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1. Introduction

Return variance on financial securities is stochastic. thtdeding return variance dynamics is imper-
ative for derivative pricing, risk management, and assetrg in general. Yet, how to model and estimate
variance dynamics remains a challenging task mainly beceaiarn variance is not directly observable as
security prices do. Recent advances in two frontiers of finagreatly enhance the identification of return
variance dynamics and its pricing. One frontier is the dgives market. Researchers show that under very
general settings, return variance swap rate, which egnalsgk-neutral expected value of return variance
over a fixed horizon, can be well approximated by the valuespfeific portfolio of options across different
strikes at the same maturHy.n line with this theoretical development, on SeptemberZB®3, the Chicago
Board of Options Exchange (CBOE) launched a new volatihigex, the VIX, and back-calculated this
index back to 1990. This index approximates the 30-day neeisswap rate on the S&P 500 index (Carr
and Wu (2006)). Thus, the risk-neutral expected value of3thwelay variance becomes an approximately

observable series.

The other frontier is the market microstructure. The insigg availability of high-frequency data spurs
a rapid development of new theories on computing realizeivee from high-frequency returns. If the
true price of a security can be sampled frequently, the suthefsquared returns over a sample period
converges in the limit to the return quadratic variationtf@t period. More recently, researchers realize that
microstructure noises can bias the estimate of return qtiadrariation. They propose various methods to

account for the microstructure effegts.

Variance swap rates constructed from options and quadstiation estimators constructed from high-
frequency returns make the return variance an almost cddsiergjuantity, up to a risk-neutral projection
in the former and up to a random-jump related error term inléter. Directly using these series can
make inferences on variance dynamics more accurate andeles® on the underlying return dynamics
specification. In this paper, | exploit the recent advanadmth frontiers and estimate the variance dynamics

and variance risk premium on S&P 500 index from a joint analgsover 15 years of daily time series on the

1Theoretical works on the replication of variance swap amifr include Carr and Madan (1998), Demeterfi, Derman, Kamal
and Zou (1999), Britten-Jones and Neuberger (2000), Jiadd&n (2005), and Carr and Wu (2009).

2Examples include Andreou and Ghysels (2002), Ait-Sahiikland, and Zhang (2005), Andersen, Bollerslev, and Mésild
(2005), Oomen (2005), Zhang, Mykland, and Ait-Sahali®@&0Bandi and Russell (2006), Hansen and Lunde (2006),d8aifh
Nielsen, Hansen, Lunde, and Shephard (2008), and Podatskiyetter (2009).



VIX index and several quadratic variation estimators careseéd from tick data on S&P 500 index futures.

Starting with a stochastically time-changed Lévy prodesshe S&P 500 index return, this paper uses
the stochastic time change to capture the index returnn@idynamics. By specifying the time change via
the instantaneous variance rate, the paper identifies tlenea rate dynamics using the variance swap rate
and the quadratic variation estimators, without ever $piag, and hence without jointly testing, the Lévy

process that defines the return innovations.

This paper analyzes the variance rate dynamics and pricittgnwthe flexible affine framework of
Filipovi€ (2001). Within this framework, the paper estims several variance dynamics specifications.
Estimation shows that the variance rate jumps. The jumparrate is not constant over time, but is
proportional to the variance level. Jumps in the varianeeat rare events but arrive frequently. Estimation
also identifies a strongly negative variance risk premium, a&bsolute magnitude of which is proportional

to the variance level.

Combining realized variance estimators with variance svedgs, this paper provides insights on the
discontinuous movements of the variance rate dynamicsaasders questions on whether the variance
jump intensity is proportional to the variance rate level arhether the variance jumps arrive frequently or
they are rare events. These questions have not been affgcildressed in the option pricing literature due
to identification issues (e.g., Eraker (2004)), nor in thedired variance literature due to the nonparametric

nature of the proposed tests (e.g., Barndorff-Nielsen dmapsard (2004)).

In other related works, Jones (2003) studies the varianoardics using daily series on index returns
and CBOE’s old volatility index VXO. Chernov (2007) analgzte link between high-low range volatility
estimators and the VXO. In this paper, | use tick data to canstealized variance estimators, which contain
much less noise than estimators from daily returns or highdata. Furthermore, | use the new VIX index
instead of the old VXO, because the new VIX index directlyragpnates the variance swap rate under very
general settings but CBOE's construction of the old VXO Iaes an erroneous day-counting conversion
that biases the estimate upward (Carr and Wu (2006)). Alateckis a working paper by Bollerslev, Gibson,

and Zhou (2004), who construct a risk aversion index usiatized variance and the new VIX.

The rest of the paper is structured as follows. The next@eastablishes the theory that underlies



our variance dynamics estimation. Sectidn 3 describes dkee ahd the estimation procedure. Seclibn 4

discusses the estimation results. Sedtion 5 concludes.

