRACT

We prove the existence of a weak solution of the Cauchy problem in
classes of growing functions for the generalized porous medium equa-
tion uy = Ap(u) under broad assumptions on . In particular, func-
tions ¢(s) ~ s™InPs, m > 1, p > —1, and p(s) ~ exp(sP), p > 0, (as
s — +00) are included. We give sufficient conditions on the growth of
the initial data as |x| — oo, which, in general, can not be improved,
as we illustrate by examples. A lower bound on the existence time
is also obtained. Under the convexity assumption on ¢ we prove the

uniqueness of a weak solution.

1. Introduction

In this note we study the Cauchy problem for the generalized porous medium

equation

L(u) =us — Ap(u) =0, (1,t) € Sp =R x (0,7T), (1)



with initial data

u(z,0) = ug(z) >0, ze€RY (2)

o0

% (RY) and ¢ satisfies the following conditions:

where ug € L

(A1) ¢ € C(]0, 4+00)) N C3((0,00)), @ (s) >0 for s>0, i=0,1;

o dr
(A2) /1 =T = +o00.

Let T be the existence time, i.e. the largest T' > 0 for which the problem
(1.1), (1.2) has a weak solution in Sy. (The definition of a weak solution will
be given in the next section.) We are interested in the following questions:
under what conditions on the growth of uy at infinity the problem (1.1), (1.2)
has a solution in some St and how 7" depends on uy and .

Since the early 1950’s equations of type (1) were studied extensively (see,
for example, review [12]). Today there is a relatively complete theory for the
case when ¢(s) = s™, m > 0. For m > 1 the function p(s) = s™ satisfies
(A1) and (A2) while for m € (0,1) we have that

o0
/1 ' @dfzr) < +oc. 3)

In the latter case the problem (1), (2) has the unique weak solution in S, for

1

1o (RY) (see [10]). Paper [7] extends these results for more general

any ug € L
¢ with polynomial growth and [14] gives a proof of the global existence for an
arbitrary monotone graph ¢, 0 € ¢(0), which satisfies (3). If p(s) = s™, m >
1, then for the existence of a solution in some Sy, T > 0, it is necessary to
impose certain conditions on the behavior of uy(z) as |x| — +oc (see [1] for

m = 1 and [2] for m > 1). Below we formulate a well known result for the

porous medium equation (m > 1).



Theorem 1.1 ([2], [3]). Let o(s) = s™, m > 1, uy € LL (RY), ug > 0

a.e.. The problem (1), (2) has a weak solution in St for some T € (0, 4+00]
iof and only if

l(ug) = lim sup R_N_Q/(m_l)/ ug(z)dr < +oc.
P=HO R2p |z|<R

Moreover T > c(m, N)/l(uo)™ " for I(uy) # 0 and T = +oo for I(ug) = 0.

The uniqueness theorem without any growth assumptions about the so-
lution for the porous medium equation was proven in [5]. Theorem 1.1 was
generalized in [6] for monotone functions ¢(s), ¢(0) = 0, which for all s > 0
can be estimated above and below by powers of s with exponents greater
than 1. Papers [11] and [8] contain one-dimensional results for more general
®.

In this note we prove the existence of a weak solution in classes of growing
functions under broad assumptions on ¢ (see (Al), (A2) and some technical
conditions in Theorems 2.1 and 2.2). The sufficient conditions on the growth
of ug as |z| — +oo given in Theorems 2.1 and 2.2, in general, can not be
improved, which is illustrated by examples in Section 5. The lower bound
on the existence time 7T is also obtained. Under a convexity assumption on
© we prove the uniqueness of a weak solution.

Precise formulations of the results are given in Section 2. Sections 3
and 4 contain the proofs of existence and uniqueness theorems. Further, in
Section 5, we give several examples and continue the discussion of the results.

Two technical lemmas are presented in the Appendix.



2. Main results

Throughout the paper we use the following notation:

B e(s)  dr _ 5 Q'(€)
\IJ(S)_/W) o t(r) _/1 e s 4

u= lim Sup
P00 s>p @'

B,={z eR": |z| <p}, p>0.
We denote positive constants by ¢;, C;, i € N.

Definition 2.1. A non-negative function u(x,t) defined in Sy, T € (0, +o<],
is said to be a weak solution of the problem (1), (2) if

u € C([()?T)?Llloc(RN)) loc(ST)

and satisfies the equation (1) in the sense of distributions and the initial

condition (2) in Li (RY).
We start with existence theorems.

