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Abstract

We consider a family {u.(t,z,w)}, € > 0, of solutions of du./0t +
SAuc + H (t/e,x/e, Vue,w) = 0, ue(T,z,w) = U(z), where the time-
space dependence of the Hamiltonian H (¢, x, p,w) is realized through the
shifts in a stationary ergodic random medium. For Hamiltonians, which
are convex in p and satisfy certain growth and regularity conditions, we
show the almost sure locally uniform in time and space convergence of
ue(t,x,w) as € — 0 to the solution wu(t,z) of a deterministic “effective”
equation Ou/0t+ H(Vu) = 0, w(T,z) = U(x). The averaged Hamiltonian
H is given by a minimax formula.

Introduction

Let (Q, F,P) be a probability space and w € Q. We are interested in the behavior
of a family {u.(t,z,w)}, € > 0, as € — 0, where u.(t, z,w) is a solution of the
following terminal value problem

Ou,
ot

t
+odu ot H ( f,m,w) —0, () e0T) xR (1)

ue (T, z,w) = U(x). (2)
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The Hamiltonian H (t, z, p,w) is assumed to be convex in p. The dependence of
H on (¢, ) is realized through the shifts in a stationary ergodic random medium
(see the next section for a detailed description). The terminal condition U is a
uniformly continuous non-random function. Under some additional assumptions
on H we obtain a homogenization result, i.e. we show that with probability one
ue(t, x,w) converges locally uniformly in ¢ and x to a non-random limit u(¢, x).
Function u(t, x) is the unique solution of the Hamilton-Jacobi equation
ou  — d

aJrH(Vu):O, (t,x) € [0,T) x R?, (3)
with the same terminal value U(z). We also provide a minimax representation
for the effective Hamiltonian H.

Homogenization problems for this type of equations with or without a “vis-
cous” term were extensively studied in the periodic, quasi- and almost- periodic
settings. The standard approach is based on the construction of so called cor-
rectors. Roughly speaking, the corrector is the first non-trivial error term in a
formal asymptotic expansion of u. around wu. It is obtained as a solution of an
auxiliary “cell” problem. The word “cell” refers to the fact that in the periodic
case the problem is posed on a torus. The existence of correctors and the uni-
form convergence of u. to a limit were established for a wide range of first and
second order partial differential equations. This method is very robust and does
not require the Hamiltonian to be convex. The most essential assumption on H
is the coercivity in p:

H(t,z,p,w) — oo as |p| = o

uniformly in ¢, x and w.

The extension of homogenization results to the stationary ergodic setting
presen ed a ber of difficulties due to the lack of compactness. It was shown
(see ?fQTand ], Section 8) that correctors or even approximate correctors need
not exist in general. In the case when H is convex in p and independent of ¢, the
homogenization was proved by using varia, '@na@ﬁ%ethods in combination with
some version of the ergodic theorem (see %D], . A further step was taken
in [[2], which establishes homogenization for fully non-linear uniformly elliptic
equations, whose solutions do not have a representation formula.

It turns out that the time-space averaging (versus just the space averaging)
requires an additignal control on ue (see, for example, %5] for periodic Hamilton-
Jacobi equations, for linear equations in stationary ergodic random media).

In this paper we present a method, which allows to obtain time-space homog-
enization results for Hamilton-Jacobi-Bellman equations in a stationary ergodic
setting. It is essential for our approach that H is convex in p. To gain the
necessary “additional control” we %mulate and prove an “averaged” ergodic
theorem for potentials (see Section 6).

In the case when

d d

i=1 i=1

H(t7 x7p’w) =



the homogenization problem for (%‘)’%S closely related to (see hg"lg?)], H:l%], and ﬁ%
the quenched large deviations principle for a Brownian motion with a random
drift b = (b1,be,...,bq) in a random potential W. Both the drift é}brlllde the
potential are assumed to be stationary ergodic processes (see Remark bT%
The paper is organized as follows. In Section 2 we set up the notation, state
the assumptions, formulate the main result, and discuss the idea of the proof.
In Section 3 we proye the lower bound on u.. The construction of approximate
super-solutions of (Wneeded for the upper bound is carried out in Section 4.
The proof of the upper bound on wu, is given in Section 5. One of the essential
ingredients of the proof is the “averaged” ergodic theorem for potentials. Sin
this theorem might be of separate interest, it is discussed in detail in Section ET

2 Main result and preliminary discussion

For z,y € R¥ we denote by (x, %) the standard scalar product of  and y and by
ly| the Euclidean norm of y. If A is a set in R* then |A| denotes the Lebesgue
measure of A. B(z,r) is a ball of radius r centered at z. If f € L* then ||f| o
stands for its norm. E is the expectation with respect to P. B(t), t > 0, is the
path of the canonical Brownian motion. Borel o-algebra on R?*! is denoted by
B.

Let {7(t,2) : (L, ) € R4*+1} be a group of measure preserving transformations
acting ergodically on (€2, 7,P). Assume that the map (f,2,w) — 7w from
R4 x Q to Q is B x F measurable.

Let H(p,w) : RY x Q — R be convex in p and satisfy the following assump-
tions:

(H1) For all (p,w) € R% x Q
a(lpl* = 1) < H(p,w) < ea(lp|” + 1)
for some positive constants c1,cy and 1 < a < § < 00.

(H2) H(p, 7(tzw) is uniformly continuous in (£, z) uniformly in w and locally
uniformly in p, i. e. for every [ > 0

lim sup sup sup |H(p, 74 )w) — H(p,w)| = 0.
50 |(¢,2)|<5 |p|<l weR

(H3) There exists a positive function v(d) — 0 as 6 — 0 and a constant C' > 0
such that for |(t,z)] < § and w €

H(p, T,oyw) = (14 v(0)H((1 4 v(8)) " 'p,w) — Cu(5).

These assumptions can be equivalently stated in terms of the Lagrangian

L(g,w) = sup ((p,q) — H(p,w)). (4)
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abuse

(L1) For all (p,w) € R? x Q
es(lgl” = 1) < L(g,w) < eallg* +1)

for some positive of constants ¢z, ¢4 and o/ = /(e —1),8 = B/(8 —1).

(L2) L(q,7(t,s)w) is uniformly continuous in = uniformly in w and locally uni-
formly in q.

(L3) There exists a positive function v(§) — 0 as § — 0 and a constant C' > 0
such that for |(¢,2)] < § and w € Q

L(q, 74, myw) < (1 +v(0))L(g,w) + Cv(9).

We assume that the terminal data U (z) is uniformly continuous on R%. This
implies that for every 6 > 0 there is a constant K; such that for all z,y, € R?

|U(z) = U(y)| < Ks|z —y| +6. (5)

Remark 2.1. Functions H(t,z,p,w), b(t,z,w), and W (t,z,w), which appeared
in Introduction, should be understood as H(p, T z)w), b(T(,z)w), and W (T ) w)
respectively.

The effective Hamiltonian H. The translation group {7(; ) : (t,x) € R¥1}
acting on L2(Q, F,P) will have infinitesimal generators D;, V;, 7= 1,2,...,d,
in the coordinate directions (see Section 7.1 and pp. 231-232 of . The space
gradient V = (V1,Va,...,Vy), the divergence div = V1 + Vo + --- + Vg, and
the Laplace operator A = Zle V? are defined in the usual way.

Let us denote by B the space of measurable essentially bounded maps from
Q to R? and by D the space of bounded probability densities ® : Q — R relative
to P, which are bounded away from 0 and have essentially bounded time-space
gradients. Define

E={(b,2) eBxD:D,®+V-(b®) = 1AP}. (6)

E
We shall always assume that the equation in (%) is satisfied in the weak sense:
with probability one for every G € C§°(R4+1)

/ / O(7(,2)w) 0 G(t, ) + ((bD — %W)(m,m)w), VG(t,z))dtde =0. (7)

Define a convex function H on R? by

H(0) = sup E[({6,b(w)) — L(b(w),w))®(w)]. (8)
(b,®)e€

The main result of this paper is the following theorem.