2. Theory

Let (Q, F, (% )i>0,P) represent a stochastic basis, wittbeing the physical measure that governs the

time series dynamics of the S&P 500 index returns,

T
NSt /S = /t 8sds+ L, . (1)

where®; denotes the instantaneous drift of the index retuyrgenotes a standardized Lévy process with
its variance normalized ty and 7 1} denotes a continuous and differentiable stochastic tinaagh that

captures the randomness in theegrated variancever horizon[t, T],

]
Tir = [ v-(9ds )

wherev(t) denotes thénstantaneous variance rate

The objective of this paper is to estimate the instantaneausnce rate dynamicgt) without ever
specifying the return drift proced$ or the return innovation (the standardized Lévy proda3s The
estimation is based on observations on two quantities. Téteidithe volatility index VIX squared, which
approximates the 30-day variance swap rate on the S&P 5@X iadd hence the expected value of the
30-day quadratic variatiorQV) under a risk-neutral measut®

1 1
VIXG, = HEtQ [QVittn] = HEQ {‘Zﬁ%rh]} , h=30/365 (3)

where the second equality replaces the quadratic variatitmits risk-neutral expected value over random
jumps, i.e., the risk-neutral integrated variarﬂ;%h]. The first equality is an approximation. Carr and Wu
(2009) show that approximation errors can arise from discsikes and discontinuous movements in the
S&P 500 index. Nevertheless, under commonly used modelseambnable model parameters, they use

numerical analysis to show that the approximation erramnfboth sources are small. In this paper, | treat



the approximation errors as negligible and infer the vararate from the VIX squared under affine model

specifications.

The second quantity is an estimator on tledly quadratic variation QV 5, with & = 1/365 denoting
the length of one day. The quadratic variation is defined adithit in probability of the sum of return

squared as the sampling interval approaches zero,

(5/4]

Qe =Jim, 5 (nSja/Si-2a)” (4)
=

where[d/A] denotes the number of observations in a day given sampliegval A. Since the integrated

variance represents an expectation of the quadratic iariaver the random jump realization, we can write,

QVitt+s) = L5+ €terg)s (5)

where the zero-mean error tergg, ., 5 is induced by the random jumps in the index return. In paiticu
lar, if we let i (dx) denote the counting measure of jumps in the index return eind (dx) denote the

corresponding compensator, which measures the arriwabfgimps of size, the error term becomes

t+6
cuss = [ [ (held —vi(c9)ds ©

whereRR? denotes the real line excluding zero.

Given daily quadratic variation estimato@A\(t) from high-frequency return data, we can rewrite equa-

tion (B) as
QV; =wdd+a, (7)

where | approximate the integral o (5) by assuming constanéance rate within a daywith 6 denoting the
length of one day. In this approximation, | include an addi#il scaling coefficienp to further adjust scale
mismatches between the quadratic variation estimatordtendnnualized variance rate derived from the

variance swap rate from equatidd (3). The mismatches cae é@mm a number of sources. For example,



the quadratic variation estimators are computed basectbméta on index futures during the day trading
session from 9:30am to 3:15pm Chicago time. Thus, the e&imndo not capture after-hour trading activ-
ities and overnight information flows that can move the infléxres. Further, the instantaneous variance
rate derived from the variance swap rate can differ from #iréance rate level under the statistical measure

if the index level jumps and the jump risk is priced.

The error terng in equation[(V) can come either from the random return jurapza&tions as defined in
(€), or from noises originated in the particular quadratdation estimator (Meddahi (2003)). | assume an

AR(1) dynamics for the error term to accommodate potentishtdependence,

&+1= P& + €y, (8)

where the daily time step is normalized to one for notatiatelity ande denotes an iid zero-mean random
error term. A non-zero autocorrelatia can be induced by persistence of the return jump arrivakrate

and/or microstructure noises in the quadratic variatidimesgor.

The distribution ofe depends on both the jump structure as definedlin (6) and tkébdifon of the
random noise in the quadratic variation estimator. If we enthle simplifying assumption thatis normally
distributed with varianc¥,, we can write the daily log likelihood contribution from tiqeadratic variation

estimator as,

I(@-1/8) = —3 [In(21) +1n (Vo) + (82— )2 Vo] (©)

When the distribution of deviates from the normal assumptidn, (9) represents a gahgi-likelihood
for inferences on the conditional mean of the quadratieredtr,v;d¢. In particular, the inferences afdd
do not depend on the distribution ®hor on its varianc#/, and standard likelihood ratio tests are equally
applicable to the quasi-likelihood (McCullagh and Neld&9&3), pp.168-172). In estimating a constant
variance from a noisy quadratic variation estimator, @dtalia, Mykland, and Zhang (2005) show that
even if the noise distribution is misspecified, the variagsttmator obtained by maximizing the misspecified
log-likelihood function remains consistent and the asytiptvariance of the estimator is the same as that
from the true likelihood. Xiu (2009) further shows that irethresence of stochastic volatility and market

microstructure noise, the integrated variance estimaorains consistent, efficient, and robust as a quasi-



maximum likelihood estimator under the misspecified assiomp. Hence, inferences on the variance rate
dynamics remain valid whether equatidh (9) is regardedasgttie log likelihood or quasi-likelihood on the

guadratic variation estimator.

