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Modeling Financial Security Returns Usin@\y Processes

Abstract

Lévy processes can capture the behaviors of return iniemgabn a full range of financial secu-
rities. Applying stochastic time changes to the Lévy psses randomizes the clock on which the
processes run, thus generating stochastic volatilitiedsstochastic higher return moments. Therefore,
with appropriate choices of Lévy processes and stochésiie changes, we can capture the return
dynamics of virtually all financial securities. Furtherrapm contrast to the hidden factor approach,
we can readily assign explicit economic meanings to eacly beocess component and its associated
time change in the return dynamics. The economic mappingmigtfacilitates the interpretation of
existing models and their structural parameters, but alsis aconomic intuition and direction for de-
signing new models capturing new economic behaviors. Kinatder this framework, the analytical
tractability of a model for derivative pricing and modeligsition originates from the tractability of
the Lévy process specification and the tractability of theviy rate dynamics underlying the time
change. Thus, we can design tractable models using any natidni of tractable Lévy specifications
and tractable activity rate dynamics. In this article, lbelate through examples on the generality of
the framework in capturing the return behavior of virtuallyfinancial securities, the explicit economic
mapping that facilitates the interpretation and creatifomesv models, and the tractability embedded in

the framework for derivative pricing and model estimation.

JEL ClassificationsG10, G12, G13.
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1. Introduction

Since Black and Scholes (1973), Brownian motion has emesagethe benchmark process for
describing asset returns in continuous time. Brownian omogienerates normally distributed return
innovations. Merton (1976) augments the Brownian motiotihvei compound Poisson process with
normally distributed jump sizes in the asset return. As altethe return innovation distribution
becomes a mixture of normals weighted by Poisson probiakiliThese two innovation specifications
have dominated the continuous-time finance literature dveial decades, drawing criticisms that the
continuous-time framework is not as flexible as the disetiate framework: One can assume any
arbitrary distribution for the return innovation in distdime, but only normals or mixtures of normals

could be generated from continuous-time specifications.

The recent introduction of Lévy processes into financiatlelimg exonerates continuous-time fi-
nance from such criticisms. A Lévy process can generate ghmider spectrum of distributions at
a fixed time horizon. While the Brownian motion component ibéxy process generates a normal
distribution, non-normal distributions can be generatidthie appropriate specification of the Lévy

density for a Lévy jump process, which determines the alrriate of jumps of all possible sizes.

Financial security returns can be driven by several econdonces. The impact of each force can
vary stochastically over time. Accordingly, we can mode tieturn innovation using several Lévy
processes as building blocks matching the distributioedlalsior of shocks from different economic
forces. Furthermore, applying stochastic time change ¢b &édvy component randomizes the clock
on which the process runs, thus capturing the stochastieatling impacts from different economic
forces. Statistically, applying stochastic time changedifferent Lévy components can generate both
stochastic volatility and stochastic higher return moragbth of which are well-documented features
for financial securities. Therefore, with appropriate clesi of Lévy processes and stochastic time

changes, we can capture the return dynamics of virtuallffrelhcial securities.

Generality is not the only virtue of Lévy processes. By nlimgereturn dynamics using differ-
ent combinations of Lévy components with time changes, arereadily assign explicit economic
meanings to each Lévy component and its associated timmgeha the return dynamics. The explicit

economic mapping not only facilitates the interpretatibexsting models and their structural param-



eters, but also adds economic intuition and direction fa@igléng new models that are parsimonious

and yet adequate in capturing the requisite economic befsavi

A common approach in the literature is to model returns byt afskeidden statistical factors. Fac-
tor rotations make it inherently difficult to assign economeanings to the statistical factors. The
absence of economic mapping also makes the model desigasgropaque. One often finds that a
generic hidden-factor model cannot match the requisiggetdrehaviors of the financial securities re-
turns, and yet many parameters of the model are difficult éotifly empirically. The issue of being
both “too little” in performance and “too much” in model idéitation can only be solved by exhaus-
tive econometric analysis. In contrast, by mapping eaatylpgocess to an economic force, and using
random time change to capture its intensity variation, wereadily construct parsimonious models

that generate the target behavior.

The generality of the framework does not hinders its anadytractability for derivative pricing and
model estimation, either. When modeling return dynamigsgukévy processes with time changes,
tractability of the return dynamics originates from trduility of the Lévy component specification and
tractability of the activity rate dynamics underlying thmé change. Thus, we can design tractable
models using any combinations of tractable Lévy proceasestractable activity rate dynamics. In
this regard, we can incorporate and heeceompassll tractable models in the literature as build-
ing blocks. Examples of tractable Lévy specificationsudel Brownian motions, compound Poisson
jumps, and other tractable jump specifications like vagagamma, dampened power law, normal in-
verse Gaussian, and so on. Examples of tractable activgydygnamics include the affine class of
Duffie, Pan, and Singleton (2000), the quadratic class gippad and Wu (2003), and the’3 process
of Heston (1997) and Lewis (2001). By modeling financial siies returns with time-changed Lévy

processes, we encompass all these models into one gengrnatanactable framework.

Through examples, | elaborate the three key virtues of [ggggesses with stochastic time changes:
(i) the generality of the framework in capturing the retushbvior of virtually all financial securities,
(i) the explicit economic mapping that facilitates theeirgretation and creation of new models cap-
turing specific economic behaviors, and (iii) the tracigb#mbedded in the framework for derivative

pricing and model estimation.



In designing models for a financial security return, therditare often starts by specifying a very
general process with a set of hidden factors and then tediffiegent restrictions on this general process.
Here | take the opposite approach. First, | look at the dadadantify stylized features that a reasonable
model needs to capture. Second, | design different compeoéthe model to match different features
of the data and capture the impacts from different econoanget. The final step is to assemble all the
parts together. Using time-changed Lévy processes netbieprocedure well. First, we can choose
Lévy components to match the properties of return innowatigenerated from different economic
forces. Statistically, we ask the following set of questioBo we need a continuous component? Do
we need a jump component? Do the jumps arrive frequentlyeothay rare but large events? Do up

and down movements show different behaviors?

Once we have chosen the appropriate Lévy components, wgseaime changes to capture the in-
tensity variation for the different components and gemes&bchastic volatilities and stochastic higher
return moments from different economic sources. We use tima@ges to address the following ques-
tions: Is stochastic volatility driven by intensity vai@is of small movements (Brownian motion) or
large movements (jumps)? Do the intensities of differepesyof movements vary synchronously or
separately? Do they show any dynamic interactions? Basedi®mers to these questions, we can ap-
ply different time changes to different Lévy componentd amodel their intensity dynamics in a way

matching their observed dynamic interactions.

The final step involves assembling the different Levy congais with or without time changes
into the asset return dynamics. When the dynamics are sgbcifider the risk-neutral measure for

derivative pricing, adjustments are necessary to guadhtemartingale property.

When designing models, tractability requirement often esrfrom derivative pricing since we
need to take expectations of future contingent payoffs utike risk-neutral measure to obtain its
present value. Thus, it is often convenient to start by $ypieg a tractable return dynamics under
the risk-neutral measure. Then the statistical dynamiosbeaderived based on market price of risk
specifications. The less stringent requirement for trélitalior the statistical dynamics often allows
us to specify very flexible market price of risk specificaipwith the only constraints coming from

reasonability for investor behaviors and parsimony fomecoetric identification.



In designing the different Leévy components and applyirgtilme changes, | quote Albert Einstein
as the guiding principle: Everything should be made as simple as possible, but noteitmghe
explicit economic purpose for each Lévy component andinte tthange allows us to abide by this

guiding principle much more easily than in a general hiddatissical factor framework.

The rest of the paper is organized as follows. The next sedigcusses Lévy processes and how
they can be used to model return innovations. Section 3 skgsuhow to use time changes to generate
stochastic volatility and stochastic higher moments fraffeent sources. Section 4 discusses how
to assemble different pieces together, how to make ap@atepadjustments to satisfy the martingale
condition under the risk-neutral measure, and how to dehgestatistical dynamics based on market
price of risk specifications. Section 5 discusses optioaimgi under time-changed Lévy processes.
Section 6 addresses the estimation issues using timesgetigrns and/or option prices. Section 7

concludes.

2. Modeling return innovation distribution using L évy processes

A Lévy process is a continuous time stochastic process stéationary independent increments,
analogous to iid innovations in a discrete-time settingtillhery recently, the finance literature nar-
rowly focuses on two examples of Lévy processes: the Brawmnotion underlying the Black and
Scholes (1973) model and the compound Poisson jump prodédssiermal jump sizes underlying
the jump diffusion model of Merton (1976). A Brownian motigenerates normal innovations. The
compound Poisson process in the Merton model generatas ein-normality through a mixture of
normal distributions with Poisson probability weightingsgeneral Lévy process can generate a much
wider range of distributional behaviors through differgmies of jump specifications. The compound
Poisson process used in the Merton model generates a fimtbarwf jumps within a finite time in-
terval. Such a jump process is suitable to capture rare agd kvents such as market crashes and
corporate defaults. Nevertheless, many observe thatjaigses can also display many small jumps on
a fine time scale. A general Lévy process can not only gememttinuous movements via a Brownian
motion and rare and large events via a compound Poissongooet it can also generate frequent

jumps of different sizes.



