
ON THE CAUCHY PROBLEM FOR THE
GENERALIZED POROUS MEDIUM EQUATION

Elena KosyginaNorthwestern University2033 Sheridan RoadEvanston, IL 60208
ABSTRACT

We prove the existence of a weak solution of the Cauchy problem inclasses of growing functions for the generalized porous medium equa-tion ut = �'(u) under broad assumptions on '. In particular, func-tions '(s) � sm lnp s; m > 1; p > �1, and '(s) � exp(sp); p > 0, (ass! +1) are included. We give su�cient conditions on the growth ofthe initial data as jxj ! 1, which, in general, can not be improved,as we illustrate by examples. A lower bound on the existence timeis also obtained. Under the convexity assumption on ' we prove theuniqueness of a weak solution.
1. Introduction
In this note we study the Cauchy problem for the generalized porous mediumequation

L(u) � ut ��'(u) = 0; (x; t) 2 ST = RN � (0; T ); (1)



with initial data
u(x; 0) = u0(x) > 0; x 2 RN (2)

where u0 2 L1loc(RN) and ' satis�es the following conditions:
(A1) ' 2 C1([0;+1)) \ C3((0;1)); '(i)(s) > 0 for s > 0; i = 0; 1;
(A2) Z +1

1 dr'�1(r) = +1:
Let T be the existence time, i.e. the largest T > 0 for which the problem(1.1), (1.2) has a weak solution in ST . (The de�nition of a weak solution willbe given in the next section.) We are interested in the following questions:under what conditions on the growth of u0 at in�nity the problem (1.1), (1.2)has a solution in some ST and how T depends on u0 and '.Since the early 1950's equations of type (1) were studied extensively (see,for example, review [12]). Today there is a relatively complete theory for thecase when '(s) = sm; m > 0. For m > 1 the function '(s) = sm satis�es(A1) and (A2) while for m 2 (0; 1) we have thatZ +1

1 dr'�1(r) < +1: (3)
In the latter case the problem (1), (2) has the unique weak solution in S1 forany u0 2 L1loc(RN) (see [10]). Paper [7] extends these results for more general' with polynomial growth and [14] gives a proof of the global existence for anarbitrary monotone graph '; 0 2 '(0), which satis�es (3). If '(s) = sm; m >1, then for the existence of a solution in some ST ; T > 0, it is necessary toimpose certain conditions on the behavior of u0(x) as jxj ! +1 (see [1] form = 1 and [2] for m > 1). Below we formulate a well known result for theporous medium equation (m > 1).



Theorem 1.1 ([2], [3]). Let '(s) = sm; m > 1; u0 2 L1loc(RN); u0 > 0a.e.. The problem (1), (2) has a weak solution in ST for some T 2 (0;+1]if and only if
l(u0) � lim�!+1 supR>�R�N�2=(m�1) Zjxj6R u0(x)dx < +1:

Moreover T > c(m;N)=l(u0)m�1 for l(u0) 6= 0 and T = +1 for l(u0) = 0.
The uniqueness theorem without any growth assumptions about the so-lution for the porous medium equation was proven in [5]. Theorem 1.1 wasgeneralized in [6] for monotone functions '(s); '(0) = 0, which for all s > 0can be estimated above and below by powers of s with exponents greaterthan 1. Papers [11] and [8] contain one-dimensional results for more general'. In this note we prove the existence of a weak solution in classes of growingfunctions under broad assumptions on ' (see (A1), (A2) and some technicalconditions in Theorems 2.1 and 2.2). The su�cient conditions on the growthof u0 as jxj ! +1 given in Theorems 2.1 and 2.2, in general, can not beimproved, which is illustrated by examples in Section 5. The lower boundon the existence time T is also obtained. Under a convexity assumption on' we prove the uniqueness of a weak solution.Precise formulations of the results are given in Section 2. Sections 3and 4 contain the proofs of existence and uniqueness theorems. Further, inSection 5, we give several examples and continue the discussion of the results.Two technical lemmas are presented in the Appendix.