2.1. Affine variance rate dynamics and variance swap pricing

To derive the likelihood on the instantaneous variance fatensider a general one-factor affine speci-

fication (Filipovi€ (2001)), under which the variance ratgoverned by the stochastic differential equation,

dv = (a—Kw) dt+ /owdW + /u%+ X[H(dX) — (ve(dX) +wvp(dx))] dt, (10)

wherea,w,k are all positive constant®] denotes the positive half line excluding zero, arddx) and

vp (dx) denote two nonnegative Borel measures that define the larsiteaof jumps in the variance rate,
with v¢(dx) describing a jump component with a constant arrival rate\gyidx) describing a jump com-
ponent with the arrival rate proportional to the variande tavel. The two Borel measures must satisfy the

following condition:

/]R+ (X1ye1) Ve (X) dX+ /}R3 (¥1yc1) Vp (X) dX < o0. (11)

0

where L., is an indicator function that is valued at one whes 1 and zero otherwise.

To obtain the conditional likelihood on the variance ratstalrt with the characteristic function,
@ (1) =Ec[€™3], uCR, (12)

whered refers to the daily time interval. The affine dynamics in egua(10) dictates that the characteristic

function is exponential affine in,

@ (U) = exp(—b(d)w —c(3)), (13)



where the coefficientfb(8),c(d)] solve the following ordinary differential equations:

W(E) = —Kkb(®) - sub(®P+ [ (1 b(B) (xier)) vp(dX).
2 R}
d(5) = ab(d)+ (l—e’Xb(5)> Ve (dx) (14)
Rg
with the initial boundary conditionsc(0) = 0 andb(0) = —iu. The ordinary differential equations can be

solved using standard numerical methods. Given the cleaistat function, the conditional density of, 5

conditional on the observation can be computed via fast Fourier inversion.

To infer the variance rate from the variance swap rate aaugrb equation[(3), | further specify an

analogous variance rate dynamics under the risk-neutratuneQ,

dt = (&— Rw) dt + /v dW + /R X[H(AX) — (Te(dX) + T p(d)] . (15)

where the tildes o, K,V¢, andv, denote their corresponding quantities under meaSui@iven the affine

Q-dynamics, we can write the variance swap rate as an affiridumof the instantaneous variance vgte,

1

s~ £E8[ v (9)ds] ~bit et (16)

where the coefficientfb (h),c(h)] are given by,

1—e*h EY 1—eKh
b(h)_ﬁa C(h)_iZ_J (er ; 17)

with &; andk; being the jump-adjusted risk-neutral drift coefficierys= kK — 7Y (0) anday = a— 7yc(0),
wherey/yi (0) andsyp (0) denote the gradients of the characteristic exponents (@ andv,, (x), respec-
tively, evaluated at zero. The variance swap rate depengsoarthe risk-neutral drift specification of the

variance rate, but not on the innovation specification. ldene leaves;(dx) andv(dx) unspecified.

3See Egloff, Leippold, and Wu (2009) for the derivation ofimace swap pricing under general affine specifications.



2.2. Variance rate jump specification

The coefficients on the characteristic function of the intstaeous variance rate in_{14) depend on the
specification of the Boreal measures for the two jump compnerhe contributions of the jump compo-

nents are related to their respective characteristic exusiy;(u), defined as

Pj(u) E/R+ (1€ +iu(xleat)) Vi (dX), j=c,p, (18)

where the term with the truncation functi¢xil-1 ) is needed for infinite variation jump components so that

the integral is well defined (Bertoin (1996)).

In this paper, | consider a general class of jump specifioafiwith the jump arrival rate controlled by

an exponentially dampened power law:
Ve (dX) = Acg iex % ldx v (dx) = )\pe*%x‘“p‘ldx Oc<1,ap<2 (19)

Intuitively, the proportional coefficients\{,Ap) control the overall arrival rate, the exponential scalig
efficients {,Vvp) control the arrival of large jumps, and the power coeffitseo., ap) control the arrival of
small jumps. Depending on the value of the power coeffigietiie jump process shows different behaviors.

| consider three values far, at —1, 0, and 1, respectively.

Whena; = —1 for j = c, p, the power component i (19) disappears. The jump strugienerates a
finite number of jumps within any finite time interval, withetimean jump arrival rate given b’ vj (dx) =
Ajvj. The characteristic exponent is given by

iU V2
—IUA;jVj

v, (u):A,-/Om (1- ™) e “dx= (20)

1—iuvj’
The jump-adjusted drift terms becorag= a-+AcvZ andky = K+ Apva,

Whena; = 0 for j = c,p, the sample path exhibits infinite activity but finite vaiesat The jump
structure generates an infinite number of jumps within angefitime interval. The integral of the Borel

measurevj (dx) is no longer finite, but the integraly’ (x1x<1)V;(dX) < = is finite. The characteristic



exponent is
tp,-(u):)\j/o (1—eiux)e7%x‘1dx:)\jIn(l—iuvj). (21)

The jump-adjusted drift terms becorag= a+ Acve andky = K +ApVp.