Theorem 2 1 Assume that H(p,w) satisfies (H1)-(H3) and that the terminal
conglitio ) is uniformly ontinuous on R?. Let u(t,z) be the unique solution
wzth H given by (8). Then with probability one for every > 0

lim sup sup |uc(t, z,w) —u(t,x)| = 0.
=0 0T |2/l

Remark 2.2. To identify the effective Hamiltonian it is enough to consider
the set of linear initial data {{p,z), p € Rz}. For each p € R? the terminal
value problem for the effective equation has an obvious solution u(t,x) =
{p,z) — (T — t)H(p). In particular, if we set (t,z) = (0,0) and T =1 then we
get H(p) = u(0,0). Therefore if the homogenization result holds then

H(p)—hmu (0,0,w) a.s.,

£ v c
where u? solves /b? 2527 with U(z) = (p, x).

Shifts, rescaling, and variational formulae. Our assumptions on the
Hamiltonian allow us to use a variational representation of w.(t,z,w), which
could be considered as the starting point of our analysis.

Denote by C the space of essentially bounded controls ¢ = ¢(s, z). Consider
the diffusion on R?

dx(s) = c(s,x(s))ds + dB(s), z(t)=z, s>t

Let Qf , be the measure on C([t, 00); R?) associated to this diffusion. For each
c€C and w € 2 we set

. T
velty 2, w) = B9 (U@:(T» - / L(e(s,2(5)), Ts.a(6)) ds) .

Then
U(tv z, (.U) = Sup UC(t7 z, w)
ceC

is the solution of 5
ai;+ “Av + H(Vv, 7y pyw) = 0 9)

with (T, x) = U(z) (see, for example, H’])

The uniqueness of solutions of the terminal value problem for E)yflves the
following simple relation between v(t,z,-) and v(0,0,). If we fix an arbitrary
(t,z) € [0,T) x R? and set U (y) = U(a: + y) then the solution of (E)Jgﬁmth the
terminal data v"*(T —t,y) = U*(y) and w’ = 7(; ;)w is given by

vH (s, y,0") = 0" (5,4, T mw) = v(t+ 5,2+ y,w), (s,y) € 0,7 — 1] x R%

In particular,
o(t,z,w) = vt’z(0,0,T(m)w). (10)



An easy calculation shows that u.(t,z) = €v-(t/e, z/e), where v. solves the
unscaled equation (9] with the terminal condition

ve(T/e,z,w) =Ulex)/e.

This leads to t 1gzvfo lowing variational formula for the solution to the terminal
value problem (T, (

T/e

us(t, x,w) = sup EQt/e.a/e <U(€J}(T/E)) - 5/

ceC t/e

L(c(s,2(5)), T(s,(s))w) ds) i

(11)
We can also rescale the diffusion by setting y.(s) = ex(s/e). Then y.(s) solves

dye(s) = c=(s,y:(s))ds + \/gdB(S), t<s<T, y(t)=z, (12)
where c.(s,y) = c(s/e,y/e). Writing Q7" for the measure associated with y. (s)

we get

- 5 T
u®(t, z,w) = sup B (U(ye(T)) —/ L(ce(8,Y<(5)), T(s/e,y. (s)/2)w) ds) .
t

c.eC
(13)
It is clear that we can drop the subscript in ¢, when using the above formula.
Our goal is to show the almost sure locally niefo m in t and z convergence of
ue (t, z,w) to u(t, ), which is the solution of ‘(-%'k( . Since H is convex, we can
use Hopf-Lax-Oleinik representation

u(t,z) = sup (U(y) —(T-tT (?‘_j)) . (14)

yER?

Ergodic theorem and a lower bound. Let b € B = L>(;R?). Consider
a Brownian motion z(t) on R? starting from 0 at time 0 with a random drift
b(T(t,z)w) and denote the corresponding measure on C([0, 00); R?) by Qg:ﬁ. Then
this diffusion can be “lifted” to 2 as follows. Pick a starting point w so that
b(T(¢ gyw) is defined for all (¢,2) € R¥"!. Such points w form a set of full measure
(see [6], p.232). Define w(s) = 7(5,4(s))w, s = 0. The measure P« induced on
paths in € corresponds to a Markov process on {2 with the generator

1
Ay =Dy + EA + (b(w), V).

If we can find a positive density ® on  such that ®dP is an invariant er-
godic probability measure for A4; then by the ergodic theorem for every F' €
LY(Q, ®dP)

t

lim 1 F(w(s))ds = / F(w)®(w)dP

t—oo t 0 Q

P*“_as. or in LY(P"¥) for P-a.e. w.

[<]
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Finding an invariant density for a given drift is a hard problem, since we
work in . It is clear though that £ is not empty, since it obviously contains
pairs (b, 1), where b is a constant. Moreover, it is easy to show that if (b, ®) € £
then ® dP is an ergodic invariant measure for Ay, and for each pair in £ we can
use the ergodic theorem.

vE

If we view w in the formula (hl) for u. as a parameter we may allow the
controls c to be dependent on w as well. Let us consider only stationary controls,
ie. c(t,r,w) = b(7(t,sw), where b is such that (b, ®) € £ for some ®. Setting
(t,x) = 0 we obtain that P>*-a.s. and in L(P"%)

T/e
lim ex(T/e) = lim 5/0 b(w(s))ds = T/Qb(w)tb(w) dP = Tm(b, D);

e—0 e—0

e—0

T/e
lim 5/ L(b(w(s)),w(s))ds = T/ L(b(w),w)®dP = Th(b, ®) (15)
0 Q
for a.e. w with respect to P. Therefore, changing from Qg’fg to P»“ and using
(E;') we get that for P-a.e. w

liminf u.(0,0,w) = sup (U(Tm(b,®)) — Th(b,®)).
=0 b:(b,P)eE

Rearranging the right-hand side we arrive at the inequality

ligl}(r)lfug(0,0,w) > sup (U(y) —-TL (%)) ,

yeRd
where B
D=, e Mo D) = fuf B, (16)
E(b®)=q E(b®)=q

_ 1
Observe that L is convex. This is a simple consequence of (E’G) and the fact that
if (b;, ®;) € €, i = 1,2, then for every A € [0, 1]

Ab @1 + (1 — A)bo®s
APy + (1— M),

APy + (1 — )\)<1>2> cE.

This together with (@% imply that L is the convex conjugate of H and

liin_)i(r)lf ue(0,0,w) > u(0,0),
je
where u is the solution of (Hwith the terminal data U.

Notic%}téhat this establishes an almost sure lower bound only at (0,0). The
relation (II0) and the translation invariance of P imply that the lower bound
holds for arbitrary (¢,z) but in probability. More work needs to be done to
obtain an almost sure loc, ]‘y uniform lower bound. The proof is similar to the
one given in Section 4 of [7] and is presented in the next section.

A few words about an upper bound. An upper b and is essentially ob-
tained by comparison with a family of super-solutions of (T). The starting point



of the construction is formula (El}l for the effective Hamiltonian. The main
idea is the same as in [7]. There are some difficulties in the construction due to
the lack of control on the time derivatives. This problem was not present in the
case of the time independent Hamiltonian.