2. Main results
Throughout the paper we use the following notation:

	(s) = Z '(s)
'(1) dr'�1(r) �

Z s
1 '0(�)� d�; s > 1; (4)

 = 	�1; 	( (r)) � r; r > 0;
� = lim�!+1 infs>� '0(s)'000(s)('00(s))2 ; (5)
� = lim�!+1 sups>� s'00(s)'0(s) ; (6)

B� = fx 2 RN : jxj < �g; � > 0 :
We denote positive constants by ci; Ci; i 2 N.

De�nition 2.1. A non-negative function u(x; t) de�ned in ST ; T 2 (0;+1],is said to be a weak solution of the problem (1), (2) if
u 2 C([0; T );L1loc(RN)) \ L1loc(ST )

and satis�es the equation (1) in the sense of distributions and the initialcondition (2) in L1loc(RN).
We start with existence theorems.

Theorem 2.1. Let ' and the initial data u0 be such that:
a) '(s) satis�es (A1), '00(s) > 0 for s > s0, and � > �1;
b) u0 2 L1loc(RN); u0 > 0 a.e. and

lim�!+1 ess supjxj>� '0(u0(x))jxj2 = 
 2 [0;+1):



Let T1 = (2
(N + 2� 2�))�1 if 
 > 0 and T1 = +1 if 
 = 0.Then there exists a weak solution of the problem (1), (2) in ST1, whichsatis�es the following growth condition:
'0(u(x; t))(1 + jxj2)�1 2 L1(RN � [0; � ]) (7)

for any � 2 (0; T1).
Remark. The positivity of the second derivative of '(s) for large valuesof s immediately implies that ' satis�es (A2).

Theorem 2.2. Let ' and the initial data u0 be such that:
a) '(s) satis�es (A1), (A2), and � < +1;
b) u0 2 L1loc(RN); u0 > 0 a.e. and

lim�!+1 ess supjxj>� 	(u0(x) + 1)jxj2 = � 2 [0;+1):
Let T2 = (2�(2 + �N))�1 if � > 0 and T2 = +1 if � = 0.Then for any T < T2 there exists a weak solution of the problem (1), (2)in ST , which satis�es the following growth condition:

	(u(x; t) + 1)(1 + jxj2)�1 2 L1(RN � [0; � ]) (8)
for any � 2 (0; T ).

Remark. It is easy to show (see Lemma A.1) that if ' satis�es (A1) and(A2) then � > 0 and if, in addition, '00(s) > 0 for large s then � 6 1. Inparticular, the expressions for T1 and T2 above always make sense. We would



like to mention that for the existence theorems the di�erentiability of ' at 0is not needed: continuity is su�cient.
Consider the conditions � > �1 and � < +1 in more detail. Assumethat ' satis�es (A1).1) Let '00(s) > 0 for s > s0. It can be shown that if � > �1 then '0(s)grows not slower than some positive power of s as s! +1. Notice also thatthere is absolutely no restriction on how fast ' can grow at in�nity since theinequality � > �1 certainly holds if '000(s) > 0 for large s.2) If � < +1 then, clearly, '0(s) grows at in�nity not faster than somepositive power of s. The inequality � < +1 on its own puts no restrictionsfrom below on the growth of '(s) as s ! +1. It holds, for example, if'00(s) 6 0 for large s. It is the condition (A2) that does not allow ' to growtoo slowly.In particular, if ' satis�es the conditions of both Theorem 2.1 and The-orem 2.2 then for all su�ciently large s

cs�1 6 '0(s) 6 Cs�2 ; (9)
where c; C and �1 6 �2 are positive constants. The following exampleindicates that in many such cases both theorems give the same result.

Example 1. Function '(s) = sm lnp (s+ e) for m > 1; p > �1 satis�esthe conditions of Theorem 2.2 with � = m�1. It also satis�es the conditionsof Theorem 2.1 for a slightly narrower range of parameters: m > 1; p > �1,in which case � = (m � 2)=(m � 1). We can compute that 
 = �(m � 1).Therefore T1 = T2 = (2�(N(m� 1) + 2))�1.In Section 5 we continue the discussion about the relationship between



Theorem 2.1 and Theorem 2.2 and also give examples for which the abovetheorems are sharp.
Let us now formulate uniqueness theorems.