Whena, = 1, the sample paths of the jump show infinite variation, wfjh (x1x<1)v; (dx) no longer
finite. The sample paths retains finite quadratic variat®ifya (x21x<1) Vv (dX) < . Hence, it can only be

used to modeV, (dx) . The characteristic exponent is (Wu (2006)),
Pp (u) = )\p/ (1— € +iu(xl)) e wx 2dx= —Ap(1/vp—iu)In(1—iuvp) —iuNp(14 E(1/vp)),
0

whereZ(x) denotes the exponential integral functiob(x) = [,"e 2z 1dz The jump-adjusted drift term

becomex; =K+ ApE(1/Vp).

3. Data and estimation

The estimation involves two sets of data. The firstis CBOEi® NIX series constructed from European
options on S&P 500 index. The VIX squared approximates thda&80variance swap rate on the S&P 500
index. The daily closing time series of VIX can be downloadtedn the CBOE website. The sample used

for estimation is daily from January 2, 1990 to December D42 a total of 3,787 observations.

The second set of data are quadratic variation estimatatsl ttonstruct from tick data on S&P 500
index futures. The data are purchased from Tick Data, Incthi® matching sample period. The tick data
cover the day session from 9:30 am to 3:15 pm Chicago timemFRne tick data, | construct three daily
guadratic variation estimators. The first is tlagv return realized variancéRRRV), which is constructed

by simply summing the squared returns,
< 2
RRRY= 2 re, (22)
& N

wherer j denotes the futures return at dagnd thejth second andh denotes the number of seconds in day

t. The tick data are expanded to second-by-second equitdistarvals to obtain second by second returns.
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When more than one observations are available within a seicoerval, the last one is used. When there
are no transactions, the previously available price isedmwver. In the latter case, the second-by-second
return is zero. The raw variance estimators are used in eanlys, e.g., Andersen, Bollerslev, Diebold, and
Ebens (2001) and Andersen, Bollerslev, Diebold, and Lab§63). To avoid the impact of microstructure

noise, these authors often choose a lower sampling freguenc

The second estimator is the autoregressive bias correzdidad variance (ACRV) proposed by Hansen

and Lunde (2006):

m q m m—h q m m—h
ACRV=S 12 +2Y — Zi reiftich=RRRY+2Sy —— Zl Mt,iftith (23)
,Zl ! h;m_hi: h;m_hi:

The third estimator is the two-scale realized varianceregtr (TSRV) proposed by Zhang, Mykland, and
Ait-Sahalia (2005), which involves calculating the reali variance at two sampling frequencies. Let
RRRV denote the raw return realized variance estimated at tHeesigrequency of the available data,
which is second by second in this paper, andRBRY denote the raw return realized variance based on
data sampled eveny seconds. By starting at different points, one can compud#éferent estimators for
RRRY based om different subsamples. LRRRV denote the average of tiggsubsampl&RRRY estima-
tors. The two-scale estimator combines the average sulsasgimators with the raw return estimator at

the highest frequency to cancel out the effect of microstinecnoise,

TSRy = (W - %RRRV) / (1— %) : (24)

Based on a comparison of the sample mean and the sampleceanfithe ACRV estimators at different
window sizes and the TSRV estimators at different seconkschchoosea) = 50 seconds as the window
size for the ACRYV estimator amgl= 50 seconds as the subscale for the TSRV estimator when tbesad

in the variance rate dynamics estimation.

The variance rate dynamics are estimated with (quasi-)ymaxi likelihood method based on the time
series of VIX and one of the three quadratic variation editmsa The estimation proceeds as follows. First,
given model parameters, the instantaneous variancewats, inferred from the observation on the VIX

according to the following affine relation,

VIX2 = b(h)v 4 ¢(h), (25)
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whereh = 30/365 denotes the 30-day maturity of the variance swap rat¢hencbefficientgb(h),c(h)] are
functions of the risk-neutral drift paramete(&, K;) of the variance rate, as given In{17). Second, given
the extracted time series on the instantaneous varianegwathe daily likelihood function fom, 1 con-
ditional onw, I (v+1[w), can be computed by applying fast Fourier transform on tlaeadteristic function

in equation[(IB). Third, given the instantaneous variaatew, the error term in the quadratic variation
estimatorg, is derived from equatio (7). The daily (quasi-)likeliltbfunction on the error terni(e . 1|&),

is constructed according to equatih (9). Finally, the nhpdeameters@, are estimated by maximizing the

sum of daily likelihood functions o ande:

N-1
©=argmins(0), with £(0)= 3 () I(@ila), (26)
t=

whereN = 3,787 denotes the number of business days in the 15-year saemibe.

With each quadratic variation estimator, | estimate eightlets that differ in the jump specifications.
Among the eight models, two models assume constant jumpabrates ¥,(dx) = 0) with the power
coefficientso, = —1 and 0, respectively; three models assume proportiongh pmival rates {(dx) = 0)
withap = —1, 0, and 1, respectively; and three nesting models thatdedboth a constant and a proportional
jump model, withac = ap = —1,a. = ap =0, andoc = —1,0a, = 1, respectively. For each model, | repeat

the estimation three times, each time using a different iqi@dvariation estimator.