Theorem 2.1. Let ¢ and the initial data ug be such that:
a) ¢(s) satisfies (A1), ¢"(s) > 0 for s = s¢, and A\ > —o0;
b) ug € LS(RY), up >0 a.e. and

lim ess sup 5
otz 7]



Let Ty = (29(N +2—=2X)"tify>0 and T} = +oc if v = 0.
Then there ezists a weak solution of the problem (1), (2) in St,, which

satisfies the following growth condition:
¢ (u(z, ) (1 + |2*) 7" € L=R™ x [0, 7]) (7)
for any T € (0,T}).

Remark. The positivity of the second derivative of ¢(s) for large values

of s immediately implies that ¢ satisfies (A2).
Theorem 2.2. Let ¢ and the initial data ug be such that:
a) ¢(s) satisfies (A1), (A2), and p < +oo;

b) up € L2 (RY), up >0 a.e. and

loc

v 1
lim ess sup M

=o€ |0, +0).
e T T el 0o

Let Ty = (20(24 uN)) ™' if 0 > 0 and Ty = +o0 if 0 = 0.
Then for any T < Ty there exists a weak solution of the problem (1), (2)

in S, which satisfies the following growth condition:
U(u(z,t) +1)(1+ =)+ € L2RY x [0,7]) (8)
for any T € (0,T).

Remark. It is easy to show (see Lemma A.1) that if ¢ satisfies (A1) and
(A2) then p > 0 and if, in addition, ¢"(s) > 0 for large s then A < 1. In

particular, the expressions for 7 and 75 above always make sense. We would



like to mention that for the existence theorems the differentiability of ¢ at 0

is not needed: continuity is sufficient.

Consider the conditions A > —oo and p < 400 in more detail. Assume
that ¢ satisfies (A1).

1) Let ¢"(s) > 0 for s > s¢. It can be shown that if A > —oco then ¢/(s)
grows not slower than some positive power of s as s — 4+00. Notice also that
there is absolutely no restriction on how fast ¢ can grow at infinity since the
inequality A > —oo certainly holds if ¢"(s) > 0 for large s.

2) If 1 < 400 then, clearly, ¢'(s) grows at infinity not faster than some
positive power of s. The inequality u < 400 on its own puts no restrictions
from below on the growth of ¢(s) as s — +oo. It holds, for example, if
¢"(s) < 0 for large s. It is the condition (A2) that does not allow ¢ to grow
too slowly.

In particular, if ¢ satisfies the conditions of both Theorem 2.1 and The-

orem 2.2 then for all sufficiently large s
cs” < ¢'(s) < Os™, (9)

where ¢, C' and v; < vy are positive constants. The following example

indicates that in many such cases both theorems give the same result.

Example 1. Function ¢(s) = s™In” (s +e) for m > 1, p > —1 satisfies
the conditions of Theorem 2.2 with © = m — 1. It also satisfies the conditions
of Theorem 2.1 for a slightly narrower range of parameters: m > 1, p > —1,
in which case A = (m — 2)/(m — 1). We can compute that v = o(m — 1).
Therefore Ty =Ty = (20(N(m — 1) +2)) L.

In Section 5 we continue the discussion about the relationship between



Theorem 2.1 and Theorem 2.2 and also give examples for which the above

theorems are sharp.
Let us now formulate uniqueness theorems.

Theorem 2.3. Suppose that ¢ and uy satisfy all the conditions of Theo-
rem 2.1. Let u(x,t) and v(z,t) be weak solutions of the problem (1), (2) in
St, T >0, which satisfy (7) for any T € (0,T). Then for any t € (0,T)

u(z,t) =v(z,t) ae inRY.

The next theorem uses an additional assumption about the convexity
of ¢ which is not needed for existence (see Theorem 2.2). Typical exam-
ples where Theorem 2.3 does not apply and Theorem 2.4 does are given by
©(s) ~ sln?s, p > 0. Let us point out that when T5 is finite, the uniqueness
interval T3 obtained in the theorem below is smaller than 75. This should

certainly be attributed to insufficiency of our technique for this case.