2.1. Léevy characteristics

We start with a one-dimensional real-valued stochasticess{X;|t > 0} with X, = 0 defined on
an underlying probability spad®, 7 ,I?) endowed with a standard complete filtratiers- { 7|t > 0}.
We assume thaX is a Lévy process with respect to the filtratibn that is, X; is adapted tar;, the
sample paths of are right-continuous with left limits, an, — X; is independent of; and distributed

asX,_t for 0 <t < u. By the Lévy-Khintchine Theorem, the characteristic fiimc of X; has the form,
P (u) =E7 [@X] =e ™, t>0, (1)
where thecharacteristic exponenpy(u) is given by,

| i
Wx(u) = —iup+ §u202+/IR0 (1—¢ +|ux1|x‘<1) T(x)dx, (2)

wherep € R describes the constant drifi?2 € R describes the constant variance of the continuous
component of the Lévy process, and ttéy densityt(x) describes the arrival rates for jumps of every
possible sizex. The triplet(p, 02,Tt) fully specifies the Lévy proces§ and is referred to as tHeevy

characteristicgBertoin (1996)).

With a fixed time horizon, any return distribution can be esgnted uniquely by its characteristic
function and hence its characteristic exponent. Equafipillystrates that a Lévy process can generate
a wide range of characteristic exponent behaviors throuigxile specification of the Lévy density

T(X).

The Lévy densityt(x) is defined on the real line excluding zeRy. The truncation functiomlyy -1
equalsx when|x| < 1 and zero otherwise. Other truncation functions are aled usthe literature as
long as they are bounded, with compact support, and sé&tigfy= x in a neighborhood of zero (Jacod
and Shiryaev (1987)).The purpose of the truncation function is to analyze the jpnoperties around

the singular point of zero jump size.

The characteristic function in (1) is defined on the real line R. In many applications, it is

convenient to extend the definition to the complex plane» C ¢, where the characteristic exponent

TCommonly used truncation functions inclub) = x/(1+x?), andh(x) = 1A |x| (the minimum of 1 andx]).
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is well-defined. Whenpy (u) is defined on the complex plane, it is referred to asdbreralized
Fourier transform(Titchmarsh (1986)). It is also helpful to define the cumutlexponent of a Lévy

processx,

|

Ox(s) = T INE [6X] = spt- %szchr/R (6%~ 1—sxly1)T(X)dx S€DsC C, (3)

whereds denotes the subsect of the complex plain under which the leunnexponent is well-defined.
Our extensions on the domains of the characteristic coefinciand cumulant coefficiergimplies that
Wy (u) = —dx(iu) whenever the two are both well-defined. Option pricing akelihood estimation for
Lévy processes often rely on the tractability of the chimastic exponent and specifically, analytical

solutions to the integral in equation (2) or (3).

The sample paths of a pure jump Lévy process exfiitiie activitywhen the integral of the Lévy
density is finite:

/ T(X)dXx= A < oo, 4)
]RO

where\ measures the mean arrival rate of jumps. A finite activity gupnocess generates a finite

number of jumps within any finite time interval.

When the integral in (4) is infinite, the sample paths exhitibite activity, and generate an infinite
number of jumps within any finite interval. Neverthelesg sample paths shofinite variationif the

following integral is finite:

/RO(]X\ A D)T(X)dX < 0. (5)

When the integral in (5) is infinite, the jump process exhitiiinite variation a property also shared

by the Brownian motion. The truncation function in the defam of characteristic exponent is needed
only for infinite variation jumps. When the integral in (5)nst finite, the sum of small jumps does
not converge, but the sum of the jumps compensated by theinmenverges. This special behavior

generates the necessity for the truncation term in (2).

For all jump specifications, we require that the processteixfinite quadratic variation

/Ro(l/\xz)n(x)dx< o, (6)



a necessary condition for the jump process to be a semirgaltinLévy processes are within a subclass

of semimartingales.

2.2. Levy examples

Black and Scholes (1973) model the asset return by a purelyncmus Lévy process and hence

with 1(x) = O for all x. The characteristic exponent is simply:
Y(u) = —iup+ éu o°. @)

The associated normal probability density function is alsdl-known.

Merton (1976) incorporates an additional compound Poigsmp component with mean arrival
rateA. The jump size in the log asset return is normally distridutéth meanpy and variancev;,

conditional on one jump occurring. The Lévy density of fuis\p component can be written as,

(X) =A

1 (x—p)?
\/Z—aneXp<_TJ> . (8)

The characteristic exponent for this compound Poisson jismp
W(u) =2 (13w 9)

A key property of compound Poisson jumps is that the sampllespaxhibit finite activity. Finite-
activity jumps are useful in capturing large but rare evektsr example, the credit-risk literature has
used Poisson process extensively to model the random laofidafault events (Lando (1998), Duffie
and Singleton (1999, 2003), and Duffie, Pedersen, and $amy{2003)). More recently, Carr and Wu
(2005b) use a Poisson jump with zero recovery to model theaingf corporate default on the stock
price. Upon arrival, the stock price jumps to zero. Carr and (8005a) use a Poisson jump with
random recovery to model the impact of sovereign default®home currency price. Upon arrival,

the currency price jumps down by a random amount.



Within the compound Poisson jump type, Kou (2002) proposdsuble-exponential conditional

distribution for the jump size. The Lévy density is given by

Aexp(—B.ix), x>0,
np =] PP AB..B >0 10)
Aexp(—B-[x), x<0,
Under this specification, the jump arrival rate increasesiatunically with decreasing jump size.

Asymmetry between up and down jumps are induced by the diffezxponential coefficien{s, and

B_. The characteristic exponent for this pure jump process is,

P(U) = A ([3+—iu)’l—BjrlJr(B_Jriu)’l—B:l]. (11)

Kou and Wang (2004) show that the double-exponential junegifipation allows tractable pricing for

American and some path-dependent options.

Although it is appropriate to use compound Poisson jumpsafiiuwe rare and large events such
as market crashes and corporate defaults, many observasgettprices actually display many small
jumps. These types of behaviors are better captured bytaaativity jumps, which generate infinite
number of jumps within any finite time interval. A popular exgle that can generate different jump

types is the CGMY model of Carr, Geman, Madan, and Yor (2082} the following Lévy density,

(X) = { ASXP(=BX)x x>0 AB:,B.>0,0€[~1,2. (12)
Aexp(—B-|x|) [x| %%, x<0,

In this specification, the power coefficiemtcontrols the arrival frequency of small jumps and hence
the jump type. With the power coefficieat= —1, the Lévy density becomes the double-exponential
specification in (10), the sample paths of which show finitevitg. The model generates finite-activity
jumps as long ast < 0. Whena € [0,1), the model generates jumps with infinite activity but finite
variation. The jump process exhibits infinite variation wie< [1, 2]. The conditionn < 2 is necessary

to guarantee finite quadratic variation. With< 0, the power term makes the jump arrival approaches
infinity as the jump size approaches zero. The larger the poosdficient, the higher the frequency
of small jumps. The two exponential coefficiefts and3_ control the arrival of large jumps. The

difference in the two coefficients generates asymmetryertdiis of the distribution.



The physics literature often refers to the specificatiorl?) @s truncated Lévy flights. The CGMY
terminology comes from the initials of the four authors imC&eman, Madan, and Yor (2002), who
regard the model as an extension of the variance gamma (V@gInod Madan and Seneta (1990)
and Madan, Carr, and Chang (1998). Under the VG mauet,0. Wu (2006) label the specification
in (12) asexponentially dampened power IdDPL), regarding it as the Lévy density of anstable
Lévy process with exponential dampening. Wu shows thdyagpmeasure changes using exponential
martingales to an-stable Lévy process generates the exponentially dandpgemeer law. Hence, the
whole class ofi-stable processes, made popular to the finance field by Mand€lL963) and Fama

(1965), can be regarded as a special class of the dampened lagw

Whena # 0 anda # 1, the characteristic exponent associated with the dandpgemeer law Lévy

density specification takes the following form:
W(u) = —T (=o)X [(By —iu)® =B + (B- +iu)* — B2] —iuC(h), (13)

wherel (a) = [;°x* le Xdxis the gamma function and the linear te@th) is induced by the inclusion
of a truncation functiorh(x) for infinite-variation jumps whem > 1. As | will make clear in later
sections, in modeling return dynamics, any linear driftrten X; will be canceled out by the corre-
sponding term in its concavity adjustment. Hence, the efaat of the truncation function and the
resultant coefficien€(h) are immaterial for modeling and estimation. Wu (2006) exithji carries out
the integral in (3) through an expansion method and sohetrtimcation-induced ter@(h) under the

truncation functiorh(x) = XL 1
C(h) =A@+ (M(—a)a+T(1-0a,py))—B-(F(-ma+T(1-0a,p))), a>1  (14)

wherer (a,b) = [;”x® le *dxis the incomplete gamma function.

The dampened power law specification has two singular patwots= 0 anda = 1, under which the
characteristic exponent takes different forms. The case-ef0 corresponds to the variance gamma

model. Its characteristic exponent is,

Yu)=AIn(1—iu/B;) (L+iu/B-) =A(In(B+ —iu) = InB+In(B-+iu) —InB_). (15)



Since this process exhibits finite variation, we can perftimintegral in (2) without the truncation

function. Whemx = 1, the characteristic exponent is (Wu (2006)),

W(U) = A ((B+ —U)In (B, —iu) /B~ +A(B_ +iu)In(B_+iu) /B_)—iuC(h),  (16)

where the truncation-induced term is given ®gh) = A (I'(0,3;) —I'(0,-)) under the truncation

functionh(x) = XLx1.