Theorem 2.3. Suppose that ' and u0 satisfy all the conditions of Theo-rem 2.1. Let u(x; t) and v(x; t) be weak solutions of the problem (1), (2) inST ; T > 0, which satisfy (7) for any � 2 (0; T ). Then for any t 2 (0; T )
u(x; t) = v(x; t) a.e. in RN .

The next theorem uses an additional assumption about the convexityof ' which is not needed for existence (see Theorem 2.2). Typical exam-ples where Theorem 2.3 does not apply and Theorem 2.4 does are given by'(s) � s lnp s; p > 0. Let us point out that when T2 is �nite, the uniquenessinterval T 02 obtained in the theorem below is smaller than T2. This shouldcertainly be attributed to insu�ciency of our technique for this case.
Theorem 2.4. Suppose that ' and u0 satisfy all the conditions of Theo-rem 2.2 and '00(s) > 0 for s > s0. Let u(x; t) and v(x; t) be weak solutionsof the problem (1), (2) in ST ; T > 0 such that

K = lim�!+1 ess supjxj>�t2[0;T ]
	(maxfu(x; t); v(x; t)g+ 1)jxj2 < +1: (10)

De�ne T 02 = (2K(2 + 3�))�1. Then for any t 2 (0; T 02).
u(x; t) = v(x; t) a.e. in RN .



3. Proofs of existence theorems
At �rst we prove a lemma, which reduces the existence problem to the con-struction of a suitable a priori bound for the solution.
Lemma 3.1. Let u0 2 L1loc(RN); u0(x) > 0 a.e. and there exists a functiong 2 C1;2x;t (S� ) \ C(S� [ ft = 0g); � > 0 such that

L(g) > 0 in S� ; g(x; t) > � > 0; g(x; 0) > u0(x) a.e..
Then there exists a weak solution of the problem (1), (2) in S� and

0 6 u(x; t) 6 g(x; t) a.e. in S� :
Proof. Let k0 = [��1]+1 where [y] stands for the integer part of y. Theng > 1=k0. Applying Lemma A.2 with b(x) = g(x; 0) and w(x) = u0(x) weobtain sequences fu0kg+1k=k0+1; u0k 2 L1(Bk), and fu0kjg+1j=k, u0kj 2 C(Bk),which satisfy the conditions 1), 2) of Lemma A.2. For every pair (k; j) 2 N2,where j > k > k0, consider the following problem:

L(u) = 0; (x; t) 2 Dk = Bk � (0; �);
u(x; t) = g(x; t); (x; t) 2 �k = @Bk � [0; �);
u(x; 0) = u0kj(x); x 2 Bk:

This problem has a unique classical solution ukj 2 C2;1x;t (Dk) \C( �Dknft = �g)(see [13]). Since the sequence fu0kjgj=+1j=k satis�es (42), the comparison prin-ciple yields (see, for example, [4], p. 395{396)
1k 6 ukj(x; t) 6 g(x; t); (x; t) 2 �Dk n ft = �g;

u(k+1)j(x; t) 6 ukj(x; t) 6 uk(j+1)(x; t); (x; t) 2 �Dk n ft = �g;



where j > k > k0. Passing to the limit as j ! +1 and then as k ! +1 weobtain a function u 2 L1loc(S� ) which satis�es the inequalities
0 6 u(x; t) 6 g(x; t):

The proof that u(x; t) is a weak solution of the problem (1), (2) can be carriedout along the lines of [9], p. 41{42.Using the above lemma we can now prove the existence theorems.
Proof of Theorem 2.1. We prove the existence of a solution u� inST� where T� = (2(
 + �)(N + 2 � 2� + 2�))�1 < T1 for any 0 < � <1=2 and check that u� satis�es (7) for any � 2 (0; T�). After we prove theuniqueness Theorem 2.3 (Section 4) we immediately obtain the statement ofTheorem 2.1.For an arbitrary � 2 (0; 1=2) we construct an upper barrier g� for whichall the conditions of Lemma 3.1 hold in ST� . By the assumption b) there isa constant �=�(�) > maxf'0(s0); r1g (see the line just above (23) for thede�nition of r1 = r1(�)) such that