4. Return variance dynamicsand pricing

Tabled 1 td B report the parameter estimatedtatistics, and the maximized likelihood values for the
eight model specifications and the three quadratic vana&gimators. Each table summarizes the results

on one quadratic variation estimator.

4.1. Return variance jumps, with the arrival rate proponad to the variance rate level

Under each jump type specification)(and for each quadratic variation estimator, | estimate deho
with only constant jump arrivals and a model with jump arriedes proportional to the instantaneous vari-

ance rate. In all scenarios, the maximized likelihood v&hlre larger for the proportional jump specification
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than for the constant jump specification, suggesting tleptbportional jump arrival specification captures

the index return variance dynamics better.

To measure the statistical significance of the performaiftezehce, | construct a likelihood ratio test for
non-nested models according to Vuong (1988); = VN =1, /0|, wherep, andao;, denote the sample
mean and standard deviation of the daily likelihood ratiesveen the two models andc, with p denoting
the model with proportional jumps ammthe model with constant jumps. Under the null hypothesisttie
two models are identical in performance, the stati¢tig has a standard normal distribution asymptotically.
Table[4 reports the estimates @y under two different jump type specifications £ —1,0) and three
different quadratic variation estimators (RRRV, ACRYV, arRV). In calculating the statistics, the standard
deviation estimator is adjusted for serial dependencerdompto Newey and West (1987), with the number
of lags optimally chosen according to Andrews (1991) basedroAR(1) specification on the series. The
estimates for the statistics are large and positive in ahados, suggesting that the proportional jump

specification significantly outperforms the constant jurpecsication.

The paper also estimates models that allow both componeitisthe same jump type for both compo-
nents:a¢ = 0p = —1 anda¢ = ap = 0. When the proportional jump exhibits infinite variatiortvx, = 1,
the finite activity jump ¢;. = —1) is used for the constant jump component, since the sanapies pf the
constant jump component must show finite variation. To tdsther a constant jump component is still
needed when there exists a proportional jump componenifdnpe a standard likelihood ratio test between
the nesting model with both jump components and the correlipg restricted version with only the pro-
portional jump component, R ,, = 2(Lp — Lp), where the subscrifit denotes a model with both constant
and proportional jump components apdenotes the corresponding model with only the proportipmalp
component. The statistic R ,, has a chi-square distribution with two degrees of freedamesthe nesting
model has two additional free parameters. Table 5 repagtbkilihood ratio estimates and the correspond-
ing p-values in parentheses. The test statistics suggest tastant jump component is needed in addition
to the proportional jump component when the chosen jumpifspeteon shows finite activity ¢, = —1).
The need becomes marginal when the jump specification smfiwie activity but finite variationd, = 0).
Finally, when an infinite variation jump specification is ska ¢ = 1) for the proportional jump com-

ponent, a constant jump component is no longer necessattye asodel with a purely proportional jump



13

component can no longer be rejected.

Also indicative are thé-statistics of the parameter estimates on the two jump coews. In all scenar-
ios, the estimates for the two parameters that govern thgopional jump component,vp) are highly
significant. The estimates for the constant jump paraméterg) are also statistically significant when pro-
portional jumps are not allowed. However, once a propoalfigmmp component is allowed, the estimates
for the constant jump parameters become insignificant. Goatpwith the chi-square tests, the power of
thet-tests seem lower. Nevertheless, the results from the tpastypf tests are largely consistent with each
other. Asay increases from-1 to 0 and then to 1, thevalues on the constant jump parametevs \()

become smaller, so are tipevalues from the chi-square tests.

Taken together, the estimation results show that the indaxm variance rate jumps, and the jump
arrival rate is not constant over time, but is proportiomathe instantaneous variance rate level. Once a
proportional jump component is incorporated, it is largeynecessary to include another jump component

with constant arrival rates.

4.2. Variance jumps arrive frequently

For a proportional jump component, the behavior of the sampths of the jump component is deter-
mined by the power coefficient, in the Borel measure,(dx). The sample paths exhibit finite activity, and
generate a finite number of jumps within any finite intervakewhhe coefficienti, < 0. The sample paths

show infinite activity but finite variation when€ a, < 1 and infinite variation when £ a < 2.

The estimation results in Tablek 1[fo 3 show that in all casesrtaximized likelihood values increase
monotonically as the power coefficient, increases from-1 to 0 and then to 1, suggesting that high-
frequency jumps are better suited to capture the discamtmigomponent of the variance dynamics. To test
the statistically significance of the jump differences, pper resorts to Vuong (1989)’s likelihood ratio test
statistic for nonnested model/,, and construct the test between the infinite-variation jspecification
(ap = 1) and the other two jump specifications £ —1 and 0, respectively). Given the conclusion from
the previous subsection, the test is conducted on the magiglnly proportional jumps. The estimates

for the statistics are reported in Table 6. The statistiesadirpositive, but the magnitudes are moderate at
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around one, thus only showing marginal significance at at@®Ghpercent confidence level for one-sided
tests and 60 percent level for two-sided tests. Overallegtienation provides weak evidence that jumps in

the variance rate dynamics arrive frequently.