Theorem 2.4. Suppose that ¢ and uy satisfy all the conditions of Theo-
rem 2.2 and ¢"(s) = 0 for s > sg. Let u(z,t) and v(z,t) be weak solutions
of the problem (1), (2) in St, T > 0 such that

U(max{u(z,t),v(z,t)} +1)

K = lim ess sup < +00. 10
e EE 1o
t€[0,T]

Define Ty = (2K (24 3u)) . Then for any t € (0,T3).

u(z,t) = v(x,t) a.e in RY.



3. Proofs of existence theorems

At first we prove a lemma, which reduces the existence problem to the con-

struction of a suitable a priori bound for the solution.

Lemma 3.1. Let ug € L (RY), ug(z) > 0 a.e. and there exists a function

s C;ZS(ST) N C(S,U{t=0}), 7> 0 such that
L(g) >0 inS;,, g(x,t)>5>0, g(z,0) > up(z) ae..
Then there ezists a weak solution of the problem (1), (2) in S; and
0 < u(z,t) < g(x,t) ae in S;.

Proof. Let kg = [6 ']+ 1 where [y] stands for the integer part of y. Then
g > 1/ko. Applying Lemma A.2 with b(z) = g(x,0) and w(z) = ue(z) we
obtain sequences {uox}; 25,41, Uok € L(By), and {uor; }, 5%, uok; € C(By),
which satisfy the conditions 1), 2) of Lemma A.2. For every pair (k,j) € N?,

where j > k > ky, consider the following problem:

E(’LL) :Oa (l’,t) EDk:Bk X (O7T)>
U(l‘,t):g(l’,t), (Iat)EPk:aka [077_)7
u(x,0) = uggj (), x € By,

This problem has a unique classical solution uy; € C2} (Dy) NC(Dg\{t = 7})
(see [13]). Since the sequence {uij}gi,j‘x’ satisfies (42), the comparison prin-

ciple yields (see, for example, [4], p. 395-396)

%<Ukj(x>t)<g($>t)> (aj’t)EDk\{t:T}7

u(k+1)j(x> t) < ukj($7t) < uk(j+1)(aj’ t)? ('T>t) € Dk \ {t = 7—}7



where j > k > ky. Passing to the limit as j — +o0o and then as k£ — +o00 we

obtain a function u € L§? (S;) which satisfies the inequalities

0 < u(z,t) < gla,t).

The proof that u(x,t) is a weak solution of the problem (1), (2) can be carried
out along the lines of [9], p. 41-42. O

Using the above lemma we can now prove the existence theorems.

Proof of Theorem 2.1. We prove the existence of a solution us in
Sty where Ty = (2(y + 0)(N +2 =2\ +28))"™" < Ty for any 0 < § <
1/2 and check that u; satisfies (7) for any 7 € (0,75). After we prove the
uniqueness Theorem 2.3 (Section 4) we immediately obtain the statement of
Theorem 2.1.

For an arbitrary ¢ € (0,1/2) we construct an upper barrier gs for which
all the conditions of Lemma 3.1 hold in Sy,. By the assumption b) there is
a constant 7-n(d) > max{y'(sy), r1} (see the line just above (23) for the
definition of r; = r1(d)) such that

O (up(2)) < (v + &)z +n  ae in RY
Let

E=E6(0) = (2N +2-21+20))
D = D(8) = nT;*".

Define

o §|x|2 D
gé(th) =@ <T6 —t + (T6 —_ t)2£N> . (11)



Denoting the argument of the function ¢'~! in (11) by r = r(x,t) we find
that

o) ot) = (o + gyt ) (€0

R ) e Sy s}
_ {%(1 _26(N 42— 2+ 25))
&l ()" oy
“ o (G 67 9) prie o >0

by (23) and the inequality r(z,t) > n > ri. Clearly gs(z,t) > ¢'"'(n) > 0

and g5(z,0) > ug(z) a.e. in RY. Therefore by Lemma 3.1 there exists a weak

solution us(z,t) of the problem (1), (2) and moreover
us(x,t) < gs(z, 1) in Sy.

From the last inequality and (11) it follows that us(x,t) satisfies (7) for any
7 € (0,Ts). The proof of Theorem 2.1 is now complete. ]

Proof of Theorem 2.2. Define § > 0 from the equation T = T'(0) =
(20 +0)(2+ (u+ 6)N))_1. We construct an upper barrier g5 which satisfies

all the conditions of Lemma 3.1.

Let n = n(6) > 0 be a number for which the inequality
U(up(x) +1)) < (0 +68)|z]* +n, r € RY.
holds a.e. in RY (see b)). Let

E=£06) = 22+ (u+8)N)) !