Other popular infinite-activity pure jump Lévy processeslude the normal inverse Gaussian
(NIG) process (Barndorff-Nielsen (1998)), the generaibgperbolic process (Eberlein, Keller, and
Prause (1998)), and the Meixner process (Schoutens (20Di33se processes all have tractable char-

acteristic exponents.

2.3. Empirical evidence

Merton (1976)’'s compound Poisson jump specification isablét to capture large and rare events
such as market crashes and corporate defaults. Neveghedegnt empirical evidence suggests that
infinite-activity jump specifications that generate fregjemps of all sizes are better suited to capture
the daily market movements of many financial securities stschtocks, stock indexes, and exchange
rates. Furthermore, in reality the distinction betweertiooious and discontinuous market movements
is not at all clear cut. Instead, we observe movements ofzasswith small movements arriving more
frequently than large movements. This type of behavior &ska Lévy density that is monotone in the
absolute jump magnitude. The dampened power law speatfircati(12) has this monotonic behavior.
When the power coefficiertt > 1, the arrival rate of small jumps is so frequent that the ifjgation
generates sample paths with infinite variation, a propdsty shared by the Brownian motion. Hence,
a Lévy process with infinite-variation jump provides a stimotansition from large jumps to small

jumps and then to the continuous movements captured by ariBaovnotion.

Several studies show that infinite-activity jumps perfomttér than finite-activity jumps in describ-
ing the statistical behavior of stock and stock index returhikelihood estimation of the dampened
power law in Carr, Geman, Madan, and Yor (2002) on individiiatks and stock indexes shows that

the estimates for the power coefficiamtare mostly greater than zero. Li, Wells, and Yu (2004) use
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Markov Chain Monte Carlo method to estimate three Lévy iigations with stochastic time changes
on the stock index. They find that infinite-activity jump siieations perform better in capturing the
index behavior than finite-activity jumps do. Their simidatanalysis further shows that an infinite-
activity jump process cannot be adequately approximateflmjte-activity jump process, irrespective

of the parameter choices.

Empirical studies using options show that using infinitévéy jumps also generate better option
pricing performance. Carr and Wu (2003a) test the optiocimyi performance on the Merton jump-
diffusion model, the variance gamma model, and their irdiadriation finite-moment log stable model.
The pricing performance of the log stable model is the bestrathe three jump specifications. Huang
and Wu (2004) apply various time changes on the three jumpifgions to generate stochastic
volatilities. They find that under all stochastic volayilspecification, infinite-activity jumps perform

significantly better than finite-activity jumps in pricingtons.

Wu (2006) estimate the dampened power law using both thegeries returns and option prices on
S&P 500 index. He obtains an estimate of the power coeffieieaibout 1.5. He also finds that although
the exponential coefficient on down jumfs is large under the statistical measure, the estimate on its
risk-neutral counterpart is not significantly differenbrin zero. Without exponential dampening on
down jumps, the return variance is infinite under the risitred measure, even though it is finite under
the statistical measure. As a result, the classic centrat theorem does not apply under the risk-
neutral measure although it is applicable under the statisheasure. The difference under the two
measures explains the empirical observation that the nomatlity in the time-series index returns
dissipates rapidly with time aggregation, but the risktredureturn non-normality inferred from the

options data persists to long option maturities.

When earlier studies use the compound Poisson jump to eapte and large price movements,
it is imperative to add a diffusion component to fill the gapsbetween the arrival of the jumps.
However, if we start with an infinite-activity jump that caergerate an infinite number of small and
large movements within any finite interval, it is not cleaattiwe still need a diffusion component to
fill the gaps. Carr, Geman, Madan, and Yor (2002) conclude fiweir empirical study that a diffusion
component is no longer necessary as long as they adopt aier#ativity pure jump process. Carr

and Wu (2003a) arrive at similar conclusions in their inéniariation log stable model. Huang and
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Wu (2004) find that a diffusion return component is usefuhiaitt time-changed Lévy process setting
in generating correlations with the diffusive activityegirocess. Nevertheless, it is not clear whether
the diffusion return component is still needed if the atfivate also follows a pure jump process and

correlations are constructed through synchronous jumpstimn and the activity rate.

Carr and Wu (2003b) identify the presence of jump and diffastomponents in the underlying
asset price process by investigating the short-maturitvaer of at-the-money and out-of-the-money
options written on this asset. They prove that a jump compiprié present, dominates the short-
maturity behavior of out-of-the-money options and hencereadily be identified. A diffusion compo-
nent, if present, usually dominates the short-maturityalgi of at-the-money options. However, an
infinite-variation jump component can generate short-nigtbehavior for at-the-money options that
are similar to those generated from a diffusion process. sithdar behavior makes the identification

of a diffusion component more difficult when an infinite-aidn jump component is present.

Ait-Sahalia (2004) proves in a simple Lévy setting thaewla diffusion component is present, the
diffusion variance can be effectively identified from destaly sampled time series data using maximum
likelihood method even in the presence of infinite-variaiomps, as long as the power coefficient of
the jump component is not too close to 2. Ait-Sahalia andd2005) further show that the maximum
likelihood method can also separately identify two jump poments as long as the power coefficients

for the jump components are sufficient apart from each other.

3. Generating stochastic volatility by applying stochast time changes

It is well-documented that asset return volatilities awmeiastic (Engle (2004)). Recent evidence
from the derivatives market suggests that higher return emisnsuch as skewness also vary signifi-
cantly over time (David and Veronesi (1999), Johnson (20829 Carr and Wu (2007)). A convenient
approach to generating stochastic volatility on non-nérraturn innovations is to apply stochastic
time changes to a Lévy process. A tractable way of gengratiochastic skewness and other higher

order moments is to apply separate time changes to multiply components with different degrees

“For pure jumpa-stable Lévy processes with € [1,2), at-the-money option prices converge to zero with deajnin
maturity T at the rate oD(Tl/“). The convergence rate@(Tl/z) when there is a diffusion component. Hence, identifying
the diffusion component becomes difficult when the poweffament of the jump component is close to 2.
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of skewness and higher order moments. The random time changants to stochastically altering
the clock on which the Lévy process is run. Intuitively, aéi change can be used to regulate the
number of order arrivals that occur in a given time interéabre order arrivals generate higher return
volatility (Ané and Geman (2000)). It can also be used taoanize the shocks from different eco-
nomic sources. Separate time changes on different Lévyponents can capture separate variations of

different economic shocks.

3.1. Time changes and activity rates

Let X denote a Lévy process and let- z(t > 0) be an increasing right-continuous process
with left limits that satisfy the usual technical conditgyrwe can define a new proceéobtained by
evaluatingX at z, i.e.,

Y =X, t>0. (17)

Monroe (1978) proves that every semimartingale can beesr#is a time-changed Brownian motion.
Hence, equation in (17) is a very general specification. ilmciple, the random time; can be modeled

as a nondecreasing semimartingale,

t 0
Zo=mt [ [ xudtdy, (18)
0JO

where 7; is the locally deterministic and continuous component pfat,dy) denotes the counting
measure of the possible positive jumps of the semimarngeie two components can be used to play
different roles. Applying a time change defined by the pesijump componenfé Jo XH(dt,dx) to a
Brownian motion generates a new discontinuous processe lfmadel the positive jump component
by a Lévy process, it is often referred to ak&vy subordinatar A Lévy process subordinated by a
Lévy subordinator yields a new Lévy process (Sato (199Bhgrefore, this component can be used to
randomize the original return innovation definedXyo generate a refined return innovation distribu-
tion. For example, Madan and Seneta (1990) generate tteneargamma pure jump Lévy process by

applying a gamma time change to a Brownian motion.

To generate stochastic volatility on non-normal returnoirations, | start directly with a Lévy

process thaalready captures the non-normal return innovation distributiamg &hen apply a locally
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deterministic time change purely for the purpose of generating stochastic volatsitand stochastic
higher return moments. We can characterize the locallyrehtéstic time change in terms of its local
intensityv(t).

t
7= [ v(u)du
0

Carr and Wu (2004) label(t) as theinstantaneous activity rafevith v(u_) denoting the activity rate
at timeu just prior to a jump. Whetx; is a standard Brownian motiom, becomes the instantaneous
variance of the Brownian motion. Whefis a pure jump Lévy process, such as the compound Poisson

jump process of Merton (1976)(t) is proportional to the jump arrival rate.

Although 7; is locally deterministic and continuous, the instantaiseadctivity rate processt)
can be fully stochastic and can jump. Given any continuoudismontinuous dynamics for(t), the
integration over its sample path makgdocally predictable and continuous. Neverthelesszfdo be
non-decreasing, the activity rate needs to be nonnegatinafural requirement for diffusion variance

and jump arrival rates.

3.2. Generating stochastic volatility from different eoaric sources

By applying stochastic time changes to Lévy processesgcibimes obvious that stochastic volatility
can come from multiple sources. It can come from the insteattas variance of a diffusion return
component, or the arrival rate of a jump component, or botrard and Wu (2004) design and estimate
a class of models for S&P 500 index returns based on the thmaged Lévy process framework. They
allow the return innovation to contain both a diffusion cament and a jump component. Then, they
consider several cases where they apply stochastic timmegebao (1) the diffusion component only
(SV1), (2) the jump component only (SV2), (3) both compogsemith one joint activity rate (SV3), and
(4) both components with separate activity rates for eaatpoment (SV4). They find that by allowing
the diffusion variance rate and the jump arrival rate toolwllseparate dynamic processes, the SV4

specification outperforms all the other single activityergpecifications in pricing the index options.