4.3. Variance risk premia are negative, with the magnitudmprtional to the variance level

Using data from both the options market and high-frequeertyrns, the estimation identifies the drift
parameters under both the statistical measure and thaeigkal measure. The differences between the two
sets of parameters determine the variance risk premiumcadingtant portion of the variance risk premium

is CRP= a; — &;. The proportional portion of the variance risk premiunPRP= Kj — K3.

Tabled 1 to[ B also report the two risk premium components lgidttstatistics corresponding to each
set of parameter estimates. The estimates for the conssknpremium component (CRP) are positive,
but small and mostly insignificant. In contrast, the estamsdbr the proportional risk premium component
(PRP) are negative, large in absolute magnitude, and hgighificant. The strongly negative risk premium
that is proportional to the variance rate level can come faomegative and proportional market price of the
diffusion risk or from a negative market price on the projworal jump risk, or both. The negative sign of
the risk premium is in line with the empirical findings in Baksind Kapadia (2003), Bollerslev, Gibson,

and Zhou (2004), and Carr and Wu (2009).

Compared to the literature, the estimates for the stadistiman reversion speadare two-three times
larger in this paper. By directly inverting the VIX squaremldbtain the variance ratgt), the potential
measurement errors in the VIX index are directly carriedr dwethe variance rate series. These transient
measurement errors, together with the daily estimatioquieacy, can potentially reduce the estimated per-
sistence of the variance rate dynamics. A direction forreit@search is to incorporate variance swap rates
across several different maturities to reduce the impathe@fmeasurement errors (Egloff, Leippold, and

Wu (2009)).
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5. Conclusion

This paper studies the S&P 500 index return variance dyrsaarid variance risk premium using infor-
mation from both the options market and high-frequencyrnstu Estimation shows that the index return
variance rate jumps, and that the jump arrival rate is nostzon over time, but is proportional to the vari-
ance level. Jumps in the variance rate dynamics are not vardgse but arrive frequently. Estimation also
identifies a strongly negative variance risk premium, theollie magnitude of which is proportional to the

instantaneous variance rate level.

Option pricing and market microstructure represent twatfess in finance that are experiencing rapid
development in terms of both industry expansions and aciadadvancement. This article represents a
nascent effort in bringing these two frontiers together. e@irection for future research is to lever the
recent development in the two frontiers to study the dynanteractions of return variance and variance

risk premiums on a large cross section of stocks and stoekexd
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Model parameter estimates on variance dynamics using RRERviaors.

C) Oc=0p=-1 Oc=0ap=0 Oc=-LLop=1
£ 0.2094 0.2094 0.2093 0.2095 0.2090 0.2092 0.2089 0.2099
(24.29) (227.01) (97.55) (31.71) (146.55) (149.15) (1223 (8.69)
Ky 0.0038 0.0038 0.0036 0.0010 0.0010 0.0010 0.0003 0.0003
(0.08) (0.49) (0.01) (0.00) (0.44) (0.01) (0.00) (0.00)
a 0.1893 0.2509 0.2666 0.1621 0.2572 0.2700 0.2767 0.3021
(6.66) (9.32) (10.20) (5.39) (9.38) (6.51) (10.32) (0.00)
K 12,7990 26.7110  29.5967 12,1606  27.6823  33.5412 10.3803.664%
(13.41) (14.71) (14.35) (12.59) (13.69) (12.39) (10.52) .560
(& 0.1920 0.1435 0.1330 0.1922 0.1462 0.1355 0.1286 0.1223
(36.24) (26.43) (21.87) (33.27) (26.42) (23.30) (19.10) 9.09)
Ac 254.1445 — 23.2130 9.2714 — 0.2040 — 95.5480
(7.39) — (1.35) (5.36) — (0.01) — (0.56)
Ve 0.0133 — 0.0667 0.0313 — 0.0028 — 0.0000
(7.24) — (1.60) (5.63) — (0.01) — (0.08)
Ap — 19.5190 21.8630 — 59.8609 100.1524 8.1537 9.0945
— (11.40) (11.33) — (5.67) (5.32) (8.90) (8.60)
Vp — 0.1552 0.1346 — 0.3482 0.2574 1.1049 0.9557
— (13.89) (11.81) — (8.32) (9.86) (5.32) (5.79)
(09 0.4606 0.4603 0.4596 0.4603 0.4605 0.4591 0.4596 0.4610
(112.25) (111.99) (118.43) (116.46) (112.09) (111.39) +A.a&) (113.71)
Ve 8.0118 8.0122 8.0158 8.0360 8.0111 8.0189 8.0170 8.0439
(237.93) (238.78) (242.09) (240.14) (238.73) (238.49) 1X188) (229.68)
(0 1.1752 1.1751 1.1748 1.1734 1.1750 1.1746 1.1746 1.1734
(96.13) (96.12) (51.97) (56.26) (96.52) (59.10) (60.20) 169)
CRP  0.0252 0.0415 0.1605 0.2431 0.0482 0.0614 0.0678 0.0922
(0.67) (150) (1.30) (5.01) (1.70) (2.04) (2.45) (0.00)
PRP -12.7953 -27.1776 -29.9895 -12.1596 -48.5229 -59.3227 488D -97.5111
(-13.43) (-15.00) (-14.43) (-11.47) (-13.00) (-11.11) 1482) (-89.55)
L/N  0.2677 0.2961 0.2986 0.2668 0.2970 0.2976 0.2988 0.2989