L (4 0)n + Cy) T WOV
b = ( T —Eeon )




where Cy is the same as in (34). Define
2
gs(x,t) =1 (;‘th + D(t)) . (12)
Denoting the argument of the function ¢ in (12) by r(z,t) we find that
L(gs)(x, 1) = (13)
_ (5_ 452)|ZL’|2 ! 2€N ! !
= {W + D'(t) - T 3% (¢(r)) rr(a?,t)} x '(r)
In the derivation of (13) we used the following identity:
(e(e(r))" = (&' (% ()’ (r))
= (T @O0/ V() =¥ (r), r>0.

r=r(z,t)

Taking into account the inequality (34) we can estimate Lgs(z, t) from below:

E(gg)(l“, t) > { (1 — 25(2(_;(5 :;2(5)]\7)5\3:]2 + D,(t)

%N (41 + 6) 2%NCy)
B D(t) + T }?/)(7“)

=0.

r=r(z,t)

Clearly gs(z,t) > ¥(n) > 0 and gs(z,0) > ug(z) a.e. in RY. Therefore by
Lemma 3.1 there exists a weak solution us(x,t) of the problem (1), (2) which
satisfies

us(z,t) < gs(z,t) in Sr.
From the last inequality and (12) it follows that us(x,t) satisfies (8) for any
7 € (0,7). This completes the proof of Theorem 2.2. O

4. Proofs of uniqueness theorems

Proof of Theorem 2.3. This is a variation of the standard argument (see,

for example, already cited works [11] and [3]).



Let u(x,t), v(x,t) be weak solutions of the problem (1), (2) defined in
some Sy, T € (0,+oc] which satisfy the growth condition (7) for all 7 €
(0,7). We show that u(x,7) and v(x, T) coincide a.e. for any 7 € (0,7).

The Definition 2.1 implies that for any function f € C§°(S;), 0 <7 < T,
f(llf7 T)(U(:l]7 T) - U(Ia T))d:lf
RN

= [ [ M=)t (o) = o) Aot (1a)

Let
plulz,t) — elo(x,t)
sat) = W) — oot if u(z,t) # v(x,t).
¢ (u(x, t)), if u(z,t) =v(x,t).

Then the equation (14) can be rewritten as follows:

fa. ) ule,r) oo r)de = [ [ (@ o)+ adf)dade. (1)

RN 0 RN
Notice that by convexity of ¢ and (7) for all ¢ € [0, 7]
0<a(r,t) <C.(JzP+1), ae in 2R (16)
Fix an arbitrary Ry > 0 and a function
w€CPMRY), 0<w<l, w=0 for |z| > Ry.

Let {a,} be any sequence of positive functions such that

a, € C‘X’(RN x [0, 7]);

an(2,t) < (Cr + D(|z]* +1)  (2,t) € RY x [0,7]. (17)



For any R > Ry + 1 there exists a unique classical solution f,(z,t) of the

problem
Lf, = fur +a,Af, =0, 0<t<r, |z| <R, (18)
f(@, )] g =0, 0<t<r (19)
folz,7) =w(x), |z| < R; (20)

Construct a sequence of cutoff functions 6, € C§°(RY), 0 < h < 3, with the

following properties:
) Qh 1 0h( ) =1in BR_Qh and 9}1(1‘) = ( outside BR—h;
11) ||V0h||L°° g Olhil; ||A9h||L‘X’ < Clhiz.

Choose

fo(@, 0)0h(2), |z| <R, 0<t<T
f(:E,t) =
0, lz| > R, 0<t <.

Then from (15) we find that

/RN w(z)(u(z,7) —v(z,7))dx = /T /RN (u—v)(a — an)0pA fodadt

/ / (0) (fuAO), + 2V [, V0, )dxdt
and therefore by (7)

‘/RN w(z)(u(z,7) —v(z,7))dx| < (R, T) /OT/BR la — an| |Af,| dudt

BR

Since RO and w(x) are arbitrary, it is enough to show that the sum
c¢(R,7)I, + Jnn can be made smaller than any given positive number un-

der a suitable choice of sequence {a,} and parameters h and R > Ry + 1.



Lemma 4.1. For any ¢ > 0 there exists a sequence of positive functions {a, }

such that the conditions (17) hold and I,, < e for all n € N.
The proof of this lemma can be found, for example, in [3], p. 80.