3 Lower bound

h
We start with an auxiliary lemma, which is an immediate consequence of (%5)
and Egoroft’s theorem.

h
Lemma 3.1. Let (b, ®) € £ and m(b, @), h(b, ®) be as in ﬁi‘?) For everyn >0
there is a set N, such that P(Ny) > 1—n and

" T/e
lim sup B0 (‘ 5/ b(T(s,2(s)w) ds — Tmi(b, @‘) =0;
0

e—0 wEN,

" T/e
lim sup EQg:O (‘ E/ L(b(T(s,m(s))w)7 T(s,m(s))w) ds — Th(b, 90)‘) =0
0

e—0wen,

£
Combining Lemma ng with the variational formula (v and the inequality
(B) we obtain the following statement (see Lemma 4.3 of [7]).

o aux
Lemma 3.2. Under the conditions of Lemma 71

lim inf [ue(0,0,w) — U(Tm(b, ®)) + Th(b, ®)] > 0. (17)

e—~0weN,

) 1b
The next lemma strengthens the estimate (h?%

aux
Lemma 3.3. Under the conditions of Lemma 51

lim lim inf inf [uc(t,y,w) — U(Tm(b,®)) + Th(b, P)] > 0. (18)
r—0e—0weN, |y|<r
0<t<r

Proof. Let w g Ny, and x(t) be distributed according to Qg‘g By Lemma BT
and Lemma k? it is enough to construct a process y(-) such that

dy(s) = c(s,y(s),w)ds +dB(s), t/e < s < T/e, y(t/e) =y/e, c(-,-,w) €C,

and

lim lim inf inf & | E9/ev/e
r—0e—0weN, |y|<r
otLr

T/e
y(T/E) - [ L(C(Sv y(s))a 7-(871/(5))“')) dS]

€

" T/e
— B |a(T/e) - / Lb(7(s ()W) T(s,2(0)%) dSD > 0.
0

1b0



Fix ann > 0. Let r < T/2, ¢t € [0,7], and |y| < r. We shall couple y(-) to z(-)
as follows. Let A be the set of all continuous paths x(-) such that

elz(t/e) —y/e|l < nr.

Suppose that z(-) € A and set t1 =t + ¢|z(t/e) — y/e|/n. Then t; < 2r < T.

Define
(z(t/e) —y/e)
y/e+a(s) —x(t/e) +n(s — t/g)m7

z(s), s> 1.

t/e < s <ti/e;

y(s) =

Then for all s > ¢/e we have that e|x(s) — y(s)| < e|z(t/e) — y/e| < nr. Esti-
mating the drift for y(-) we get ||c||oo < ||b||oc + n. Therefore,

T/e T/e

€ / L(c(s,y(5)), T(s,y(s))w) ds —/0 L(b(T(5,2(5)) W) T(s,2(s))w) d5| <
t/e
tl/E tl/E

€ / L(c(s,y(s)),T(s,y(s))w) ds — // L(b(’T(s’x(s))w),T(sx(s))w) ds|+
t/e t/e

<3r sup |L(g,w)l.

t/e
€ / L(b(T(s,J;(s))w)aT(s,x(s))w) ds
0 lgI<Ibll oo+

The last supremum is bounded uniformly in w due to (L1).
Now assume that x(-) ¢ A. Define y(s) = y/e + B(s) — B(t/e). Observe
that for |y| <r, 0 <t < r, and P-a.e. w

c5%3u(t/2) — y/e| _ (bl + Dr+ Ve _ [blt1, 1 [0
- < i = n nV r’

bw c
0,0 (A°) <
1b
Since on A€ the drift ¢ is zero, each integrand in the time integrals of (&9% is
bounded in absolute value by sup|, <) .. [L(¢;w)|. Moreover,
ely(T/e) —x(T/e)| < 7+ [|bllocT + €| B(t/e)|.

1b
Therefore, if we restrict the expectation in the left-hand side of (hg% to A€ then
the resulting quantity before we take the limits is bounded in absolute value by

@T sup  |L(q,w)| + T|blloc + 1)Qb5(A%) + ¢ sup ES|B(t/e)|.
lq|<[blls ' o0<t<r

Taking the limit as ¢ — 0 and then » — 0 we get the bound

T
(2 sup  [L(g,w)| + [|blloo)([[blloc +1)—.
lal<liblloo n
Letting n — oo completes the proof. O



. . % %931; . .
Combining the relation (II0), Lemma B.3, and the ergodic theorem we obtain
the almost sure locally uniform lower bound.

Theorem 3.1. Assume that H(p,w) satisfies (H1) and (H2) and that the ter-
minal conditjan U(x) is uniformly continuous on R?. Let u(t,z) be the unique
solution of (%?% with H given by . Then with probability one for every
>0

liminf inf inf — > 0.

im in Ogl?gﬂ}c?gl[ue(t’x’w) u(t,xz)] =0

Proof. We omit the proof, since it is essentially the same as the one of Theorem
2.1 in [[7]. O

4 Construction of approximate super-solutions

Let H(p,w) satisfy (H1)-(H3). Fix an arbitrary § € R?. In this section we con-
struct a family of functions Vj(t, z,w), § € (0, dp), with the mean zero stationary
time-space gradients such that for a.e. w

1 _
OVs + 5AVs + H(O + YV, 7e.ayw) < H(0) +v(0), (t,2) €RT, - (20)

where v(d) > 0, v(§) — 0 as 6 — 0. An upper bound on u¢ will be established
in the next section using a probabilistic comparison argument and the ergodic
theorem from Section 6.

Notation. Let B, = {b € B : ||b]|c < r} and

H,(p,w) = ‘S&p ((p,q) — L(q,w)).

For each k > 1 set

Bi—{0:k <o) <h [ @()dp= 1)

D, ={®: k! <Pw) <k, |[VO| <K /@(w) dP =1} C Ey.
Then £ = Ug>0 Urso &k, Where

Erk={(b,®) €B, xDy: D;®+ V- (bd) = LAD}.

-2

If ¢ is a mollifier on R? and F € L*(Q,P) we can define

F?(w) = /F(T(O,I)w)gp(x) dx. (21)

Then F¥ € L'(Q,P) and is smooth under space shifts. Notice that if ® € Ej
then ®¥(w) € Dy, provided k is large enough so that |[V||e < k.

(=
We start with the formula (%% for the effective Hamiltonian and two appli-
cations of the minimax theorem.

10



Lemma 4.1. There is a sequence of functions {F,(w)}, n > 1, F, € W1H*(Q),
Fo(r(.yw) € C®(R™1) a.s., such that

sup sup {/ [D/F, + %AFn + H,(0 + VF,,w)|®dP| < H(0) + % (22)

n ®ebD,,

Proof. From (@% we have

H(0) > sup E[((0,b(w)) — L(b(w),w))®(w)].
(b,®)EEN K

The definition of &, contains a constraint. Let ) be a space of nice test
functions (for example, ) could be a class of functions F' € W°°(Q) convoluted

with a mollifier from C(R%+1) to ensure the smoothness under the shifts). Using
the fact that for ® € Dy,

}g)ﬂz ([DiF + (b,VF) + $AF] ®) = }rény ([DeF + (b, VF)| ® — L(VF,V®))

B {O, if D,®+ V- (b®) = $A® in the weak sense;

—00, otherwise,

we can remove the constraint and get the inequality

H(#) > sup sup inf E[(DtF +(b,0 + VF) — L(b,w) + 1AF)9]
®eDy, beB, F'E

= sup sup inf E[(D,F + (b,0 + VF) — L(b,w))® — 3(VF,V®)].
€Dy beB, F'EY

We would like to apply Sion’s minimax theorem %2} and interchange the infi-
mum and the supremum twice.

At first, let us look at the infrcy and the sup,cg_for each fixed ® € Dy.
The functional

E[(D/F + (b,0 + VF) — L(b,w))® — L(VF, V)]

is concave in b and is linear and continuous in F'. The set B, C B is compact
in the x-weak topology. We only need to check that the functional is upper
semi-continuous in b in the *-weak topology (the same topology, in which B,. is
compact). Thus, we need to show that if E(b,f) — E(bf) as n — oo for each
f € LY (), where b,,,b € B,., and

E[((6 + VF,by(w)) — L(by(w),w) + LAF + DF)®(w)] > ¢

for some ¢, then the same inequality holds for the limiting function b. Clearly,
it is enough to show that

E[L(b,(w),w)®P(w)] < ¢, n=1,2,..., = E[L(b(w),w)P(w)] < ¢
Since b € B, and H(-,w) is super-linear,

L(b(w),w) = Sélﬂgi“n b(w)) — H(p,w)) = (p(w), b(w)) — H(p(w), w),

11



where ||p|| =) < R(r) < oo. Therefore,
E[L(b(w), w)®(w)] = E[((p(w), b(w)) — H(
— lim E[((p(w). bu(»)

< limsup E[L(b, (w),w

n—oo

(W), w))®(w)]

£ =g

= =
=
€
£
2
£

and we arrive at

H(9) > sup inf sup E[(DF + (b,6 + VF) — L(b,w))® — 3(VF,V®)].
oeD;, FE€Y beB.