Applying separate stochastic time changes to differemyloemponents also proves to be a tractable
way of generating stochastic higher return moments suclkesress. In the SV4 specification of

Huang and Wu (2004), one activity rate controls the intgnsita diffusion and hence a normal inno-
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vation component and the other activity rate controls thenisity of a negatively skewed pure jump
component. The variation of the two activity rates over toeaerates variation in the relative propor-
tion of the diffusion versus the negatively-skewed jumpimetinnovation component. As a result, the

degree of the negative skewness for the index return vavimstione (David and Veronesi (1999)).

Carr and Wu (2005b) apply the time-changed Lévy processdveork to jointly price stock options
and credit default swaps written on the same company. Treynaesthat corporate default arrives via
a Poisson process with stochastic arrival rate. Upon defdnd stock price jumps to zero. Prior to
default, the stock price follows a purely continuous preagih stochastic volatility. Hence, the model
decomposes the stock return into two Lévy componentshé)continuous component that captures
the market risk, and (ii) the jump component that capturesitttpact of credit risk. Separate time
changes on the two components generate stochastic \tglétiti market movements and stochastic
arrival for corporate default, respectively. Carr and WO0®2a) use a similar specification to capture
the correlation between sovereign credit default swapesisrand currency options. They assume that

sovereign default induces a negative but random jump intice pf the home currency.

For stock indexes and the dollar (or euro) prices of emergiagket currencies, the risk-neutral re-
turn distribution skewness is time-varying, but the siglysinegative across most of the sample petiod.
In contrast, for the exchange rates between two relatiwatynsetric economies, Carr and Wu (2007)
find that the risk-neutral currency return distributioneimed from option prices shows skewness that
not only varies significantly over time in magnitudes, bsbadwitches signs. To capture the stochastic
skewness with possible sign switches, they decompose thency return into two Lévy components
that generate positive and negative skewness, respgctiVben, they apply separate stochastic time
changes to the two Lévy components so that the relativeoptiop of the two components and hence
the relative degree and direction of the return skewnessagnover time. They model the positively-
skewed Lévy process with a jump component that only jumpgug and the negatively-skewed Lévy
process with a jump component that only jumps downward.Heamtore, each process contains a diffu-
sion component that is correlated with their respectiveigctrate process. The correlation is positive
for the positive-skewed Lévy process and negative for #gative-skewed Lévy component. Thus,

the up and down jumps generate short-term positive and imegatewness for the two Lévy compo-

3See the evidence in David and Veronesi (1999) and Foresi an@2@05) on stock index options and Carr and Wu
(2005a) on currency options.
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nents, and the different correlations between the two L@uyponents and their respective activity

rates generate long-term skewness.

In contrast to modeling returns by a set of hidden factors, madeling approach of applying
stochastic time changes to different Lévy processes mak@iit the purpose of each modeling com-
ponent. Under this framework, we use different Lévy preessas building blocks representing differ-
ent economic forces. Applying stochastic time changes ah eamponent randomizes the intensity
of the impact from each economic force. The clear economigping makes the model design more
intuitive and concise. Each component is added for a spegiioomic purpose. Using this approach

is more likely to create models that are parsimonious andagble of delivering the target properties.

3.3. Theory and evidence on activity rate dynamics

Exploiting information in variance swap rates and varicesized variance estimators constructed
from high-frequency returns, Wu (2005) empirically stutlg factivity rate dynamics for the S&P 500
index returns under a generalized affine framework. He findsthe activity rate for the index return
contains an infinite-activity jump component, with its gatirate proportional to the activity rate level.
The Markov Chain Monte Carlo estimation in Eraker, Johapaed Polson (2003) on long histories of

index returns also suggest the presence of a jump compandre activity rate dynamics.

The impact of a jump component in the activity rate dynamgsisually small on the pricing
of stock (index) options (Broadie, Chernov, and Johann862) and the term structure of variance
swaps (Wu (2005)). Hence, many specifications for optionimgi assume pure continuous activity
rate dynamics for parsimony. Nevertheless, jumps are agralt part of the statistical variance dynam-
ics. Furthermore, their pricing impacts can become moneifsignt for derivative contracts that are

sensitive to the tails of the variance distribution, e.gtjans on variance swaps or realized variance.

When separate time changes are applied to different iniiovedmponents, the underlying activity
rates can be modeled independently or with dynamic interest For example, Carr and Wu (2007)
assume that the two activity rates that govern the positicereegative Lévy components are indepen-
dent of each other. Independent assumptions are also @jpptige SV4 specification in Huang and Wu

(2004). In contrast, Carr and Wu (2005b) find that stock retwdatilities and corporate default arrival
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intensities co-move with each other. To capture the co-meves, they model the joint dynamics of

the stock return diffusion variance rateand the default arrival ratg as,

du = (U —Kyw)dt+oy/dWY,
A = EVt+Zt, (19)

dz = (U;—Kgzz —KyM)dt+0,/z2dW,

whereW andW* denote two independent Brownian motions. The interactimta/een the diffusion
variance and default arrival are captured by both the combeameous loading coefficiegtand the

dynamic predictive coefficient,,.

When the purpose is to capture the option price behavior art@w range of maturities, a one-
factor activity rate specification is often adequate in getieg stochastic volatilities. However, if the
purpose is to capture the term structure of at-the-moneyiemhwolatilities or variance swap rates
across a wide range of maturities, a one-factor activitg @bcess is often found inadequate. In
most options markets, the persistence of the implied Viblasi increases with the option maturity.
This feature calls for multi-factor activity rate dynamisgth different degrees of persistence for the

different factors. One example is to allow the activity reteevert to a stochastic mean level:

du = K(m —Kyw)dt+ oy /dWY,
dm = Km(6—m)dt+om/mdwW™

where the mean-reversion speetnk,, is usually much smaller than the mean-reversion speectof th
activity rate itselfk,. Balduzzi, Das, and Foresi (1998) use a similar specifindtiothe instantaneous
interest rate dynamics and labalas the stochastic central tendency factor. Intuitivelg alctivity
ratev(t) affects short-term option implied volatilities more hégwihereas the central tendency factor
m dominates the variation of long-term options. Thus, theigggnce of the option implied volatility
or variance swap rate can increase with the option matsurit@arr and Wu (2007) consider a similar
extension to their stochastic skew model, where the agtiaiies of both the positive and the negative
Lévy components are allowed to revert to a common stochestitral tendency factor. Their estimation

shows that the extension significantly improves the optiooing performance along the maturity
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dimension. Carr and Wu (2005a) also consider a similar sidaron the default arrival dynamics to

better capture the term structure of credit default swapa}s.

Most applications in option pricing use affine specificasidar the activity rate dynamics, under
which the activity rate is an affine function of a set of stateiables and both the drift and variance
of the state variables are affine in the state variables. Wiperard jumps are allowed in these state
variables, their arrival rate are also affine in the statéabées. Carr and Wu (2004) show that both
affine and quadratic specifications can be used to model thétyacate while retaining the analytical
tractability for option pricing. Santa-Clara and Yan (2D@5stimate a model with quadratic activity
rates on S&P 500 index options. In their model, the returrowation consists of both a diffusion
component and a compound Poisson jump component, and eagooent is time changed separately,
with the underlying activity rate being a quadratic funatiof an Ornstein-Ulenbeck process. They
show that they can incorporate more intricate correlattomctures under their quadratic specification

than under the affine specification while maintaining triaidits.

Lewis (2000) and Heston (1997) show that option pricing soakasonably tractable when the

activity rate is governed by the/3 dynamics:

3/2

dv = Kv (0 —v) dt+ oy’ “dW. (20)

Carr and Sun (2005) show that under a pure diffusion modeth®masset return with a/2 variance
rate dynamics, European option values can be written ascéidarof the asset price level and the level
of the variance swap rate of the same maturity, with no sépaependence on calendar time or time-
to-maturity. Furthermore, the pricing function depend$yamn the volatility of volatility coefficient
oy, but not on the drift parameter8,). Therefore, if we observe the underlying asset’s priceitnd
variance swap rate quotes, we can price options with mereynwodel parameter,, without the need

to estimate the drift function of the variance rate dynamics

Within the one-factor diffusion context, several empirtadies find that a & specification on the
variance rate dynamics performs better than the squatespegification. Favorable evidence based on

time-series returns includes Chacko and Viceira (2008)désand Engle (2002), Javaheri (2005), and
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Jones (2003). Jones (2003), Medvedev and Scaillet (2088)Bakshi, Ju, and Ou-Yang (2005) also

find supporting evidence for the/3 specification from equity index options implied volatég.

4. Modeling financial security returns with time-changed Lévy processes

Once we have a clear understanding on the different rolgeglay Lévy innovations and random
time changes, we can assemble the pieces together and woreete model for the financial security
return. The traditional literature often starts with thedfication of the return dynamics under the sta-
tistical measurd, and derive the return dynamics under the risk-neutral ored$ for option pricing
based on market price of risk specifications. However, siheerequirement for analytical tractabil-
ity mainly comes from the expectation operation under thke-nieutral measure in pricing contingent
claims, it is often convenient to start directly with a tigue risk-neutral dynamics. Then, since we do
not have as much concern for the tractability of the staastlynamics, we can accommodate very flex-
ible market price of risk specifications, with the only pieat constraints coming from reasonability

and identification considerations.