'0(u0(x)) 6 (
 + �)jxj2 + � a.e. in RN
Let

� = �(�) = (2(N + 2� 2�+ 2�))�1;
D = D(�) = �T 2�N� :

De�ne g�(x; t) = '0�1� �jxj2T� � t + D(T� � t)2�N
� : (11)



Denoting the argument of the function '0�1 in (11) by r = r(x; t) we �ndthat
L(g�)(x; t) = � �jxj2(T� � t)2 + 2�ND(T� � t)2�N+1� ('0�1(r))0

� 2�NT� � t r('0�1(r))0 � 4�2jxj2(T� � t)2 (r('0�1(r))0)0
= � �jxj2(T� � t)2 (1� 2�(N + 2� 2�+ 2�))

� 4�2jxj2(T� � t)2
�r('0�1(r))00('0�1(r))0 � (� � �)��� ('0�1(r))0 > 0

by (23) and the inequality r(x; t) > � > r1: Clearly g�(x; t) > '0�1(�) > 0and g�(x; 0) > u0(x) a.e. in RN . Therefore by Lemma 3.1 there exists a weaksolution u�(x; t) of the problem (1), (2) and moreover
u�(x; t) 6 g�(x; t) in ST� :

From the last inequality and (11) it follows that u�(x; t) satis�es (7) for any� 2 (0; T�). The proof of Theorem 2.1 is now complete.
Proof of Theorem 2.2. De�ne � > 0 from the equation T = T (�) =�2(�+ �)(2+ (�+ �)N)��1. We construct an upper barrier g� which satis�esall the conditions of Lemma 3.1.Let � = �(�) > 0 be a number for which the inequality

	(u0(x) + 1)) 6 (� + �)jxj2 + �; x 2 RN :
holds a.e. in RN (see b)). Let

� = �(�) = �2(2 + (�+ �)N)��1
D(t) = 1�+ �

�((�+ �)� + C9)T 2�(�+�)N(T � t)2�(�+�)N � C9� ;



where C9 is the same as in (34). De�ne
g�(x; t) =  � �jxj2T � t +D(t)� : (12)

Denoting the argument of the function  in (12) by r(x; t) we �nd that
L(g�)(x; t) = (13)

= ((� � 4�2)jxj2(T � t)2 +D0(t)� 2�NT � t'0( (r))
����r=r(x;t)

)�  0(r) ����r=r(x;t) :In the derivation of (13) we used the following identity:
('( (r)))00 = ('0( (r)) 0(r))0

= �	0( (r)) (r)=	0( (r))�0 =  0(r); r > 0:
Taking into account the inequality (34) we can estimate Lg�(x; t) from below:
L(g�)(x; t) > �(1� 2�(2 + (�+ �)N)�jxj2(T � t)2 +D0(t)

�2�N(�+ �)T � t D(t) + 2�NC9T � t
� 0(r) ����r=r(x;t)= 0:

Clearly g�(x; t) >  (�) > 0 and g�(x; 0) > u0(x) a.e. in RN . Therefore byLemma 3.1 there exists a weak solution u�(x; t) of the problem (1), (2) whichsatis�es u�(x; t) 6 g�(x; t) in ST :
From the last inequality and (12) it follows that u�(x; t) satis�es (8) for any� 2 (0; T ). This completes the proof of Theorem 2.2.
4. Proofs of uniqueness theorems
Proof of Theorem 2.3. This is a variation of the standard argument (see,for example, already cited works [11] and [3]).



Let u(x; t); v(x; t) be weak solutions of the problem (1), (2) de�ned insome ST ; T 2 (0;+1] which satisfy the growth condition (7) for all � 2(0; T ). We show that u(x; �) and v(x; �) coincide a.e. for any � 2 (0; T ).The De�nition 2.1 implies that for any function f 2 C10 ( �S� ), 0 < � < T ,Z
RN
f(x; �)(u(x; �)� v(x; �))dx

= Z �
0
Z
RN

[(u� v)ft + ('(u)� '(v))�f ]dxdt: (14)
Let

a(x; t) =
8>><>>:
'(u(x; t))� '(v(x; t))u(x; t)� v(x; t) ; if u(x; t) 6= v(x; t).
'0(u(x; t)); if u(x; t) = v(x; t).