We proceed with the second integral.

i n V n
mea [ ] o) = o) (5l + 521 o,
0 JBr_p\Br—2n h h

Since f, is a solution of (18) and f, = 0 for |z| = R then

sup |fu(z,t)| < 2h  sup |V fn(z,t)],

R—2h<|z|<R R—2h<|z|<R
0< t <7 0< t <1
) Ofn(x,t)
lim sup Vi, t)| = sup |Vf.(x,t)] = sup |——F
h—0+ R72h<|w\<R| (@ 9) |z|=R IV fal ) |z|=R ov
o< t <71 o<i<r o<t<r
and
J, = limsup J,,
h—0+
0 t
< 7O, RN sup Ofnle,1) lim esssup |p(u) — p(v)l. (21)
|z|=R v h=0+ R _on<|z|<R
o<i<r o< t <71

Using (7) and (16) we find that for any ¢ € [0, 7] and almost all z € RY

|o(u(e,t)) = vz, )| = alz, H)]u(z, ) — v(z, 1)

< Cr(L+ |2P)eH(Cr (1 + [2]).

It is easy to check that for all s > sy the following identity holds:

P(s)e"(s) _ dzs@’l(r)/dsdl(?“)

" dr

(¢"(s)? dr?

(22)
r=¢'(s)



Since A > —oo (see (5) and assumption a)) then for any 6 > 0 there is a

11 > 19 = @(s0) such that

@

r (1) for any r > ry. (23)
Therefore
O 7N r) < Cy(1 + r17219), r>T,
and we arrive at the inequality
[(u@, 1)) — p(v(@, )] < Ca(1+ |2]?)*A+° (24)

where Cy = Cy(7, A, 0). Substituting (24) into (21) yields

J, < CyRN+3-2+20 sup M‘ . (25)
|z|=R v
o<t<r

To estimate the normal derivative of f,, in the right hand side of (25) we need

an upper bound on f,. We claim that

def

fo(z,t) < gz, t) = MU V(14 2] #,  0<t<T, |z <R (26)

where a > 45(8 + 1)(C, + 1), § is an arbitrary positive number and M is

large enough to ensure that
@z, 7) > w(z) = fulz,7), |2| <R

Since suppw(z) C Bpg, the constant M does not depend on R. Computing
Lq (see (18)) we find

Lg < (4B(B+1)(C; +1) —a)g < 0.

Moreover ¢(z,t) = fu(z,t) =0, |z|] = R, 0 < t < 7 by (20). The inequality

(26) follows by the maximum principle.



On the set Ag = {(z,1) | R—1< |z| <R, 0 <t <7} let us construct a
function p(z,t) such that p(x,t) > f.(z,t) and p(z,t) =0 for || = R, 0 <

t < 7. Then
a(p(x,t)a— Julz,1)) <0 for|z] =R, 0<t<T.
%
nlZ, 1t
Since % < 0 for |z| = R, 0 <t < 7 we conclude that
v
Ofp(x,t op(x,t
s |0 < o | B0 7
(‘)m<‘t_<7' (‘)gi't_<’r
For N > 3 define p(z,t) = Hd% + dy = p(x) where dy, dy satisfy the
x
following linear system:
dl Me®™
R-1)"=2 2T @A (R- 1)) 28
d
v T2 =0 (29)
Using (26), (28) and (29) we obtain
Ap =0, R—1< |z| < R;

p(x) > fulz,7) =0, R—1<|z|<R;
p(z) = ful, 1), lzg]=R—-1, 0<t<T;

p(z) = falz,t) =0, lz] =R, O0<t<T

The formula for p(x,t) implies that
_ di(N —2) o

RN-1 =

op

—28
9 CeR “P.

|z|=R

From (25), (27) and the above inequality we find that

Jn g 07 RN+3—2)\+25—25, (30)



where C7 = C7(A, N,w, Ry, d, 7). By setting p(z) = diIn|z| + dy for N = 2

and p(z) = dy|z| + dy for N = 1 we arrive at (30) in these cases as well.
Choose f > —A + 6 + (N + 3)/2, sufficiently large R > Ry + 1 and

sufficiently small A > 0 to obtain J,;, < . The proof of Theorem 2.3 is

complete. n

Proof of Theorem 2.4. The proof is similar to the one of the Theo-
rem 2.3. The main difficulty is to obtain a suitable upper bound on f,(x,1).
Fix an arbitrary 6 > 0. Let K;5 = K + i, ¢« = 1,2 and define

7 =7(0) = (26s(2 4 3+ 26)))

It is enough to prove uniqueness for ¢ = 7. Proceed as in the proof of

Theorem 2.3. Notice that for all ¢ € [0, 7]
0 < a(z,t) < ¢ (W(Ks|z)* + C5)), ae. in € RY. (31)
The lemma below is a modification of Lemma 4.1 and can be proven similarly.