For fixed ® and F' the supremum over b € B, can be taken inside the expecta-

tion. Recalling the definition of H,(p,w) we get

H(#) > sup inf E[(D,F 4+ H.(0 + VF,w))® — 3(VF,V®)].
oeD, FeY

Now we would like to use the minimax theorem one more time. The functional
E[(D:F + H,(0 + VF,w))® — L(VF, V)]

is convex in F' and is linear in ®. We need to work with the topology in which
Dy, is compact (which corresponds to the convergence of ®,, and V®,, on each
f € LY(Q,P)). The continuity of the functional in ® for each F is then obvious
(as long as F' € Y are required to have bounded derivatives up to at least the
first order). We only need to show the lower semi-continuity in F' but we even
have the continuity in F', since we can work with the strong topology in ), and
H,.(p,w) is continuous in p.
Therefore, for each k and r

H(9) > inf sup E[(D,F + 3AF + H.(0 + VF,w))®].
FeY ocD,

This immediately implies the statement of the lemma. O

Let us briefly describe the idea of the next step. We would like to take some
sort of weak limit of F}, and produce an F' such that for almost all w with respect
to P,

1 _
DF(w) + gAF(w) +H(@+ VF(w),w) < H(H).
Unfortunately F' may not exist but VF = g will exist in L%(€,P). Moreover,
&)

if we mollify F, in z (see ) and consider f¥ = Dy (F¥) = (DF,)? then we
shall be able to produce a limiting object f,, such that P-a.s.

Fol) 5V 07@) + [ HO + glr0m)momwlola) de <TO), (23
where

V.g?=V- /g(no,x)w)w(x) do = — /<9(T<o,m>w)v (Ve)(2)) dz.
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We shall end up with g € L*(£2,P) and a collection f, € L' (£2,P), not necessar-
ily smooth with respect to the shifts, which satisfies for almost all w and each
© the compatibility condition

/ FoTamy@) [V - Gty 2)] dt do = / (0P (Toy@), Coltsa)) dt dz (24)

for G € C§°(R x R% RY). We shall lose control of || f, |1 as ¢ — o in D'(R?).
The details of the above construction are presented in the next theorem.

Theorem 4.1. Let H satisfy (H1) and (H2). For every 6 € R? there is g :
Q — R g e L¥N,P), and for every r > 0 there is a non-negative mollifier
0 € C°(RY), p(z) = 0 outside of B(0,r), and a function f, € L'(Q,P) such
that

(a) E[f,] =0, E[g] = 0;

t
(b) (D¢, V) % (fp,9%) =0 in the sense of (CQOZ 5,-a
it
(c) the inequality (?ai?ri holds P-a.s.;

d) there is a constant K, > 0, which depends only on ¢,c1,c, and H(0),
o]
such that o
folw) + 5|9¢(w)\a <K, P-as.

Proof. n‘lcmfn = D,F, and g, = 0 + VF,, where {F,}, n > 1, is constructed in
Lemma 4.T.

Step 1. The sequence {g,} is uniformly integrable (see Theorem 5.2 of H%%
Take a weakly convergent subsequence and call it again {g,}. We have g, — g
as n — oo weakly in L'(Q,P) and E[H,,(g,,w)] < H(#). We shall show that
E[H(g,w)] < H(A) and g € LY(Q,P), where « is the same as in (H1).

Clearly, Hy, < H,, for k < n. Therefore,

E{Hy (g, )] < ().
Let g = qx(w), ||gx|| < k, be such that

Hi(g(w),w) = Hshlgk[q “g(w) = L(g,w)] = qx(w) - g(w) — L(qr(w),w).

Then o
Elgk - gn — L(qr,w)] < H(0).

Let n — oo and use the weak convergence to get
Elgr - g — L(ar, )] = E[Hy(g,w)] < H(0).
Finally we let kK — oo. Using the lower bound on H we conclude that g €

L*(Q,P).

13



Step 2. The pnly control we have on {fn}, n = 1, is the following inequality
(see Lemma H.T)

1 _
sup E[[fn + =V gn+ Hn(gmw)]q)} < H(6).
PeD,, 2

This control is very weak. We mollify f,, and obtain some estimates on f,?,
n>1.
Take a mollifier ¢ € C§°(RY), ¢(x) > 0, such that

Ce= (/ el

Let ® € E;. Recall that ®% € Dy, for all k > ¢, = ||V¢||oc. Define

/ /
o(x) dx) < 0. (25)

An,N = {w : |gn(w)| < N}v gn,N(w) = gn(w)lAn,N(w)'

Since {g,} is uniformly integrable, there is an N = N (k) such that for all n

(26)

| =

E“gn - gn,NH <

We have

— 1
=HO)+E {2V‘I>“" G — Hn(gn,w)@‘p] (27)
Observe that for all n
E[V®? - g,] < E[|[V®?||gn, — gn,N|] + E[VD? - g, n] < ¢y + E[VE? - g, N]

— o +E[00) [ (~(Tp() g (o) ]

<o 20,806 ( [ lonx(rom)l*e dx)l/a] .

Moreover, for all n = ng(N)
E[Hp (gn (@), w)®%(w) = 1E[(|gn, v (w)|* — 1) @7 (w)]
=cE [q)(w) / |gn, N (T(0,0)w)|“ () dm] —c1.

Set

On,n(w) = (/ |gn, N (T(0,2)w)|“ () dm)l/a.

14



2
Then substituting the above inequalities in (57) we obtain that for every ® € Ey
and all n > nq (k)

E[fe0] < H() + %“ + CLE [@(w) (On,n(w) — 105 y(w))] + 1

— c
§H(0)+?¢+C¢sg%(q—clqo‘)+cl < M.
qz

If ® is not normalized then

E[f£®] < M,E[®].

Step 3. Consider the function ®,, defined by

B Lif fo(w) <0;
() = {; if £2(w) > 0.

Since E[f#] = 0, we have
1
EIfg : £ > 0 = ~EIfg : £ <0] = 2E{ ¢l
Also ®,,/E[®,] € Ey4, and for all n > ny(4)

BLff®,] = 2E[7% : £ > 0 + SEIff - £ < 0]

= SE[7¢]) < M E[®,] < 2M,.

giving us the bound
sup E[f7]] <

nzni(4)

M,.

w| oo

Step 4. Let us take

Recalling that
E[fy : /7 >0 = =E[ff : £ <4,

we obtain
E[f7 ®rn] = KE[f7 : £ > 0]+ %E[ 2 <= (k- %)E[f;f L fE > ]
< My [kP[f > () + %P[f:f <] < M, ['Z E[|f£]] + ;]

This gives us the bound

sup E[f§: ff >0 < e,

kM, [8kM¢ 1}
n>na (k) k2 —1

15



Letting ¢ — oo we get

M
lim sup E[f?:f7 >/ < £,
(=00 3 (k) | I<wa

Since k was arbitrary, this implies the uniform integrability of the positive
parts of {f?}, n > 1.

Step 5. Now we have to deal with the negative parts of {f#}. The difficulty is

that they may not be uniformly integrable, and we have to find a way to split

w_ = —(f£ N0) (possibly just along a subsequence) into uniformly integrable

and “bad” parts, so that the “bad” part plays no role in the limit. This is done
using the following lemmas.

Lemma 4.2. Let {h,}, n > 1, be a sequence of non-negative functions and

supE[h,] < C.

Then there is a subsequence {n;}, j > 1, such that h,; = iAznj +7(hp, ), where
(a) En]. = hnjl{hnjgej}; l; — 00 as j — oo, and {ﬁn].}, j =1, is uniformly
integrable;
(b) remainder terms r(hy;) converge to zero in probability as j — oc.
The same is true for any slower growing sequence é;- < Y, é;- — 00 as j — Q.