Notes: Entries report the estimates of the structural perars and theit-statistics (in parentheses) that
govern the S&P 500 index return variance rate dynamics atdmiemium. CRP and PRP denote the
constant and proportional portion of the variance risk puam computed from the parameter estimates.
The last row reports the average of the maximized dailyilioeld value. Estimation is based on daily data
on the VIX and daily raw return realized variance (RRRV)mstiors constructed using second-by-second
returns on S&P 500 index futures. The sample is from Januatp20, to December 31, 2004, a total of

3,787 observation for each series.
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O] Oc=0p=-1 Oc=0ap=0 Oc=-LLoap=1
ag 0.2094 0.2094 0.2093 0.2095 0.2090 0.2092 0.2089 0.2099
(24.62) (242.65) (90.49) (34.01) (147.42) (120.23) (188.9 (8.52)
KJ 0.0038 0.0038 0.0036 0.0010 0.0010 0.0010 0.0003 0.0003
(0.12) (0.16) (0.01) (0.00) (0.09) (0.00) (0.01) (0.00)
a 0.1891 0.2520 0.2664 0.1620 0.2571 0.2700 0.2770 0.3026
(6.66) (9.34) (10.18) (5.37) (9.38) (5.94) (10.25) (0.02)
K 12.7829 26.7474  29.5598 12.1603 27.7475  33.5550 10.3992.66 %
(13.35) (14.73) (14.35) (12.60) (13.70) (13.46) (10.55) .20
w 0.1921 0.1436 0.1331 0.1922 0.1459 0.1355 0.1283 0.1212
(36.25) (26.73) (21.90) (32.74) (26.24) (20.71) (20.09) 8(11)
Ac 253.4256 — 23.2460 9.2730 — 0.2040 — 95.5514
(7.57) — (1.35) (5.67) — (0.01) — (5.30)
Ve 0.0133 — 0.0668 0.0313 — 0.0028 — 0.0000
(7.37) — (1.62) (6.30) — (0.04) — (0.09)
Ap — 19.5117 21.8341 — 60.1537 100.1863 8.1719 9.2324
— (11.41) (11.32) — (5.70) (5.79) (9.14) (8.42)
Vp — 0.1555 0.1348 — 0.3480 0.2573 1.1036 0.9404
— (14.16) (12.00) — (8.48) (10.23) (5.66) (6.33)
(N 0.3546 0.3544 0.3547 0.3552 0.3543 0.3543 0.3548 0.3535
(90.96) (90.85) (91.56) (92.15) (90.83) (90.68) (92.00) 038)
Ve 6.5667 6.5734 6.5732 6.5667 6.5722 6.5846 6.5745 6.5840
(282.15) (283.23) (283.96) (285.22) (283.09) (282.42) 8588) (267.37)
¢ 0.9259 0.9254 0.9255 0.9263 0.9254 0.9272 0.9249 0.9268
(92.75) (95.92) (51.80) (52.80) (95.14) (52.46) (52.15) 089)
CRP 0.0245 0.0427 0.1609 0.2431 0.0482 0.0613 0.0681 0.0928
(0.66) (1.54) (1.34) (5.09) (1.70) (2.12) (2.44) (0.01)
PRP -12.7792 -27.2152 -29.9530 -12.1593 -48.6785 -59.3315 .5@PB -97.4908
(-13.39) (-15.04) (-14.38) (-11.97) (-13.00) (-12.29) 1498) (-87.00)
L/N  0.3679 0.3963 0.3988 0.3670 0.3972 0.3977 0.3989 0.3991

Notes: Entries report the estimates of the structural perars and theit-statistics (in parentheses) that
govern the S&P 500 index return variance rate dynamics atdmiemium. CRP and PRP denote the
constant and proportional portion of the variance risk puam computed from the parameter estimates.
The last row reports the average of the maximized daily ililoeld value. Estimation is based on daily
data on the VIX and daily ACRV estimators constructed usempad-by-second returns on S&P 500 index
futures. The sample is from January 2, 1990 to December 34, 20total of 3,787 observation for each

series.
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Table 3
Model parameter estimates on variance dynamics using TSRviaors.