Lemma 4.2. For any ¢ > 0 there exists a sequence of positive functions {a, }

such that

Gy, € COO(RN x [0, 7]);

an (2, 1) < @' (P(Kslz|* + C)), (z,1) € RN x [0, 7], (32)
for some Cy = Cg(5) and I,, < € for all n € N.

In the same way as in the proof of Theorem 2.3 we arrive at the inequal-
ity (21). The condition pu < +oco implies that for any § > 0 there exists
51 = s1(8) > 1 such that

/

©'(s)

©"(s) < (n+9) for all s > s;. (33)



Integrating the above inequality over [s, s] and substituting s = 1 (r) we
obtain

@' (Y(r) < (u+6)r+ Cy, 720, Cy = Cy(5). (34)

Using (31), growth condition (10) and (34) we find that

lp(u) — p(v)| = a(z, V) |u(z, t) — v(z,t)] (35)
< ¢ (V(Kslz|* + Cs)) o (Ks|z|* + Cy)
< ((u+ 8) Ks|z|” + Cro)yp (K5 |z ]* + Cy),

where Cig depends on 6.

We construct an upper bound on f,(z,t). Define
400 N
oty =M [ oo
r{xz,t

where M > 0, f > 1+ 2(u+ 26) and

K5|£L’|2 + 08
r(z,t) = ————.
1 — 48Kt
It is easy to check that
+o0 N
[ e < . (36)
1

Indeed, by (33)

¢'(s) < Cpys™ for all s > s

and therefore

S /
\I’(S) = /1 QpiT) dr g 0128H+6 S > S1.

Taking the inverse we obtain



which implies (36). Notice that 7 < (48Ks)~! and therefore g(z,t) > 0 for
all (z,t) € RY x [0,7]. Therefore we can find large enough M, independent
of R and such that

By (19) we also have that
q(z.1) 2 falz, 1) =0, [z] =R, 0<t<T

Since r = r(x,t) satisfies the relations

N 2
r> BIVrP and Ar= ST
2 7
we compute that
Lq = q; + a,Aq
M o' N|vrf?
! 2 2
< NM (6|VT|290(?/)([(;6"T‘ +08)) _Tt+anEM—CLHAT> g 0
3B (r) @' (¥(r)) 2o

and conclude from the maximum principle that
ful(z,t) < g(z,t) forall te0,7], |x| <R.

In the same way as in the proof of Theorem 2.3 we derive the inequality

‘ Ofn

B < Chaq(z,t)

|z|=R |z|=R—1




Hence by (21), (35) and our choice of 3

Jn < CisRY (14 6) Kslo|* + Cro) v (Ks|#)? + Cs)q(w, 1)

|z|=R—1

N-1 o - 1-8
<Cur [ O

r(z,0) |z|=R—1
+00
_N_,1-8
< 016RN_1/ ¢!t d¢
r(z,0) |z|=R—1

1-8
< OpR™5% 50 as R — oo.

5. Examples and further discussion

The results presented in Theorems 2.1 and 2.2 are sharp for the following

radial explicit solutions:

Example 2. For any 7' > 0 and H € R the function

1AxJ):(®WT—¢D_gexp<Zéﬂj5—kH>

is a solution of the heat equation with the existence time 7'. Since p = 0 and

o = (4T)~!, we obtain that T, = T.

Example 3. Let ¢(s) = s™, m > 1. Then ¢ satisfies the conditions of
Theorem 2.1 and 2.2. The function
1
1 — 1)|af? =
B
(T =) \2mN(T —t) ¥ N
where T >0, HER, k= (m—1+2/N)""and (y), = max{0,y} is a weak

solution of the problem (1), (2) in the maximum domain Sr. In this case

o=7y/(m=1)= 2T(N(m—1)+2)) " and T, =T, = T.