Lemma 4.3. Let {h,}, n > 1, be a sequence of non-negative functions such
that

supE[h,] < C,

n

11
and ¢ € C§°(R?) be a non-negative mollifier. Apply Lemma b? to {h¥}. Then
the convergence of the remainder terms r(hﬁj) to zero is locally uniform in x,
i. e. for every R >0 ande >0

P(w: sup r(hﬁj)(T(o,x)w) >¢e)—0 asj— oo
l=lI<R '

i) i i
The proofs of Lemma .2 and Lemma .3 are elementary and are provided
in the Appendix. . b %2

Return now to f?. Let ¢ = @1 * @2, where ¢ satisfies (BB% By Lemma #.
we can write (considering every subsequence as a whole sequence)

frfl =Mp _bn7

where m,, = f', — f7' are uniformly integrable, b, = r(f;' ), and b, — 0 in

probability. Taking a convolution with 5 in this decomposition we get

— w2 _ pp2
fn_mn bn

16



comp_cor

It is no lgard to show that m¥2, n > 1, are still uniformly integrable. Apply
Lemma A3 to b¥? and get

b2 = b+ r(b22),

where b2 are uniformly integrable and r(b%2?) — 0 in probability locally uni-
formly with respect to the spacial shifts. Putting the two decompositions to-
gether we obtain

frf:kn_rna

where k, = m¥%2 — b5? and r, = r(b¥?). This decomposition is “stable” in the
following sense: further mollification and decomposition of the remainder terms
rn, will only contribute uniformly integrable terms with the zero L' limit.

Step 6. Let g € L%(Q;R?) be a weak limit point of {g, — 6}, n > 1. Fix a
small r > 0. Take ¢ = ¢y 502, where ;, i = 1, 2, are mollifiers, ¢ = 0 outside of
B(0,r), and ¢; satisfies (25). Decompose f; as in Step 5 and let f, € L*(Q,P)
be a weak limit point of k,. It is clear that f, and g satisfy (a), (b), and (c).

To show part (d) we use (c) and the lower bound on H to get

1
Fo) 439 @) er [lalmomellole) de <HO) e (25)
Applying the inequality

|(p, q)| < elp|™ + Cclq®

with p = g(7(0,2)w), ¢ = V1/(2¢1) and € = ¢1/2 and recalling that ¢, satisfies

(EE% we obtain
5V 07 @ [ lglroww)|ei(e) do =
o1 [ latrome) (@) do — 5 [ (oo ). V(@) do >
> [laromwei@) ds - C.CF.

d
Convoluting every term of the above inequality with @9, substituting in (bS),
and applying Holder’s inequality we get (d). O

Corollary 4.1. Let H satisfy (H1)-(H3). For each 6 € R there is a positive
function v(§) — 0 as 6 — 0 and a family of functions (fs,gs) : © — R x R%,
fs € LY(Q,P), gs € L*(Q,P), § € (0,00), such that

(a) E(f5,95) = (0,0) and (Dy, V) x (f3,95) = 0 in the sense of (™
(b) fs5(r(yw),gs(T(.yw) € C(RTLRITL) for P-a.e. w;

17



(c) there is a constant Ks > 0, which depends only on 6, c1,a, and H(6), such
that for almost every w with respect to P

C
Jo(Teay) + 5 195(Tyw)|* < K5 for all (t,x) € R

(d) for almost every w with respect to P
Fs(Tt.)w) + V- 95 (T(1.)w) + H (O + g5 (T(1,20)w), T(r,2yw) < H(0) +v(5),
on R,

Proof. The assumption (H3) will allow us to replace

[ 1O+ 5000 70 0p) (@)

it v
in (baSi with H (0 + ¢¥(w),w) modulo a small error. See Lemma 6.3 of F?Tfor
details. To gain the regularity with respect to space-time shifts we can mollify
one more time in both ¢ and x and again bring the mollification inside H. O

Now we are ready to construct approximate super-solutions Vj. Set
Vit o) = [ ) d (a4 0), 29)
0,0)—(t,x

where z(t) is any smooth path such that 2(0) = 0 and z(t) = . Since (D¢, V) x
(fs5,95) = 0, the integral does not depend on the path. Main properties of Vj
are summarized in the next lemma.

v
Lemma 4.4. Let Vs(t,z,w) be given by (EQ) Then

(a) for almost every w with respect to P and all t,s € R, x,y € R?

V:;(0,0,0J) = 07 ‘/5(57?/77—(15,1)“)) = %(t + S, T + y7w) - ‘/(S(tax7w);

(b) 0:Vs téx,w) = fs(Tt,pyw), VVs(t,z,w) = g5(T(t,0)w), and Vs(t,z,w) satis-
fies ;

(c) for allt,s € R and z,y € R?

Vs (t,2,-) = Vis(s,y, )l < CO)(|t — s+ & —yl). (30)

(d) There are positive constants C, = C1(d) and Cy = Ca(d, c1, o, H(H)), such
that with probability one for all (t,x) € R¥T! and n > 0

n
Vs(t,z,w) < C’ln_(d+1)/ / Vs(t — s,z — y,w) dy ds + Can;
0 Jlyli<s

n
%(t,l‘,CU) 2 Clni(CH»l) / / ‘/(S(t + S, T + y,W) dy ds — 0277
0 Jllyll<s

18



Proof. Parts (a)-(c) are immediate from (BQ) and Corollary AT -We only need
to prove (d).
Let 6,¢,z,w be fixed and (s,y) be an arbitrary vector in R x R%. Consider

W(s,y) :=Vs(t + s,z + sy,w).
Then by part (c) of Corollary i —

C /
IsW (s,y) = fs + (95, y) < K5 — éllgs\la + (g5,y) < K1 + Kally||* .

Integrating we get for s > 0

Vilt + 5,3 + sy, ) = Va(t, 2,w) < [K1 + Kally|*] 5. (31)

K1+K2 (y”) ]S
S

Notice that (E‘sl% leads to the following a.s. estimates for fixed (¢,z) and

In particular, for s > 0

%(t+5,$+g,&)) 7‘/5(t7xaw) <

n>0
Vs(t,z,w) < 0r<ni£1 Vs(t — s,z — sy,w) + (K1 + K2)n
o<t
n
< Cyp~ @D / / Vse(t — s,z —y,w)dyds + Can
0 Jyll<s
The other inequality is obtained in a similar way. O

5 Upper bound

v
We start with two lemmas (see % Lemma 4.1 and Lemma 4.2 for proofs). Let
ye(s) be given by (&2) and

T
) = [ DCls.e(5) T /) (32)
_vf
Lemma 5.1. Assume (L1) and (%3 Then in the variational formula (rie?s?c, fhe

supremum over C can be replaced with the supremum over the subset C* C C
of controls that satisfy the following condition: for each (151C> 0 there is Cs > 0,
which depends only on § and the constants in (L1) and 2(?)7, such that

sup B4e € (6)] < C5(T — t+ /e(T — 1)) +230. (33)

T,w

In particular, for all c € C*

T
sup EQt [/ |c(s,y5(s))|ﬁ’ds] S Cs(T —t+ /e(T —t)) + 2/36. (34)
t

T,w
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Lemma 5.2. Assume the bounds (L1) and (%3 There is a function c(t) — 0

as t — 0, such that for all0 <e <1

sup |ue(T' — t,z,w) — U(x)| < c(t).

T,w
The following theorem is the main result of this section.