Then the equation (14) can be rewritten as follows:Z
RN
f(x; �)(u(x; �)� v(x; �))dx = Z �

0
Z
RN

(u� v)(ft + a�f)dxdt: (15)
Notice that by convexity of ' and (7) for all t 2 [0; � ]

0 6 a(x; t) 6 C� (jxj2 + 1); a.e. in x 2 RN : (16)
Fix an arbitrary R0 > 0 and a function

! 2 C10 (RN); 0 6 ! 6 1; ! = 0 for jxj > R0:
Let fang be any sequence of positive functions such that

an 2 C1(RN � [0; � ]);
an(x; t) 6 (C� + 1)(jxj2 + 1) (x; t) 2 RN � [0; � ]: (17)



For any R > R0 + 1 there exists a unique classical solution fn(x; t) of theproblem
Lfn � fnt + an�fn = 0; 0 < t < �; jxj < R; (18)

fn(x; t)��jxj=R = 0; 0 6 t 6 � (19)
fn(x; �) = !(x); jxj < R; (20)

Construct a sequence of cuto� functions �h 2 C10 (RN); 0 < h < 12 , with thefollowing properties:
i) 0 6 �h 6 1, �h(x) = 1 in BR�2h and �h(x) = 0 outside BR�h;
ii) kr�hkL1 6 C1h�1; k��hkL1 6 C1h�2.

Choose
f(x; t) =

8><>:
fn(x; t)�h(x); jxj < R; 0 6 t 6 �
0; jxj > R; 0 6 t 6 �:Then from (15) we �nd thatZ

RN
!(x)(u(x; �)� v(x; �))dx = Z �

0
Z
RN

(u� v)(a� an)�h�fndxdt
+ Z �

0
Z
RN

('(u)� '(v))(fn��h + 2rfnr�h)dxdt
and therefore by (7)���� Z

RN
!(x)(u(x; �)� v(x; �))dx���� 6 c(R; �)Z �

0
Z
BR ja� anj j�fnj dxdt

+ Z �
0
Z
BR j'(u)� '(v)j � jfn��h + 2rfnr�hj dxdt = c(R; �)In + Jnh

Since R0 and !(x) are arbitrary, it is enough to show that the sumc(R; �)In + Jnh can be made smaller than any given positive number un-der a suitable choice of sequence fang and parameters h and R > R0 + 1.



Lemma 4.1. For any " > 0 there exists a sequence of positive functions fangsuch that the conditions (17) hold and In < " for all n 2 N.
The proof of this lemma can be found, for example, in [3], p. 80.

We proceed with the second integral.
Jnh 6 C1 Z �

0
Z
BR�hnBR�2h j'(u)� '(v)j� jfnjh2 + jrfnjh

� dxdt:
Since fn is a solution of (18) and fn = 0 for jxj = R then

supR�2h<jxj<R0< t <� jfn(x; t)j 6 2h supR�2h<jxj<R0< t <� jrfn(x; t)j;
limh!0+ supR�2h<jxj<R0< t <� jrfn(x; t)j = supjxj=R0<t<� jrfn(x; t)j = supjxj=R0<t<�

����@fn(x; t)@�
����

and
Jn � lim suph!0+ Jnh
6 �C2RN�1 supjxj=R0<t<�

����@fn(x; t)@�
���� limh!0+ ess supR�2h<jxj<R0< t <� j'(u)� '(v)j: (21)

Using (7) and (16) we �nd that for any t 2 [0; � ] and almost all x 2 RN
j'(u(x; t))� '(v(x; t))j = a(x; t)ju(x; t)� v(x; t)j

6 C� (1 + jxj2)'0�1(C� (1 + jxj2)):
It is easy to check that for all s > s0 the following identity holds:

'0(s)'000(s)('00(s))2 = �rd2'0�1(r)dr2
�d'0�1(r)dr

����r='0(s) : (22)



Since � > �1 (see (5) and assumption a)) then for any � > 0 there is ar1 > r0 = '(s0) such that
r ('0�1(r))00('0�1(r))0 6 ��+ � for any r > r1: (23)