O] Oc=0p=-1 Oc=0ap=0 Oc=-LLoap=1
ag 0.2094 0.2094 0.2093 0.2095 0.2090 0.2092 0.2089 0.2099
(25.29) (212.34) (79.61) (36.14) (146.70) (95.92) (104.43(8.82)
KJ 0.0038 0.0038 0.0036 0.0010 0.0010 0.0010 0.0003 0.0003
(0.04) (0.43) (0.01) (0.01) (0.24) (0.00) (0.00) (0.01)
a 0.1898 0.2462 0.2673 0.1625 0.2581 0.2702 0.2767 0.2945
(6.60) (9.10) (10.22) (5.37) (9.38) (5.30) (10.24) (0.00)
K 12.8925 26.6643 29.6984 12.1595 27.3224  33.5572 10.2673.6665
(13.41) (14.58) (14.35) (12.60) (13.52) (13.38) (10.37) .830
w 0.1921 0.1436 0.1329 0.1923 0.1473 0.1355 0.1297 0.1245
(36.34) (26.41) (21.78) (31.86) (26.51) (21.20) (20.70) 7.3%)
Ac 256.8047 — 23.1298 9.2626 — 0.2040 — 95.5505
(7.42) — (1.35) (5.60) — (0.01) — (0.83)
Ve 0.0135 — 0.0663 0.0314 — 0.0028 — 0.0000
(7.27) — (1.62) (5.88) — (0.01) — (0.07)
Ap — 19.5483 21.9395 — 58.8775 100.2270 8.0606 8.9471
— (11.37) (11.32) — (5.62) (5.86) (8.56) (8.20)
Vp — 0.1544 0.1342 — 0.3473 0.2572 1.1063 0.9468
— (14.01) (11.96) — (8.37) (10.20) (4.99) (5.54)
(N 0.4093 0.4052 0.4055 0.4108 0.4049 0.4062 0.4088 0.4060
(96.91) (95.56) (98.64) (99.80) (95.35) (95.88) (99.11) 6.09)
Ve 5.8441 5.8365 5.8374 5.8428 5.8422 5.8360 5.8235 5.8282
(237.47) (238.65) (240.77) (240.19) (238.26) (238.55) X.@8) (227.95)
¢ 0.9574 0.9574 0.9573 0.9577 0.9563 0.9573 0.9618 0.9582
(100.25) (101.85) (52.87) (52.74) (101.34) (57.54) (6%.23(51.62)
CRP 0.0274 0.0368 0.1596 0.2437 0.0491 0.0616 0.0678 0.0847
(0.72) (1.32) (1.35) (4.95) (1.72) (2.19) (2.41) (0.00)
PRP -12.8887 -27.1267 -30.0900 -12.1585 -47.7679 -59.3379 .35 -97.4543
(-13.38) (-14.86) (-14.32) (-12.44) (-12.83) (-12.24) 128) (-12.51)
L/N 0.4280 0.4564 0.4589 0.4271 0.4572 0.4579 0.4590 0.4592

Notes: Entries report the estimates of the structural perars and theit-statistics (in parentheses) that
govern the S&P 500 index return variance rate dynamics atdmiemium. CRP and PRP denote the
constant and proportional portion of the variance risk puam computed from the parameter estimates.
The last row reports the average of the maximized daily ililoeld value. Estimation is based on daily
data on the VIX and daily TSRV estimators constructed usewpsd-by-second returns on S&P 500 index
futures. The sample is from January 2, 1990 to December 34, 20total of 3,787 observation for each
series.
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Table4
Likelihood ratio tests for the outperformance of proparéibjumps over constant jumps.

QV estimator§Jump types Oc=0p=-1 Oc=0p=0
RRRV 7.27 7.37
ACRV 7.22 7.34
TSRV 7.29 7.50

Notes: Entries report the likelihood ratio test statistigg for non-nested models on the statistical signifi-
cance of difference in performance between models withgtagmal jump arrivals and their corresponding
models with constant jump arrivals. A statistic greatentthha@7 suggests that the proportional jump speci-
fication significantly outperforms the constant jump speatfon under the 95 percent confidence interval.

Table5
Likelihood ratio tests for the need of a constant jump congmbn

QV estimator§Jump types ap=-1 ap=0 ap=1

RRRV 18.58 (0.0001) 442 (0.1097) 1.25 (0.5354)
ACRV 18.54 (0.0001) 433 (0.1145) 1.05 (0.5928)
TSRV 18.79 (0.0001) 484 (0.0888) 1.69 (0.4295)

Notes: Entries report the standard likelihood ratio teatistics LR ,, between the nesting models that
include both a constant and a proportion jump componentteddrresponding restricted models that only
have the proportional jump component. The statistics haski-aquare distribution with two degrees of
freedom. The numbers in the parentheses repontveues of each corresponding statistic.

Table 6
Likelihood ratio tests for the outperformance of infinitaration over finite-variation jumps.

QV estimator§Jump types Op=1v.op=-1 Op=1v.ap=0
RRRV 1.00 1.01
ACRV 1.01 1.00
TSRV 0.99 0.97

Notes: Entries report the likelihood ratio test statistids for non-nested models on the statistical sig-
nificance of difference in performance between infinite atgoh jump type @, = 1) and the other two
finite-variation jump typeso(, = —1 and 0, respectively) for purely proportional jump arrispécifications.

A statistic greater than 1.67 suggests that the infiniteatian jump type significantly outperforms the other
jump type under the 95 percent confidence interval.
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