4.1. Constructing risk-neutral return dynamics

Let S denote the time-price of a financial security. Le{tX'T‘tk}ﬁ1 denote a series of independent
time-changed Lévy processes, which are specified undekaneutral measur®. We use these pro-
cesses as huilding blocks for the return dynamics. The enldgnce assumption between different
components is for convenience only, although interact@@msbe added when necessary as in equation

(19). We model the risk-neutral return dynamics over thetpariod|0,t] as,

K
INS/S=(r—at+ Yy (BXE—0u09%"), (21)
k=1

wherer denotes the instantaneous interest ratéenotes the dividend yield for stocks or the foreign
instantaneous interest rate for currencies, ldndenotes a constant loading coefficient onktiecom-
ponent. For notational clarity, | assume botandq constant throughout the paper. If we allow both to

be stochastic, the first term should be replaced by an iﬂté@(ne(u) —q(u))du. If they vary determin-
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istically over time, we can also replace the integral with tdontinuously compounded yields over the

horizon|[0,t].

Equation (21) models the risks in the asset return ukimpmponents of time-changed Lévy pro-
cesses. The cumulant exponént(b¥) represents a concavity adjustment so that the return dysami

satisfy the martingale condition under the risk-neutrahsuge:
Eg[S/So] =€ " (22)

Since by definition,
EE,Q [ebkxt] _ e¢xk(bk)t’ (23)

the following expectation is a martingale:
EQ [ 0x0t] =1 (24)

The martingale condition retains when we replacgith a locally predictable and continuous time

changer; (Kuchler and Sgrensen (1997)):
ES [ebkxﬂk“’xk(bk)ﬂk} —1 (25)
Thus, we have
Eg (/%] =Eg |e

(r—Q)t+ZE1(bk><;k—¢xk(bk>ftk>] _ -t ﬁE@ |:eka:lk_¢xk(bk)thk:| _ et (26)
— J = .
k=1

The independence assumption between different Lévy caemie enables us to move the expectation

operation inside the product.

Each Lévy proces¥* can have a drift component of its own, but it is irrelevant i oeturn
specification (21) because any drift will be canceled ouhwitcorresponding term in the concavity
adjustment. Hence, for each Lévy component, we only spéui diffusion volatility o if the security

price is allowed to move continuously and the Lévy density) if the price is allowed to jump.
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The above return dynamics are defined over the horj@dn with time 0 referring to today ant
being some future time corresponding to the maturity datéefcontingent claim being valued. The
time changer; represents the integral of the activity rates over the sameegeriod[0,t]. Sometimes it
is more convenient to ugdo denote the current date amdor future date, witlt = T —t denoting the
time to maturity of the contingent claim. Then, the time ajican be defined accordingly between
this time period,

T
Tt ;/t v_(u)du. 27)

The log return betweeft, T] can be written as,
K
NS /S = (r — z (lokxkk ~ bk)fItT) (28)

4.1.1. Examples

We start with the simplest case where the return innovaalriven by one diffusion component
without time changeX! = oW, 7; = t,K = 1,b' = 1, with W denoting a standard Brownian motion.
The return process becomes,

INS/S = (r—q)t+ oW — %ozt. (29)

The cumulant exponent ol evaluated as=1is$(1) = %02. Equation (29) is essentially the classic

Black and Scholes (1973) model.

Applying random time change to the diffusion component, aesh

1
~o’n, (30)

NS/ = (r—Q)t+ oWy —

where we simply replacewith 7; on terms related to the Lévy component. If we model the agtiv
ratev; underlying the time change by the square-root process of lbgersoll, and Ross (1985), we

will generate the stochastic volatility model of Heston4a®

dv =K (1—w)dt+ oy /dW. (31)

21



The long-run mean of the activity rate is normalized to omedentification purpose, since we already
have a free volatility parameterin (30) that captures the mean level of volatility. In thegomal Heston
model,o is normalized to one and the long-run mean of the activity imteft as a free parameter. To
match the activity rate specification with the time changtation, we can rewrite the activity rate in

integral forms,

1 1
vt:vo+/ K(l—Vt)dH-/ O'V\/\TtdWV:Vo—l-Kt—K‘Tt—i-O'VW%. (32)
0 0

Technically, the second equality in (32) holds oimistributionand theNY in fé VVidW denotes
a different Brownian motion from thé/V in W,;(. Hence, a more technically correct way of writing the
equality is:

t —
|| vy =i (33)

where=1 denotes “equality in distribution,” and\(*, W") denote two different Brownian motions. To
avoid notation clustering, we u¥g' to represent two different Brownian motions in the two difiet
representations. We also use the same equality sign “="piesent both the traditional mathemati-
cal equality and the equality in distribution. Analogouyglye equalities betweefé VW dW andW;,
between,/\ydW anddW;,, and between,/vdW' and dW% are all in distribution, and the twoA”s

in each pair represent two different Brownian motions. blie¢i993) allows correlation between the
activity rate innovation and the return innovati@idWdW] = pdt, or equivalently under the time-

change notatioﬁE[dWTtdW%] = pd7; = pwdt.

Technicality aside, | regard the time-change notation @plyi a convenient way of rewriting the
traditional stochastic differential equation. Using thestbn (1993) model as an example. The tradi-

tional representation in terms of the stochastic diffee¢guation is:

ding = (r—qg)dt+o,/dW — 30%dt,
dv = K(1—w)dt+oy,/dW'.

(34)
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The following time-changed Lévy process generates theegsaimrn distribution:

INS/S = (r—qt+oW, —30°%,

W = Vo+Kt—KT+0MWy,

(39)

with the technical caveat that (34) and (35) representreiffeprocesses ariiV, W") in the two sets of

equations represent completely different Brownian mation

Now consider an example where the return innovation is drlwea pure jump Lévy component
without time change and the jump arrival is governed by thamkned power law specification in (12)

with a £ 0 anda # 1. The return dynamics can be written as,

IN§/S = (r—ajt+J%—¢a(1)t, (36)

wherelJ; denotes this Lévy jump component, and the cumulant exgasgen

¢a(s) = (= [(B+ —9)" —BL+ (B-+9)" —B2] +sC(h), (37)

with C(h) given in (14). Since any linear drift terms I will be canceled out by the corresponding
term in the concavity adjustment, it becomes obvious thaeiact form of the truncation function and
the resultant linear coefficie@(h) are immaterial for modeling and estimation. Given the cumul

exponent in (13), the concavity adjustment in equation (@&pomes,

¢3(1) =T (=N [(B+ —1)% = B% + (B-+1)* =] +C(h). (38)

If we apply random time change to the pure jump Lévy compgneea can simply replac with
J;; andd; (1)t with ¢;(1)7::
IN§/S = (r—a)t+ 3z — $a(1) 7, (39)

which is a pure jump process with stochastic volatility geted purely from the stochastic arrival of

jumps.
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When we use one Lévy component in the return dynamics, #tisral to set the loading coefficient
b to unity as it can always be absorbed into the scaling spatidit of the Lévy process. To show an
example where the loading coefficient plays a more explid#,we consider a market model for stock
returns, where the return on each stock is decomposed iotoitivogonal components: a market risk
component and an idiosyncratic risk component. We use & pgacessX™ to model the market risk
and another Lévy proceé@j to model the idiosyncratic risk for stock Then, the return on stock

can be written under the risk-neutral measQras,

Ing /S = (= a)t+ (DX~ gxn(B))t) + (X! — 4 (1)t) (40)

where the first componerit — g)t captures the instantaneous drift under the risk-neutraisore, the
second componer(bj XM — dym (b )t) represents the concavity-adjusted market risk compomett,
bl capturing the linear loading of the return on the market faitor X, and the last component

(th — Oy (1)t> is the concavity-adjusted idiosyncratic risk componentlie stock return.

Under the Lévy specification in (40), stock returns are e can apply random time changes to

the two Lévy processes to generate stochastic volatility:
Ing /= (r = q)t+ (BXh — o0 1") + (X!, ()7 ) (41)

where stochastic volatility can come either from the marlgit via 7;™ or from the idiosyncratic risk
via frtj. Mo and Wu (2007) propose an international capital asseingrimodel with a structure similar
to equation (41), wher¥™ represents a global risk factor aid a country-specific risk factor. They
specify the dynamics under both the risk-neutral measuwldlastatistical measure, and estimate the
joint dynamics of three economies (US, UK, and Japan) usiadite-series returns and option prices

on the S&P 500 index, the FTSE 100 Index, and the Nikkei-22&I5Average.

4.2. Market price of risks and statistical dynamics

Once we have specified the return dynamics under the riskateuneasure), we can derive the

dynamics under the statistical measiiré@ we know whether and how different sources of risks are
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priced. Take the generic return specification in (21) as amgte. We hav& sources of return risks

as captured by thi€ Lévy processe@(tk}{f:l. We also hav& sources of volatility risks corresponding
to each return component. Furthermore, each Lévy pro)&‘lémn have a diffusion component and
a jump component. The two components can be priced diffgretdpside and downside jumps can
also be priced differently (Wu (2006) and Bakshi and Wu (2D0bhe activity rate that underlies each
time change can also have a diffusion and a jump componerntdhabe priced differently. Depending
on the market price of risk specification, the statisticalime dynamics can look dramatically different

from the risk-neutral dynamics.