Therefore '0�1(r) 6 C3(1 + r1��+�); r > r1;
and we arrive at the inequality

j'(u(x; t))� '(v(x; t))j 6 C4(1 + jxj2)2��+� (24)
where C4 = C4(�; �; �). Substituting (24) into (21) yields

Jn 6 C5RN+3�2�+2� supjxj=R0<t<�
����@fn(x; t)@�

���� : (25)
To estimate the normal derivative of fn in the right hand side of (25) we needan upper bound on fn. We claim that

fn(x; t) 6 q(x; t) def= Me�(��t)(1 + jxj2)��; 0 6 t 6 �; jxj 6 R: (26)
where � > 4�(� + 1)(C� + 1), � is an arbitrary positive number and M islarge enough to ensure that

q(x; �) > !(x) = fn(x; �); jxj 6 R:
Since supp!(x) � BR0 the constant M does not depend on R. ComputingLq (see (18)) we �nd

Lq 6 (4�(� + 1)(C� + 1)� �)q 6 0:
Moreover q(x; t) > fn(x; t) = 0; jxj = R; 0 6 t 6 � by (20). The inequality(26) follows by the maximum principle.



On the set AR = f(x; t) �� R� 1 6 jxj 6 R; 0 < t < �g let us construct afunction p(x; t) such that p(x; t) > fn(x; t) and p(x; t) = 0 for jxj = R; 0 <t < � . Then
@(p(x; t)� fn(x; t))@� 6 0 for jxj = R; 0 < t < �:

Since @fn(x; t)@� 6 0 for jxj = R; 0 < t < � we conclude that
supjxj=R0<t<�

����@fn(x; t)@�
���� 6 supjxj=R0<t<�

����@p(x; t)@�
���� : (27)

For N > 3 de�ne p(x; t) = d1jxjN�2 + d2 = p(x) where d1; d2 satisfy thefollowing linear system:
d1(R� 1)N�2 + d2 = Me��(1 + (R� 1)2)� ; (28)
d1RN�2 + d2 = 0 (29)

Using (26), (28) and (29) we obtain
�p = 0; R� 1 < jxj < R;
p(x) > fn(x; �) = 0; R� 1 < jxj < R;
p(x) > fn(x; t); jxj = R� 1; 0 < t < � ;
p(x) = fn(x; t) = 0; jxj = R; 0 < t < �

The formula for p(x; t) implies that����@p@�
����jxj=R = d1(N � 2)RN�1 6 C6R�2�:

From (25), (27) and the above inequality we �nd that
Jn 6 C7 RN+3�2�+2��2�; (30)



where C7 = C7(�;N; !;R0; �; �). By setting p(x) = d1 ln jxj + d2 for N = 2and p(x) = d1jxj+ d2 for N = 1 we arrive at (30) in these cases as well.Choose � > �� + � + (N + 3)=2, su�ciently large R > R0 + 1 andsu�ciently small h > 0 to obtain Jnh < ". The proof of Theorem 2.3 iscomplete.
Proof of Theorem 2.4. The proof is similar to the one of the Theo-rem 2.3. The main di�culty is to obtain a suitable upper bound on fn(x; t).Fix an arbitrary � > 0. Let Ki� = K + i�; i = 1; 2 and de�ne

� = �(�) = �2K2�(2 + 3(�+ 2�))��1:
It is enough to prove uniqueness for t = � . Proceed as in the proof ofTheorem 2.3. Notice that for all t 2 [0; � ]

0 6 a(x; t) 6 '0( (K�jxj2 + C�)); a.e. in x 2 RN : (31)
The lemma below is a modi�cation of Lemma 4.1 and can be proven similarly.
Lemma 4.2. For any " > 0 there exists a sequence of positive functions fangsuch that

an 2 C1(RN � [0; � ]);
an(x; t) 6 '0( (K�jxj2 + C8)); (x; t) 2 RN � [0; � ]; (32)

for some C8 = C8(�) and In < " for all n 2 N.
In the same way as in the proof of Theorem 2.3 we arrive at the inequal-ity (21). The condition � < +1 implies that for any � > 0 there existss1 = s1(�) > 1 such that