Theorem 5 1 Assume that H(p,w) satisfies (H1)-(H3) and that the terminal
conglitio ) is uniformly ontinuous on Re. Let u(t,x) be the unique solution
wzth H given by (8). Then with probability one for every £ > 0

li f f t, t > 0.
P 0<Htl<T\;I|1<€[us( zw) —ult,z)] 2

resc_vf

i f
Proof. By Lemrgka o%; ellrthe supremum in (T3] can be restricted to controls ¢ € C*.
The estimate (Bzﬂ implies that yE(T) is uniformly integrable with respect to
{Qiy 12| <L,0<t<T,0<e<1,ceC*}. Combining this with (b?;) we get

sup sup sup sup B9 (|y(t)] + [ (t)]) < oo (35)
|z|<C 0<tST ceC* 0<e<1

Step 1. Without loss of generality we can assume that (' —t) > r (see
Lemma % 2) l hen using the uniform integrability we get that for every § > 0
there are M = M(0) and A = A(,r) such that

u®(t,z,w) — u(t, )

e ) sup | F) — (@ —0F (2=F)]
= sup B9 (40T ~0) = s [0 = (=0T (4= )]
<§;1£EQ§55‘ [(F(Ye(T)) = &)}y (1)-a1<rr] + 0
— s | fly) = (T —t)L (?;_3;)
(T
< 2 (=0 (S5 - 60) o
= sup EQS:i[IZ,@l((@ (Y (T) = @) = (T = ) H(0) — & (1)) Ly (1)—ai<m] +0

swp [ s (B =)~ (T OFF6) ~ €) pe(dyde) + 5
ceCr 19]<A
{ly—z|<M} xR

where p. is the distribution of (y.(7T),&.(t)) on R? x R under Q%. Since H is
continuous, the supremum over 6 can be restricted to the set {\0| < A, 0 € Q},
where Q is the countable set of points in R? with rational coordinates. Since
L(-,w) is super-linear, the integration can be further restricted to the set {(y, £) :
ly — x| < M, € £, B} for a sufficiently large B (the proof is similar to the one of
Lemma 4.1 in . Therefore, to obtain an almost sure locally uniform upper
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bound it is enough to show that for each # € R?, ¢, > 0 and all large enough
M and B

lim sup sup sup Q;’;{(G,yg(T) —x) — (T —t)H(0) — &(t) = n; Am} =0,
€20 ceCx |z|<e 0KIKT
(36)

w-a.s.. Here A 5 = {|y(T) — x| < M,&.(t) < B}.

Step 2. Since all computations below are valid for all w € @', P(QY) = 1, we
fix w € ' and drop it from the notation. Define

Vse(t,z) =eVs(t/e,x/e).
By part (b) of Lemma [Z\E.Z[rogtg,s (t, ) satisfies

OVse+ SAVse+ HO+ Vs, T1ye/ow) < H(O) +v(3) (7)€ R xR

From It&’s formula for Vs . (¢, z) + (8, x) and the above inequality we get

<97ys(T) - $> - (T - t)H(g) - gs(t) < V:S,E(taw) - %,E(Tv ys(T))
T
Ve / (V3o (5,5(5)) + 0, dB(s)) + (T — t)(6). (37)

We also used the fact that {c¢,p) < H(p,w) + L(c,w). Therefore, it is enough to
show that for each § € R, ¢, > 0, all sufficiently large M and B, and small
d>0

T
lim sup sup sup Qfg{\@/ (VVse(s,:(8)),dB(s))
t

e=0cecx |p|<e 0tKT

+ Vse(t,x) = Vs (T,y=(T)) 2 m; Ara} = 0. (38)

Observe that again by Ito’s formula

T
Vs (T,ye(T)) — Vso(t,z) — Ve / (VVse(5,ve(5)), dB(s))

= [ Va5 5) + TV s, (5) + GAVi (5. 5:(9)) .
(39)

Setting
3
F5,5(37 y) = as%,e(sa y) + <VV:5,5(87 y)a C(S, y)> + §AV6,5(87 y)a

d it02
we conclude from (E%%and (%E)%that the relation

2
;Ata: =0

s

£,¢c
lim sup sup sup E%=
e=0ceCx |z|<e 0T

/ " Fy(s.:(s)) ds

21
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will imply the desired upper d. The proof follows Step 2 of the Proof of
Theorem 2.2 assuming H4 in [7]. To complete the argument we only need to
show that for every §,a > 0

lim sup |Vse(t,z,w)| =0 P-as.. (40)
e—0 ogt<T
|z|<a

v
Choosing n = d/¢ and rescaling the integrals in part (d) of Lemma h.%[rowe get
Vit 2, w)] < 6~ (D) / Vielt+ 5,2+ y,w)| dy ds + Cad.
B ANE]
Therefore,

sup |Vs.e(t, 2, w)| <015*<d+1>/ / Vs, (t, 2, w)| dz dt + Cy,
Oé‘tfg [t|<T+6 J|z|<a+d

s1
and (hO) is an immediate consequence of the following ergodic theorem. O

Theorem 5.2 (Ergodic theorem). Let (f,g) : © — R x R¢ satisfy the fol-
lowing conditions:

(f.9) € L'(LP), E(f.g) =0, (D, V) x (f,9) =0 in the sense of A%%Pit
Define the “potential” F : R4t — LY(,P) by

F(t,a,w) = /( o TG+ {5 (1),
0,0)—(t,z

where x(t) is a smooth path in R? such that x(0) = 0 and x(t) = z. Then for
every bounded set D C R+1

hH(l)é‘/ |F(t/e,x/e,w)|dtde =0 P-a.s..
=0 Jp

This theorem and its proof are the content of the next section.

6 An ergodic theorem for “box averages” of po-
tentials

We shall work in R? instead of Rt with the un ersfanding that the time
variable ¢ does not play any special role in Theorem 5.2 and can be thou I%t 1of
as one of the space variables. The main result of this section is Theorem 6.3.

Let (©2, F,P) be a probability space on which R? acts as a group of measure
preserving transformations 7, : Q — Q, z € R? and P is ergodic under this
action. Assume that the map (z,w) — T,w from R? x Q to Q is B(RY) x F
measurable.
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When w is fixed and we are interested in f(m,w) as a function of = we
sometimes write f(z,w) or simply f(z) instead of f(r,w).

For k € {1,2,...,d} consider the subgroup of shifts {r(, o),y € R*} gener-
ated by the first k£ coordinates. Since P need not be ergodic under the action
of this subgroup for k < d, we denote by Z* a possibly non-trivial c-algebra
of subsets of R¥, which are invariant under {700, ¥ € %} For additional
information about ergodic elements of ergodic actions see [T1].

Definition 6.1. A function f : Q@ — RY, f € LY(Q), is said to be a formal
gradient if for every ¢ € C5°(R?) and for alli,j =1,2,...,d

/fi(Tzw)ajso(w) — [i(mew)0ip(z)dz =0 w-a.s..

Lemma 6.1. Let f € L'(Q). Then

lim sup E|f(mw) — f(w)| = 0.
6—0 |z|<8

Proof. For almost all w the function f(7,w) is locally integrable in z. Indeed,
if By is a ball of radius R centered at 0 then by Fubini’s theorem

// |f(Tpw)| da dP = |Bg|E|f| < co, and / |f(Tzw)| dz is a.s. finite.
Br

Br

Every locally integrable function is continuous in the mean, that is for every
R>0

g(0,w) = sup / |f(Taqyw) — f(ryw)|dy — 0 as 6 — 0 for a.e. w.
|z|<8 J/ Br

Moreover, for all § € [0, R]

9(6,0) < 2 sup / L, ey <2 / 1 ()] dy.

|z| <& Baogr

From the stationarity and the Lebesgue dominated convergence theorem we get
that

. . 1
lim sup E|f(7,w) — f(w)| = lim sup —E/ |f (Toyw) — f(Tyw)| dx
§=0|2/<5 =0 3<s |Brl ~ JBy

lim E sup /B | f(Taqyw) — f(myw)|dox =

<
" |Br| 60" 51<6

Brl %iir(l)JEg(é,w) =0.

O

The Jext lemma is an obvious consequence of the definition of f5 and

Lemma H
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Lemma 6.2. Let f € L*(Q;R*) and

fi(w) = / f(ra)ps () iz,

where
pile) =5~ p(a /), [ pla)dz =1,

and p(x) is a smooth function on R? equal to zero outside of the unit ball centered
at 0. Then f5(1,w) is smooth in x for a.e. w, Efs =Ef, and lims_o E|fs(w) —
f(w)| =0. Also if f is a formal gradient, then so is fs.