In this subsection, we consider a simple class of markeemicisk specifications, which in most
cases generates statistical return dynamics that stag setime class as the risk-neutral dynamics. The

pricing kernel that defines the market price of all sourcessét can be written as,
K
2t = & [ exp( WX — b (V) T = XE — b (— W) ) L, (42)
k=1

Wherexgtk denotes the return risk as in (21();{ denotes another set of time-changed Lévy processes
that characterize the activity rate risk, afdienotes an orthogonal martingale component that prices
other sources of risks independent of the security retudeuoconsideration. We maintain the constant
interest rate assumption in the pricing kernel specificatibhe exponential martingale components
in the pricing kernel determines the measure change ffam@. The simplicity of the specification

comes from the constant assumption on the market price ceeff$yk andyky.

Given the pricing kernel in (42) and the risk-neutral retdgmamics in (21), we can infer the
statistical return dynamics. We use examples to illustitzgorocedure, starting with the simplest case
where the return is driven by one diffusion component withtoue change as in (29). According to
the above exponential martingale assumption, the meabarge fromP to Q is defined by,

da
dP

_ exp(—yo’\/\( B %ﬁﬁ) . (43)
t

with dow (—Y) = 3y%02. The literature has taken different approaches in arriairtpe dynamics under
a measure change. For measure changes defined by expomentiabales of a Lévy processksit is

convenient to remember thé (s) = 2 (s+Y) — 0 (y) and that the drift adjustment of is captured
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by n = ¢”(1) — (1) (Kiichler and Sgrensen (1997)). For the simple case in (4B)Xv= oW, we

havedgy(1) = 202, and

_1L

Pw(D) = BSu(1+Y) — 0Gu(y) = 5(L+Y)°0% 20> = 0%+ yo? (44)

Thus, the drift adjustment, or the instantaneous expeoteelss return, i§ = yo?. The statisticalp)

return dynamics becomés,

NS /S = (r—q)t+yozt+cv\4—%o2t. (45)

For the Heston (1993) model, which has the risk-neutral ohyosispecified in (34) or equivalently

(35), the associated exponential martingale that defiremtftasure change frofhandQ becomes,

dQ
dP

1 1
- exp(—yoWTt - éyzozfrt — WO — éyzvo\z,Tt) . (46)
t

The cumulant exponent of the return innovatiowf under measur® becomesp’,, (s) = ¢3N(s+

Y+ Woup/0) — c])g,v(w- WOvP/0). Hence, the drift adjustment induced by the measure change i
n = yo? + ywo,0p. The first term is induced by the pricing of the return W&kand the second term

is induced by the pricing of the part of volatility riskV that is correlated with the return risk. Given
the stochastic time change and hence stochastic activéythee risk premium over the horizé@t] is

Nn7;, and the instantaneous risk premium at tinenv;. The statistical return dynamics becomes,
2 1,
INS /S = (r —a)t+ (Yo" + WOu0p) Tt + OWy — 50°7;. (47)
To derive the statistical dynamics for the activity rate, mae that the cumulant exponent of
the activity rate innovatioro,W" under measuré become&l)EVWV(s) = ¢9vwv(s+ Vv +Yop/oy) —
¢;QVWV(yV+y0p/0V). Hence, the measure change induces an instantaneoushdwiije captured by

nY= ]ngv(l) — ¢9vwv(1) = W02 +yoao,p, where the first term is induced by the pricing of the activity

rate innovationVV and the second term is induced by the pricing of the part oirmetisk W that is

4To be technically correct, we should also differentiateatsen\\” andWQ. Under our constant market price of risk

specifications, we haveo\l\.l[Q = oWF +yo?t. To maintain notational clarity, we use the salvenotation without the
superscript to represent a standard Brownian motion uridereasures as no confusion shall occur.
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correlated with the activity rate. Since we apply the samm tchanger; to the two sources of risks
W andWV, the actual drift adjustment over calendar tifiet] becomes)V7;, and the instantaneous

adjustment if)Vv. The statistical activity rate dynamics becomes,
W = Vo +at — K% + N7 + oWy, (48)
or in the form of the stochastic differential equation,

dv = (a— (K —nY)w) dt+ oy dW', (49)

where the measure change induces a change in the mean oevspsied fronk underQ to k* =

K —n" =K — 02— yoo,p underP. Estimation on stock indexes and stock index options ofte fi
that the market price of return risk)(is positive and the market price of variance rigK (s negative.
Given the well-documented negative correlatiphlfetween the return and variance innovations, both
sources of market prices make the activity rate more perdisinder the risk-neutral measure than the

activity rate is under the statistical measukes k.2

For the pure jump Lévy process example as in (36), the meatiange fron® to Q is defined by

the exponential martingale,
dQ
| = EPEYE =0yt (50)
t
The Lévy density under the two measures are linked'tix) = e”*t2(x). If the Lévy density unde®

is given by equation (12), its corresponding Lévy densitgerP becomes,

Blx) — AByexp(—(By —y)x)x @1 x>0,

(51)
AB_exp(—(B-+y)[x|) x| 7*", x<0,

Therefore, the Lévy density is still controlled by a damgeipower law under the statistical measure
PP, only with the exponential dampening coefficients changethf(B,,B_) underQ to B¥ =B, —y
andB® = B_ +yunderP. The dampening coefficients should be nonnegative undér reasures.

This condition limits the range of values that the marketgf risky can take. Given the risk-neutral

5Since the constant part of drift remains the sama, ke long-run mean of the activity rate changes frfr underQ
toa/(k —nY) underP. The smaller mean reversion undgimplies a higher long-run mean.
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dampening coefficienté,,B_), we needy € [-B_,B.]. Given the statistical coefficient§®,p"),

we needy € [-BF,B7].

Wu (2006) and Bakshi and Wu (2005) allow the downside anddepgimps to have different
market priceqy,,y-). In this case, we can directly specify the dampening caeffts under the two
measure$f,B_) and(B%,B% ) as free parameters with positivity constraints. Then, theket prices
of positive and negative jump risks can be derive¢.as- 3, — Bl{ andy_ = B¥ — B_. By estimating
this pure jump Lévy model to S&P 500 index time-series mewnd option prices, Wu finds that there
is zero dampening on downside jumps under the risk-neutessore §_ = 0). Thus, the market
price of downside jump risk reaches its upper limityat= B”. This extremely high market price of
downside risk is needed to capture the much higher pricesubof-the-money put options than for
the corresponding out-of-the-money call options on thexnahd the corresponding implied volatility

smirk at both short and long maturities.

Given the measure change defined in (50), the cumulant erpander measur® is linked to the
cumulant exponent under meas@®y ¢” (s) = ¢<(s+y) — d2(y). The instantaneous expected excess
return is given by = ¢5(1) — 0 2(1) = ¢ (1+y) — 0%(y) — ¢%(2). It is obvious that any term in the
cumulant exponenh?(s) that is linear ins does not contribute to the expected excess rajuildence,
the truncation-induced linear ters@(h), or the choice of the truncation functidix), does not affect

the computation of the expected excess return

Under the jump specification in (12) and wheeg4 0 anda # 1, the instantaneous expected excess

return is:

n = TEOA(Bs—y) =% = Bs =y)* +(B-+V)+ 1) = (B~ +V)°]
~T(=a)A [(B+ — 1) = BL + (B +1)" —B7], (52)

where the first line is the cumulant exponent under meaBweealuated at = 1 and the second line
is the cumulant exponent under meas@revaluated as = 1, with the termC(h) in both cumulant
exponents dropping out. Nevertheless, sometimes the meeelsange itself can induce an additional
linear term that contributes to the expected excess rettf@nce, it is safer to always evaluate

according to the equatiom= ¢3Q(l+y) - ¢3Q(v) - <I>3Q(l)-
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If we apply random time changes to the Lévy jump process &g iunderlying activity rate risk
is not correlated with the Lévy jump risk, we can simply e@nt with n7; as the excess return over
time period[0,t]. If the risk-neutral activity rate follows a square root pess, the statistical dynamics
for the activity rate can be derived analogous to (49) ith O due to the orthogonality between the

jump innovation in return and the diffusion innovation irthctivity rate.

4.3. More flexible market price of risk specifications

Under the exponential martingale specification embeddelerpricing kernel in (42), return and
volatility risks are both captured by a vector of time-chesd ey processes(X‘;tk,Xé‘ﬁ) ::1 and the
market prices on these risl‘(:vk,yk\,){f:1 are assumed to be constant. The specification is parsingniou
under which the return (and activity rate) dynamics ofteay stithin the same class under the two
measure® andQ. However, since tractability requirement mainly comesrfroption pricing due to
the associated expectation operation under the riskademteasure, a more flexible market price of
risk specification poses little problems if we start the miogewith a tractable risk-neutral dynamics.
Complex market price of risk specifications only lead to ctamstatistical dynamics, which are ir-
relevant for option pricing. The complication does afféwt terivation of the likelihood functions for
time-series estimation. Yet, when the return series cambpled frequently, an euler approximation
of the statistical dynamics often works well for estimatiand it avoids the complication of taking
expectations under the statistical measure for the comditidensity derivation. Hence, we can specify
arbitrarily complex market price of risks without incurgimuch difficulty for asset pricing. Beside
the usual technical conditions that a pricing kernel needsatisfy, the only practical constraints for
the market price of risk specification come from reasongténd identification considerations. Even
if a specification is mathematically allowed, we may disaartiit does not make economic sense and
does not represent common investor behavior. Furtherragr@yre flexible specification on the market
price of risk gives us more degrees of freedom, but it canadsage difficulties in identification. Hence,

it is always prudent to start with a parsimonious assumptiothe market price of risk and consider

extension only when the data ask for it.