'00(s) 6 (�+ �)'0(s)s for all s > s1: (33)



Integrating the above inequality over [s1; s] and substituting s =  (r) weobtain '0( (r)) 6 (�+ �)r + C9; r > 0; C9 = C9(�): (34)
Using (31), growth condition (10) and (34) we �nd that

j'(u)� '(v)j = a(x; t)ju(x; t)� v(x; t)j (35)
6 '0( (K�jxj2 + C�)) (K�jxj2 + C�)
6 ((�+ �)K�jxj2 + C10) (K�jxj2 + C�);

where C10 depends on �.We construct an upper bound on fn(x; t). De�ne
q(x; t) =M Z +1

r(x;t) ��N
2  ��(�) d�;

where M > 0, � > 1 + 32(�+ 2�) and
r(x; t) = K�jxj2 + C81� 4�K�t :

It is easy to check that Z +1
1 ��N

2  ��(�) d� < +1: (36)
Indeed, by (33) '0(s) 6 C11s�+� for all s > s1
and therefore 	(s) = Z s

1 '0(r)r dr 6 C12s�+� s > s1:
Taking the inverse we obtain

 (r) > C13r 1
�+� ; r > 	(s1);



which implies (36). Notice that � < (4�K�)�1 and therefore q(x; t) > 0 forall (x; t) 2 RN � [0; � ]. Therefore we can �nd large enough M , independentof R and such that
q(x; �) > !(x) = fn(x; t); jxj 6 R:

By (19) we also have that
q(x; t) > fn(x; t) = 0; jxj = R; 0 6 t 6 �:

Since r = r(x; t) satis�es the relations
rt > �jrrj2 and �r = N2 jrrj2r ;

we compute that
Lq = qt + an�q
6 MrN2  �(r)

��jrrj2 an 0(r) (r) � rt + anN2 jrrj2r � an�r�
6 MrN2  �(r)

��jrrj2 '0( (K�jxj2 + C8))'0( (r)) � rt + anN2 jrrj2r � an�r� 6 0
and conclude from the maximum principle that

fn(x; t) 6 q(x; t) for all t 2 [0; � ]; jxj 6 R:
In the same way as in the proof of Theorem 2.3 we derive the inequality����@fn@�

����jxj=R 6 C14q(x; t) ����jxj=R�1 :



Hence by (21), (35) and our choice of �
Jn 6 C15RN�1�(�+ �)K�jxj2 + C10� �K�jxj2 + C��q(x; t) ����jxj=R�1
6 C16RN�1 Z +1

r(x;0) �1�N
2  1��(�) d� ����jxj=R�1

6 C16RN�1 Z +1
r(x;0) �1�N

2 + 1��
�+� d� ����jxj=R�16 C17R3+2 1���+� ! 0 as R!1:

5. Examples and further discussion
The results presented in Theorems 2.1 and 2.2 are sharp for the followingradial explicit solutions:

Example 2. For any T > 0 and H 2 R the function
u(x; t) = (4�(T � t))�N

2 exp� jxj24(T � t) +H�
is a solution of the heat equation with the existence time T . Since � = 0 and� = (4T )�1, we obtain that T2 = T .

Example 3. Let '(s) = sm; m > 1. Then ' satis�es the conditions ofTheorem 2.1 and 2.2. The function
u(x; t) = 1(T � t)�

� �(m� 1)jxj22mN(T � t) 2�N +H� 1
m�1

+ ;
where T > 0; H 2 R; � = (m� 1+ 2=N)�1 and (y)+ = maxf0; yg is a weaksolution of the problem (1), (2) in the maximum domain ST . In this case� = 
=(m� 1) = �2T (N(m� 1) + 2)��1 and T1 = T2 = T .



Example 4. Let '(s) = exp(ms); m > 0. Then ' satis�es the conditiona) of Theorem 2.1 with � = 1. The function
u(x; t) = 1m ln� jxj2 +H2mN(T � t)

�; T > 0; H > 2mNT
is a solution of the problem (1), (2) in the maximum domain ST . In this case
 = (2NT )�1 and T1 = T .