To each formal gradient we can associate a “potential” F' : R? — LY(Q)
given by the formula

F(z,w) = / (), da(t), (41)

where z(t) is a Lipschitz continuous path connecting 0 and z.
Lemma 6.3. Let f be a formal gradient and F be as in &% Then F' does not
depend on the path x(t), F(0,w) =0 w-a.s.,
F(z,w) = Fy,w) = F(z —y, 7w),
and [|[F(z,-) = F(y, )1 < | fllxlz =yl

Proof. Consider f5(7,w). For almost every w it is a smooth function of z, and
0i(fs); = 0;(f5)i- Therefore for a.e. w function fs5(-,w) : R? — R? has a
potential

Fs(z,w) = /0H (fs(Toyw), dx(t)),

which does not depend on the path. Fix an arbitrary Lipschitz continuous path
x(t), (0) = 0 and 2(T') = z for some T > 0. Then along this path

T
E|Fs(z,w) = F(z,w)| <E[fs(w) — f(w)\/o |2'(t)]dt — 0

as 6 — 0 by Lemma %l% This implies that F(z,w) does not depend on the
path.

Next let z1(t) = ty, t € [0,1], and x2(t) = (t — 1)(z —y), t € [1,2]. Then
z(t) =x1(t) on t € [0,1] and z(t) = y + x2(t) on ¢t € [1,2] is a path from 0 to y
and

Fl@.0) = F(p) = [ (7 (Faag ), doa(8)
= /(f(sz(t) (Tyw),dz2(t)) = F(x — y, Tyw).

In particular, F(0,w) = 0. The last statement also follows easily if we take

the absolute value and the expectation in the above formula and observe that
I(4) —
xh(t) =z —y. O
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We shall refer to a set D € RF as an admissible set if Wiener’s ergodic
theorem holds for D, = {ax : z € D}, a > 0, that is for every f € L'(Q)

1
lim D|/ f(Ty,0w) dy = cx(w) w-a.s. and in LY(Q),
« D,

o— 00

where cx(w) = E(f|Z%)(w). See hal] and EB] for more general results and discussion
about admissible sets. In particular, if D is an open parallelepiped containing
zero with edges parallel to coordinate axes then D is admissible. Observe also
that if Dy C Dy, Dy and Dy are both admissible then D\ Ds is also admissible.
In particular, we can use this theorem when set D is a parallelepiped, which
may not be open and may not contain the origin.

Theorem 6.1. Let f = (f1,..., fa) € L'(Q;R?) be a formal gradient with mean
zero and F be its normalized integral. Fiz k € {1,2,...,d} and an admissible
set D C RF. Then

liﬂ%/D T(Ty/epw)dy =0 w-a.s..

In particular, for every v € R?

limeF(z/e,w) =0 w-a.s..

e—0
Proof. By Wiener’s ergodic theorem for a.e. w and and in L(£2)

1 1
D] /D Te(T(y/e0w) dy = Dol Fe(ryow) dy — cx(w) ase — 0,
€ 1/e

where ¢, (w) is invariant under 7, ), y € R*. Similarly, for any z € R?

1
W /D Tk (T(y/e,0)(Tw)) dy — cp(T.w) as e — 0.

We claim that for every choice of j € {k+1,...,d} and h € R the function ¢ (w)
is invariant under the translation by z = he;, where e; is the j-th coordinate
vector. Combining this statement with the semigroup property of the shifts
and the invariance in the first & coordinates we conclude that ¢ (w) is invariant
under 7, € R%. Then the ergodicity of P implies that c;, (w) is a constant a.s..
The mean zero property gives cx(w) = 0 a.s..

To prove our claim it is enough to show that for z = he;, j € {k+1,...,d},

/ (@) — e (maw)] dP = 0.

To simplify the notation we assume that ¥ = d — 1 and z = hey. The general
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case is done similarly. For every L > 0 we have

/|ck(w) — cp(Tw)| dP < / ek (w) — L*k/ ) fk(q—(%o)w) dy| dP
[0,L]
w7 [ flrow) = flrme) dyldp
[0,L]*

+ / ek (Taw) — L_k/ f(T(y,myw) dy| dP.
[0,L]*
The first and the third terms in the right-hand side go to zero as L — oco. We

only need to deal with the second integral. Since w is fixed we drop it from the
notation and also set y = (3, yx), ¥’ € R¥~1. Then by Fubini’s theorem

/ Fe(0,0) — fu(y, h) dy
[0,L]*

L
= / (/ @' ke, 0) = fu(y's yw, h) dyk) dy'.
0,075~ \Jo

But f is a formal gradient and
L
/ Fe(W' sy 0) = fu(y's yrs h) dy
0
= F(yl7LaO) - F(yl7070) - F(y,7L7h’) + F(ylvoah)
h
= / fd(ylvovT) - fd(y/aLaT) dr.
0

Therefore,

21 w0 = ety by dyl e

h
2
=1 1] a0~ faly L) drdy'| P < M g fal — 0
[O,L]k—l 0 L

as L — oo.
The second statement is basically the same as the case £k = 1. Recalling the
definition of F and following the steps of the above proof we get for x € R?

1/e
eF(z/e,w) = (x,¢ f(ripw) dt) — 0 as e — 0 a.s. and in L' ().
0

Corollary 6.1. Let D = [0,1]%. Under the assumptions of Theorem %1

lime/ F(z/e,w)dr =0 w-a.s..
D

e—0
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Proof. Dropping w from the notation and using the normalization F(0) = 0 we
write

/ dx_Z/ (1 —z) fe(z1, ..., 2, 0,...,0)dxy . . . day,

where Dy, = [0, 1]*. Rescaling gives

/Fx/a dw—Z/ (1 —zk) fe(zr/ey. .. 21 /e,0,...,0)day ... dxg. (42)
Dy

Approximating xj by piecewise constant functions Z?Zl(j/n)l[(j_l)/nyj/n] we
get

| (I — o) fu(z1/e, ... 21/e,0,...,0) dey ... dag]
Dy,

n .
J
< | (1—)/ fe(xi/e, ... xk/e,0,...,0)dxy ... dog|
Z: n Dy_1%x[(j—1)/n.j/n]

+|Z/D

(7]1 —a:k> fe(z1/e, ... x/e,0,...,0)dzy ... dxg].

k—1x[(G—=1)/n,j/n]

Each of the integrals in the ﬁrsgvsum of the right-hand side goes to zero ase — 0
for every fixed n by Theorem 6.1. The second sum is bounded above by

1 D
—/ |fk(m1/8,...,xk/s,O,...,O)|dx1...da:k—>—| klE(|fk||Ik)(w)
n Dy, n
as € — 0. Letting n — oo we obtain the result. O

resc
rep| Remark 6.1. Observe that if in ({Z) we replace (1 — xy) by any continuous
function on Dy we still get the convergence to zero with essentially the same

proof.
Theorem 6.2. Let f € L' (:;R?Y) be a formal gradient, Ef = 0, and D =
[0,1]¢. Then

d
1
limsupfs/ |F(z/e,w)|de < - E Z|fl\ w-a.e..
D 2 i=1

e—0

Proof. We shall start with a lemma.

113| Lemma 6.4. Let D = [0,1]%, F be a measurable function on D whose weak
gradient VF = f € L'(D;R?). Then

| @ -Pwldday<; [ Zm )| da.
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Proof. We have
[ r@ - F@)ldsdy
DxD

d
Z/ F(o.o gyt @i, ) = F L Yim1, Y Tiga, - )| dedy
— DxD

d
/D><D

d
Z/ 1—8 |fz ..,yi,1,8,$i+1,...)|dy1...,dyi,1d8d$i+1...d$d

%/Zm )ldz.