Take the Black-Scholes model as a simple example, wherddhk seturn under the risk-neutral

measureQ is normally distributed with constant volatility as described in (29). Now we consider
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a flexible, but not necessarily reasonable, market pricéskfapecification that defines the measure

change fronP to Q as,

dQ

dP

1
= exp (— (Yo V1Zi + V222 + VaZ) oW — 5 (ot+nZi+ VoZ2+vsZd) 02t> ,  (53)
t

where the market price of risk is given by a polynomial fuatof Z;, y = yo + y1Z: + Y2Z2 + yaZZ with
Z; being some state variable whose dynamics is left unspecified order of three is purely arbitrary
and for illustration only. Under this specification, thetarganeous expected excess return at tilse

Nt = (Yo+ V12 + Y222+ ysZ2) 02, and theP-dynamics of the security price becomes,

dS/S = (r —a+ (Yo +ViZ + Y222 + ysZ3) 0%)dt + odW. (54)

Many empirical studies identify dividend yield, defaultrepd, interest rate, and lagged return as vari-
ables that can predict expected excess returns. If theresadie robust, we can use them as the state

variableZ;, which can either be a scalar or a vector.

Regardless of the complexity of the statistical dynamigxjon pricing still follows the Black-
Scholes formula. The return distribution under the siaattmeasur@ depends on the dynamics 4f
Nevertheless, with an euler approximation, we can stillassthat the conditional return distribution
over a short time intervdt, +At] is normally distributed, with meafr —q-+n; — %oz)At and variance

0?At, and then construct the conditional likelihood functiorttaf return accordingly.

Consider another example where the activity rate followgumee-root dynamics under the risk-

neutral measure,

du = (a—kw) dt + oy /dW'. (55)

For simplicity, we assume that the return Lévy innovatiesmot correlated with the Brownian motion
WY in the activity rate process. As shown in a later section,affiee structure of the activity rate
dynamics under the risk-neutral measure makes optiomgricactable. The previous section assumes

a constant market priog on o,,/%dW",® which induces a drift change gfo2v. Hence, it amounts

6The literature often regara@®\" instead ofoy./\tdW as the risk. Then, our specification generates “proportioaaket
price of risk” yyov,/\t onW", a language more commonly used in the literature.
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to change the mean-reversion coefficient frono k — y,02 underP. Now we consider a more general
specification,

V= Yo/Ve 4 Y1+ Yavt + - 4 ik L, (56)

for any orderk. The induced drift change becomego? + y102V + Y202V + - - - + yka2W. Thus, the
drift of the activity rate process is no longer affine under shatistical measure, but the complication

does not affect option pricing and we can resort to euler@ppration for the likelihood construction.

Nevertheless, the specification in (56) is not completehoauous. Wherw; approaches zero, its
risk (innovation)oy,/\ydW" also approaches zero, yet the risk premium does not appzsaoh but
approaches a non-zero constggt,. A riskless security cannot earn a non-zero risk premiunmdde
the specification violates the no-arbitrage condition & #ctivity rate can stay at zero. Recently,
Cheridito, Filipovi€¢, and Kimmel (2003) and Pan and Singhe(2005) apply a restricted version of
(56) withy, = 0 for k > 2. Then, the risk premium is affine ip and the activity rate dynamics remain
affine under the statistical measure. To guarantee nagbit they add further technical conditions
on the statistical dynamics so that zero is not an absorbamgel, but a reflecting barrier of. The
technical condition guarantees no arbitrage. Neverthelbe specification witlyy strictly nonzero
still implies that investors charge a risk premium no smatenyoo? no matter how small the risk
becomes. A flexible market rice of risk specification doeshmotier option pricing as long as we start
with the risk-neutral dynamics, but it remains importangfiply our economic sense and the rule of

parsimony and discipline in specifying them.

In the fixed income literature, an enormous amount of studigsoit various forms of the ex-
pectation hypothesis to predict future exchange rate mewgsrusing current interest rate differentials
between the two economies, and predict short-term integstovements with the current term struc-
ture information. Several recent studies explore whetfiereamodels can explain the regression slope
coefficients! Affine models ask that bond yields of all maturities are affinections of a set of state
variable. This cross-sectional relation has bearings emisfk-neutral dynamics: The risk-neutral drift
and variance of the state vector are both affine functionkettate vector. However, it has no direct

bearings on the statistical dynamics, nor on the expeatdtypothesis. The above studies all require

"Examples include Backus, Foresi, Mozumdar, and Wu (200ajfe® (2002), Dai and Singleton (2002), and Roberds
and Whiteman (1999) for expectation hypotheses on the tetrotsre in a single economy, and Backus, Foresi, and Telmer
(2001) for international term structure and currency pidci
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that the statistical drift of the state vector is also affiliis self-imposed requirement limits the mar-
ket price of risk specification to an affine foryt;) = a+ bX when the state variable has a constant

diffusion, and of the forny(X;) = a/X; + b when the state variable follows a square root process.

5. Option pricing under time-changed Lévy processes

To price options when the underlying asset return is drivehéyvy processes with stochastic time
changes, we first derive the generalized Fourier transfdrtheoasset return under the risk-neutral

measure and then use Fourier inversion methods to comptits gpices numerically.

5.1. Deriving the Fourier transform

Carr and Wu (2004) propose a theorem that significantly esggathe tractability of option pricing
under time-changed Lévy processes. They convert the garobf finding the Fourier transform of a
time-changed Lévy process into the problem of finding thelaee transform of the random time under

a new complex-value measure,
or(u) = B9[] B[], (57)

whereyi(u) denotes the characteristic exponent of the underlying Ipgocessx;, and the second ex-

pectation is under a new measiie defined by the following complex-valued exponential nmeydile:

dM .
a5 | = 00 (). (58)

When the activity rate;, underlying the time change is independent of the Lévy iation X;, the
measure change is not necessary and the result in (57) cdridoeenl via the law of iterated expecta-
tions. When the two processes are correlated, the proposedure change simplifies the calculation

by absorbing the effect of correlation into the new measure.

According to (57), tractable Fourier transforms for thegighanged Lévy processy (u), can be

obtained if we can obtain tractable forms for the charastierexponent of the Lévy procesj,(u), and
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the Laplace transform of the time change. The three mostyited Lévy jump specifications include
the Merton (1976) compound Poisson models with normallyridiged jump sizes, the dampened
power law specification and its various special cases, amchéihmal inverse gamma model and its

extensions. All these models have analytical solutionshfercharacteristic exponents.

To solve for the Laplace transform, it is important to notattii we write the time change; in
terms of the activity rate; = fct, v(s_)ds the same form of expectation appears in the bond pricing lit
erature with the analogous term for the instantaneousigctate being the instantaneous interest rate.
Furthermore, since both nominal interest rates and theitgctate are required to be positive, they
can be modeled using similar dynamics. Therefore, anyasteate dynamics that generate tractable
bond pricing formulas can be borrowed to model the activéile rdynamics under measusé with
tractable solutions to the Laplace transform in equatiaf).(3n particular, the affine class of Duffie
and Kan (1996), Duffie, Pan, and Singleton (2000), DuffigpBilic, and Schachermayer (2003) and
the quadratic class of Leippold and Wu (2002) for interesgg@an be borrowed to model the activ-
ity rate dynamics with tractable exponential affine and egndial quadratic solutions for the Laplace
transform, respectively. Carr and Wu (2004) discuss thesgetn in their general forms. Of all these
specifications, the most popular is the square root process$in Heston (1993) and its various exten-
sions to multiple factors and to include positive jumps. B2 activity rate dynamics also generate
tractable solutions for the Laplace transform in (57), Imgt $olution contains a confluent hypergeo-
metric functionM(a, 3;z), where the two coefficient&, ) are complex valued and are functions of
the characteristic coefficient, and the argumert is a function of the activity rate level and option
maturity. It remains a numerical challenge to compute thiefion efficiently over the wide range of

complex-valued coefficients necessary for option pricing.

| illustrate the valuation procedure using the simple eXasigiscussed in the previous sections,

starting with the Black-Scholes model with the risk-nelutedurn dynamics given in (29):
o(u) = EQ [eiulnS/So} _ ur-atgQ |:eiu(0V\4—%02t)] — du(r—a)t—3(iut+u?)o? (59)

Given the constant interest rate and dividend yield assompie can factor them out before taking the

expectation. In this case, the concavity adjustment ieénzt can also be factored out. Nevertheless,
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with time changes in mind, | leave it inside the expectatiod @rite Yy (u) = 3(iu + u?)o? as the

characteristic exponent of tlencavity-adjustedeturn innovation termX; = oW — %ozt.

The Black-Scholes option pricing formula is well-known riging the generalized Fourier trans-
form under the Black-Scholes model merely serves as a berkhior more complicated examples.