An interesting question is weather one really needs two theorems or, moreprecisely, two di�erent descriptions of the growth conditions on the initialdata to guarantee the existence of a solution in some ST . Here is a heuristicexplanation of why it seems natural to distinguish between the case when' grows quickly and the case when ' grows slowly as s ! +1 (but stillsatis�es (A2)). For the sake of the argument let us assume thatZ 1
0 '0(s)s ds < +1

and de�ne slightly modi�ed versions of 	 and  by
e	(s) = Z s

0 '0(�)� d�; s > 0
e = e	�1 :

Under the change of variables w = e	(u) the equation (1) takes the form
wt = '0( e (w))�w + jrwj2: (37)

If ' grows slowly (say, '(s) � s lnp s; p > �1) then the major contributionto the right hand side of (37) comes from the second term. It is easy to checkthat the function
z(x; t) = jxj24(� � t) +H; (x; t) 2 S� ;



for any H > 0 and � > 0 solves the equation zt = jrzj2; (x; t) 2 S� ; and alsosatis�es the inequality zt 6 '0( e (z))�z + jrzj2. Returning to the originalnotation and solving (1) with the initial condition
u0(x) = e (z(x; 0)) = e � jxj24� +H� (38)

we expect the solution u(x; t) (if it exists) to blow up not later than at t = � .On the other hand by Theorem 2.2 the solution of (1) with initial function(38) exists in ST for any T < �� = 2�2+�N . For '(s) � s lnp s; p > �1,mentioned above (and for any ' such that � = 0) we have �� = �0 = � . Theabove observation suggests that the blow up of the solution in this case is dueto the quadratic term jrwj2. If we allow ' to grow faster, then the �rst termin the right-hand side of (37) will start to interfere. Indeed, for ' from the\intermediate" range, i.e. satisfying (9), both terms are comparable whenapplied to z(x; t). For fast growing ' (say, '(s) � exp s) the �rst term takesthe lead and therefore requires us to reconsider our conditions on initial data,which is done in Theorem 2.1.
A. Auxiliary lemmas
Lemma A.1. Let ' satisfy (A1) and (A2). Then � > 0. If, in addition,'00(s) > 0 for all s > s0 then � 6 1.

Proof. Assume that � < 0. Then (6) implies that for some " 2 (0;��)and all s > s1 = s1(") > 0 s'00(s)'0(s) < �":



Therefore
0 < Z +1

s1 '0(s)s ds < �Z +1
s1 '00(s)" ds = �'0(+1)� '0(s1)" : (39)

From (39) and (A1) we �nd that 0 < '0(+1) < '0(s1) < +1 and conse-quently Z +1
s1 '0(s)s ds < +1;

which contradicts (A2).Let '00(s) > 0 for s > s0. Assume that � > 1. Then (see (5)) for some" > 0 and all s > s2 = s2(") > s0 we have'0(s)'000(s)('00(s))2 > 1 + ":
rewrite this inequality in the following way:'000(s)'00(s) > (1 + ")'00(s)'0(s) ; s > s2:
Integrating the above inequality twice over the interval [s2; s]; s > s2; weobtain �1" ('0(s))�" > c1(s� s2)� c2 for all s > s2: (40)
Since '0(s) > 0 for s > 0 the previous line yields '0(s2+ c2c1 � 0) = +1. Thisconclusion contradicts the assumption (A1).The following technical lemma was proven in [9].
Lemma A.2. Let w 2 L1loc(RN); b 2 C(RN); b > 1k0 > 0; k0 2 N; and0 6 w 6 b a.e.. Then there exists a sequence of positive functions wk 2L1(Bk); k > k0; which possesses the following properties:

1) wk+1 6 wk a.e. in Bk, wk ! w as k ! +1 a.e. in Bn (n 2 N), and1k 6 wk 6 b a.e. in Bk; (41)



2) for any k > k0 there exists a sequence of positive functionswkj 2 C(Bk), j > k, which satis�es the following conditions:1k 6wkj 6 b; w(k+1)j 6 wkj 6 wk(j+1) in Bk; (42)
wkj(x) = b(x) on jxj = k;
wkj ! wk as j ! +1 a.e. in Bk�1:
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