Example 4. Let p(s) = exp(ms), m > 0. Then ¢ satisfies the condition
a) of Theorem 2.1 with A = 1. The function

( lz|* + H

u(z,t) = ! In
T 2mN (T — t)

), T>0, H>2mNT
m
is a solution of the problem (1), (2) in the maximum domain Sr. In this case

y=2NT) 'and Ty, =T.

An interesting question is weather one really needs two theorems or, more
precisely, two different descriptions of the growth conditions on the initial
data to guarantee the existence of a solution in some Sp. Here is a heuristic
explanation of why it seems natural to distinguish between the case when
¢ grows quickly and the case when ¢ grows slowly as s — +oo (but still

satisfies (A2)). For the sake of the argument let us assume that

1,
/ Mds<—|—oo
0

S

and define slightly modified versions of ¥ and ) by

3is = [ €O
\p(s)_/o A 520

Under the change of variables w = ¥(u) the equation (1) takes the form

w; = ¢ (Y(w))Aw + |Vw|?. (37)

If ¢ grows slowly (say, ¢(s) ~ sln’s, p > —1) then the major contribution
to the right hand side of (37) comes from the second term. It is easy to check
that the function



for any H > 0 and 7 > 0 solves the equation z; = |Vz|?, (z,t) € S;, and also

satisfies the inequality z; < ¢'(¥(2))Az + |Vz[%. Returning to the original
notation and solving (1) with the initial condition

wl) = (0.0 = (25 4 1) (39

we expect the solution u(x,t) (if it exists) to blow up not later than at t = .

On the other hand by Theorem 2.2 the solution of (1) with initial function

27
24uN *

(38) exists in Sy for any T < 7, = For o(s) ~ slnfs, p > —1,
mentioned above (and for any ¢ such that p = 0) we have 7, = 70 = 7. The
above observation suggests that the blow up of the solution in this case is due
to the quadratic term |Vw|?. If we allow ¢ to grow faster, then the first term
in the right-hand side of (37) will start to interfere. Indeed, for ¢ from the
“Intermediate” range, i.e. satisfying (9), both terms are comparable when
applied to z(z,t). For fast growing ¢ (say, ¢(s) ~ exps) the first term takes
the lead and therefore requires us to reconsider our conditions on initial data,

which is done in Theorem 2.1.

A. Auxiliary lemmas

Lemma A.l. Let ¢ satisfy (A1) and (A2). Then p > 0. If, in addition,

©"(s) > 0 for all s > so then A < 1.

Proof. Assume that g < 0. Then (6) implies that for some £ € (0, —p)
and all s > s; = s1(e) >0
s¢”(s)
¢'(s)

< —€.



Therefore

0< /+OO AC N /m £108) g - o0 = ¢'(s1). (39)

S 9 9

1 1

From (39) and (Al) we find that 0 < ¢'(+00) < ¢'(s1) < +00 and conse-

+oo 1
/ Ld (S)ds < +00,
s S

1

quently

which contradicts (A2).
Let ¢"(s) > 0 for s > so. Assume that A > 1. Then (see (5)) for some

e > 0and all s > sy = s9(g) > s¢9 we have

' (s)¢"(s)
(" (5))?

rewrite this inequality in the following way:

>1—+e¢.

SOI,I,,(S) > (1+4¢) gplll(s) , 8> 5.
" (s) '(s)
Integrating the above inequality twice over the interval [sy,s], s > 59, we
obtain
—é(wl(s))_g > (s — 8y) —cy forall s > so. (40)

Since ¢'(s) > 0 for s > 0 the previous line yields ¢'(s; + 22 —0) = +o0. This
conclusion contradicts the assumption (Al).

The following technical lemma was proven in [9].

1

Lemma A.2. Let w € L2 (RY), b € C(RY), b > . >0, kg € N, and
0

0 < w < b ae. Then there exists a sequence of positive functions wy €

L>®(By), k > ko, which possesses the following properties:
1) wry < wg a.e. in By, wy — w as k — 400 a.e. in B, (n € N), and

z Swip <b a.e in By (41)



2) for any k > ko there exists a sequence of positive functions
wy; € C(By), j > k, which satisfies the following conditions:

1 .
z Swiy <0 weey1); < wrj < Wiy 0 By (42)
wii(x) =b(z) on|z|=k;

Wi — Wy a8 j — +00 a.e. in By_;.
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