..,yi,]_,S,ZL‘iJrl,...)dS da?dy

By Lemma 6.4 for a.c. w
/Ds|F(:c/s,w)|d:cie/D'F(ac/s,w)/DF(y/s,w)dy /DF(y/s,w)dy‘
<e [ IFfew) - Ffsolady+e| F(y/aw)dy’

;i /D fila/e.w)lda + ¢ /D F(y/w)dy\

Applying Wiener’s ergodic theorem and Corollary BT we get the result. O

dr+¢

Theorem 6.3. Let f € LY(Q) be a formal gradient, F be its normalized inte-
gral, and Ef = 0. Then for any bounded set D € B(R?)

hms/ |F(x/e,w)|de =0 w-a.s..

Proof. At first, observe that it is enough to consider the case when D = [0, a?,
a > 0. Rescaling by 1/a we see that without loss of generality we may assume
that D = [0, 1]<.

Step 1. Notice that if f = VF, where F(w) is a bounded function, then
Ef = 0 and, obviously,

lim e sup |F(7,/.w)] =0 and lir%s/ |F (73 /ew)| dx = 0.
[Shad D

e—0 |z|<a

Step 2. We show that for every n > 0 there is a function Fy € L'(Q) with
the integrable gradient fs = VFj such that E (Z?zl |fi — (fé)i|> <.
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Observe that if we choose a mollifier ¢ = —V - g, where g : R — R? is
smooth and has a compact support, then

F(w) = / (f(raw), () de € L}(9),

and

d d
V,F(w) = / > Vifi(raw)g;(z) doe = — / > fi(raw)dig;(x) da
j=1 j=1

-/ i:fi(aw)ajgj(x) do = [ filr)o(e) da.

Let p(]z|) be a non-negative radially symmetric mollifier supported on B(0, 1),
[ p(Jx])dz = 1. For 6 € (0,1) choose

e(x) = ps(z) = ps(|z]) — p1/s(|zl).
It is easy to check that @5 = —V - g5, where

x

||
os(a) =~ | 4 os(o) = puls) s
0
Obviously, g(z) is smooth and g(x) =0 for all |z| > 1/§. Set

Fé(w) = /<f(7-ww)gé(m)> de, fé(w) = VF(;(W) = /f(Ta:w)Spé(‘r) dz. (43)

112
By Lemma k‘TZ for sufficiently small 6 > 0
d
E (Z
i=1

Moreover, by Wiener’s ergodic theorem (see also Remark %gf) and the mean
zero property of f;, i =1,2,....,d,

fi(w) - / fi(raw)ps (2] d

Ve

/fi(fww)m/a(lw\) dx = /B filryys0)p(lyl) dy — 0 as 6 — 0 in L1(Q).

)

Therefore, E (Z?Zl |fi — (f(;)i|> < 7 for sufficiently small 4.

Step 3. Let Fs be as in Step 2. We show that there is a sequence of functions
{F{N}, N =1,2,..., such that |FN (w)| < C(N,6), [VF{| < C(N,9), and

d
E[Z|8jF5—8jF§V] —0 as N — oo.

j=1
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Let Fs be as in (E[%) Define fV(w) by
N (w) = filw) g w)eny, 1 =1,2,....d.

Then |fN (w)| < VAN. Set

d
Y@ = [ 3£ ()gsito) do
=1
Then
i FY (w /Zf Tow);95.4(x) da,

and both F 5N and VEN 5" are bounded. Moreover,

5[ iom o] -2 / Za (i) = £ () g5 a)

|

d
>
d
=) /Z i) = 1 () 303(0) d|
iy
<E ZZ [ 1fi sz<w>||ajg6,i<x>|dx}

5)ZE|fi(w) — fN(w)] = 0as N — oco.

Step 4. Writing F = (F — Fs) + (Fs — F{') + F{, applying Theorem 622 to
F — Fs and Fs5 — FJN7 and using Steps 1, 2, and 3 we see that for every n > 0
and all sufficiently large N

e—0

lim 5/ |F(z/e,w)|dx < n+ lim 5/ |EN(z/e,w)| dz = 1.
D =0 Jp

ergl
This completes the proof of Theorem %% O

A Appendix

11
Proof of Lemma b,? For £ =1,2,... define hf, = hnlgn, <ey- Then 0 < Rt < ¢,
and we can choose a subsequence {n;} such that for each ¢ functions hflj €
L> () converge weakly as j — oo to some h, 0 < h* < £. Notice that

Eht = hmEhf <liminfEh,, < C.

Jj—oo j—oo

Since the sequence {h‘}, £ = 1,2,..., is non-decreasing, we can define h(w) =
limg_. oo h*(w) a.s.. Then limy_, Eh* = Eh.
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Set
aé}’- =Eh! , o' =Eh’, and a =Eh.

mn;?

Then

a§—>alasj—>oo and a° /" aas l — oo,

¢ .
and we can choose a subsequence {/;}, ¢; — oo such that a;/ — a as j — oc.

It is clear that for any slower growing sequence ¢ < £;, £ — oo,

A .
a; —aasj— 00.

We claim that En]. = hf{J and 7(hn;) = hn, — hf{; satisfy conditions (a) and (b).
Indeed, for each ¢ and all j such that ¢; > ¢

/ R, dP = / . hgdP
A ’ :
hnj >/ hnj >l
£ ) 0 £
=a’ — W dP =a'? — | ht dP =a? — dt.
J 5 nj J nj J 7
hai. <1
J

Thus,
lim lim hy, dP = 0.

L—o00 j—00 /}\L”]‘ >0

Also for every € € (0,1)

Eh,,
P(r(hn;) > €) = P(hn; — hfgj >¢e) < P(h,, 2 45) < 7 2 < gg —0asj— o0
J J
11
This completes the proof of Lemma b O

12
The proof of Lemma &FB is based on the following observation.

Lemma A.1. Let h > 0 be a measurable function and 1y > 0 be a nice mollifier
on R? supported on the cube of side a around the origin. Then there is a ¢ > 0,
which depends only on i, such that for any l > 0 and w

W (w) >0 = [{zeR?:|z| <aVd, hw(T(O,z)w) >} > e

12 13
Proof of Lemma b{? assuming Lemma bf.] . For notational convenience we as-
sume that {n;} is the whole sequence: n; = j. We have

hY = (h); +r(hY),

where (i/z;)J = h;‘bl{h;”gzj} are uniformly integrable, ; — oo, and r(h}p) — 0 in
probability. We need to show that the last convergence is locally uniform in z.
Fix R > 0 and € > 0 and suppose that r(h}p)(T(O,z)w) > ¢ for some z in the

ball of radius R around the origin. This, in fact, means that h}b (T(0,z)w) > ;.
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13
From Lemma b&l it follows that h;ﬁ (To,yw) = cf; for y on a set of measure at

least ¢ in the ball |y — x| < aV/d, where a, ¢ depend only on 1. Hence, for a ball
B of radius R + av/d around the origin

/Bh}p(T(o,m)w) dr > (5.

Summarizing the above, we have

P(w: sup r(h?’)(r(o’x)w) >e) <P (w : / h?(T(O’z)w) dx > 02€j>
|lz|<R B

1 |B| C|B| .
¥ ¥
< C2€jE/th (T(0,zyw) dz < ngthj < 20 — 0 as j — oo.

O

Proof of Lemma %1%.1. We have h"(w) = [ h(7( +w)¢(x)dz, where ¢ is a nice
non-negative mollifier, bounded by A and supported on the cube of side a around
the origin. We consider the cube Kj of size b = - such that the cube of side a
can be partitioned into a finite number N¢ of cubes of side b. We have

Nd
Br) S AN 1 (@)
j=1

with {Kg} being suitable translates of K. If h¥(w) > ¢, then for some j

0
/h(T<o,y>w)1Kg () dy > 5

Since 1t is nice and [ ¢(x) dx = 1, it is easy to find ¢ and N such that for any j,
d. )
{z e R o] < avd, ey, () < U0} > o

We now have a lower bound

cl
B (o) = [ blrio )bty = 0)dy > s

provided ¢(y —x) > ¢l (y), or ¥(y) = el . (y)
We have shown that there is a positive constant (call it again ¢) depending

only on ¢ such that, for any £ > 0, if h¥(w) > ¢, then

{z e RY: |z] < aVd, ¥ (10 nw) > cl}| > c.
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