The first extension is to apply random time changes to thekB&atoles specification,

INS/S = (r — q)t+ oW, — %oszt. (60)

Here, we can apply Carr and Wu'’s theorem to find the genedhkzairier transform:
(ps(u) - eiu(r_q)tEQ eiu(OV\[rt—%O'Z‘Tt)] — eiu(r_q)tEM [e_wx(u)‘ft] , (61)

whereyy(u) = %(iu +Uu?)0? is the same as for the concavity-adjusted return innovdtiothe Black-
Scholes model. The construction of the new mead&drand the Laplace transform under this new

measure depend on the specification of the activity raterdiagsa

Take the Heston (1993) model as an example, where the gataté dynamics under measuge

is, in stochastic differential equation form,

du = K(1—w)dt+oy/wdW’, pdt=E[dWdW']. (62)
The measure change is defined by

d% = exp<iu <0Wn - %cﬁ) - 'Ttlpx(u)> : (63)

The probabilistically equivalent writing under more triéaial notation is,

M B ) t 1 2 2 t
0 t_exp<|uo/0 VVsdWS + SU0 /ovsds>, (64)
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where | plug ingy(u) and cancel out the concavity-adjustment term. This meazharge induces a

drift change in the activity rate dynamics given by the cavace ternt
u(v)Mdt — u(v)@dt = (iuo /AW, oy /dW') = iugo,vpdt. (66)
Hence, under measubd, the activity rate dynamics become,
dy = <K - KMVt) dt+ oy WdW, k" =k —iucop. (67)

Both the drift and the instantaneous variance are affing imder measur®l. The Laplace transform

in (61) is exponential affine in the current level of the atyivate:
(Ps(U) _ eiu(rfq)tEM [eflpx(u)ﬁ] _ eiu(rfq)tfb(t)vofc(t)’ (68)

with the coefficientd(t) andc(t) given by,

2y (u) (1—e &
) = ot e (69)

ct) = l2m(1-55 (1-e®))+E-ky],

with & =/ (K1)2 + 20245 (u).

Suppose we further allow the activity rate to revert to alsstic central tendency factor in gener-

ating a two-factor activity rate dynamics under meagure

dv = K(m—w)dt+o,/MdW, (70)
dm = Km(1—m)dt+om,/mdWm,
8In the integral form, the covariance is
[ )" i) @)= o W) = oo wpr (65)
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with W™ being an independent Brownian motion. The dynamics undesoreM becomes,

du = (km—«kMv)dt+o,,dW, kM =k —iuocop. 1)
dm = Km(l—m)dt+om,/mdWm.
Writing the dynamics in a matrix notation with = [w,m] ", we have,
dvi = <a— KW) dt+ /IvdwY, (72)

with

0 kM g o2 0
a= v ,os=| )
Km 0 Kn 0 a3

Given the two-factor affine structure for the activity ray@mdmics, the Laplace transform is exponential

affine in the current level of the two factovs = [vo,mg) ":

os(U) = eiu(rfq)tfb(t)TVOfc(t) (73)

)

where the coefficients(t) andc(t) can be solved from a set of ordinary differential equations:

b(t) = wx(uby — (k") Th(t) - 3Z[b(t) ©b(t)],
dt)y = a'b(t),

(74)

starting ato(0) = 0 andc(0) = 0, withby = [1,0] " denoting the instantaneous loading of the activity
rate on the two factors and denoting the element-by-element product operation. Tdmary differ-
ential equations can be solved using standard numerictihes, such as an euler approximation or the

fourth-order Runge-Kutta method.

When the return innovation is not driven by a diffusion, byglpure jump Lévy process such as the

one governed by the dampened power law in (12), we simply toeeglace the characteristic exponent
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of the concavity-adjusted diffusion componei{u) = 3(iu+ u?)a? by that of the concavity-adjusted

jump component. Witlu £ 0 anda # 1, we have:

W(u) = —T(=0)A[(B+ —iu)® =BG + (B- +iu)* —p]

(75)
+Hiul (o)A [(By — 1% —BL + (B- +1)* —B%].

We can also include both a diffusion and a jump component hitchvcase the characteristic exponent
becomes the sum of the two. Most importantly, we can treaspieeification of the Lévy process and
the time change separately, and hence derive the chasgictesponent,(u) and the Laplace trans-

form separately. Therefore, we can combine any tractabley kpecifications with any tractable activ-

ity rate dynamics, and the generalized Fourier transformthi® resultant return dynamics is tractable.

5.2. Computing the Fourier inversions

With tractable solutions to the generalized Fourier tramafof the return distribution, European
option prices can be computed by inverting the Fourier foans The literature considers two broad
ways of inverting the transform. The first approach treaiomstanalogous to a cumulative distribution
function. Standard statistics books show how to invert tregacteristic function to obtain a cumulative
function. The inversion formula for option prices can belagausly proved. The second approach
treats the option price analogous to a probability densgitycfion. In this case, for the transform to
be well-defined, the characteristic coefficienn (57) needs to contain an imaginary component, the
domain of which depends on the payoff structure. Based sratialogy, option prices across the whole

spectrum of strikes can be obtained via fast Fourier trams{&FT).

For both cases, the Fourier transforms for a wide variety wwbgean payoffs can be obtained.
Their values can then be obtained by inverting the corradipgntransforms. | use a European call
option as an example to illustrate the transform method$edd, in most situations, a call option value
is all we need because most European payoff functions caapieated by a portfolio of European

call options across different strikes but at the same ntgturi
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The terminal payoff of a European call option at matutiind strikeK is,
M = (8 —K)1lg>k. (76)

Since we have derived the Fourier transform of the asseanstil is convenient to represent the payoff

in log return terms,

M = So(eNS/% _ dnk/Sy1g :So(eS‘ —ek) 1ok, 77)
with § =In§ /S andk = InK/S. The time-0 value of the call option is,
C(K.t) = Se "EY [(es‘ - ek)lazk] : (78)

Let C(k) = C(K,t)/S denote the call option value in percentages of the currestt mjice level as a
function of moneynesk and maturityt. In what follows, | focus on computing the relative call valu
C(k). We can simply multiply it by the spot price to obtain the thsalute call option valu€(K,t).°

For notational clarity, we henceforth drop the maturityuaingnt when no confusion shall occur.

5.2.1. The cumulative distribution analogy
We rewrite the call option value in terms 0= —k,
C(x) =C(k=—x) = "EJ [(e" — ™)1 g . (79)

Treating the call option valu€(x) analogous to a cumulative distribution, we define its Fourans-

form as,
Xo(2) = / gdC(x), zeR. (80)

—00

9Some broker dealers provide the relative percentage @iddeinstead of the absolute quoB¥K ,t) to achieve quote
stability by excluding the impact of spot price fluctuation.
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We can derive this transform in terms of the Fourier tramsfof the returnps(u):

XC (Z) = eﬁrt EQ / eizx (635,s§X - eﬁxafsgx + eﬁxlfsgx) dX:|

{o0]

_ efrtEQ e(lfiz)s_e(lfiz)s_’_ e(izl)xdx]

—S

r (1-iz)s i
(el—iZ)] —en & (61)

= e "EQ :
1-iz

which is solved by first applying Fubini’s theorem and theplging the result on the Fourier transform
of a Dirac functiond_s<x. Thus, tractable forms for the return transfoggfu) also means tractable

forms for the option transforrgc(z).

Given this transform, the option value can be computed d@ddhowing Fourier inversion formula:

21 1 (2 €% (-2 —e ™ (2)
CO0= 0+ 5 [ - dz (82)

The inversion formula and its proof are very much analogouke inversion formula for a cumulative
distribution (Alan and Ord (1987)). The only difference tdfee boundary: For a cumulative distribu-
tion, the transform evaluated at= 0 is one; for the option transform, it jg(0) = e "@s(—i) = e *.

GivenC(x), we obtainC(k) = C(k = —x). We can also directly define the inversion formula as,

0 a—izk: o(— _eizk c
CH) = o0+ [ S HE =Ry, (83)
o —r 1 ; 1 /e —izk(pS(Z_i) 'zk(ps(_z_i)
= € t[i%(_l)_ﬁ/o (e 2—iz +e 2+iz >d2} 84)

To compute the option value from the transform, the inveréommula in (82) asks for a numerical
integration of an oscillating function. Fortunately, bgia weighted average of cosines, the integrand
exhibits much less oscillatory behavior than the transfgum) itself. The integral can numerically be

evaluated using quadrature methods (Singleton (2001)).

Duffie, Pan, and Singleton (2000) and Leippold and Wu (200&8uss the application of this
approach for the valuation of general European-type statd¢ingent claims in the context of affine

and quadratic models, respectively. In earlier works, €hen and Scott (1992), Heston (1993), Bates
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(1996), and Bakshi, Cao, and Chen (1997), the call optiomevasl often written as the portfolio of two

contingent claims:

cio = ensin e qremi
= e "Qi(x) —e"e*Qx(x), (85)

with Q1 (x) andQz (x) being the values of two contingent claims defined by,

_EYeL oy

—_RrQ
o) Q2 (X) =E¥ [1_s<y]. (86)

Q1 (x)
Q2 is simply the cumulative distribution efs. Its transform is,
X2(2) = /: €2dQ, (x) = E© [/Z eiZX6_5<xdx] =E% (e = @s(—2). (87)
The transform ofQ; (x) is,

xi(2) = @EQ [ /_ iézxesésgxdx] :ﬁlﬁl@ [e<1i2>5}:%. (88)

Applying the inversion formula in (83), we have the valuestfe two contingent claims as,

0 A—izk i\ dzZKen 5
AW = oy S g, (89
0 A—izk _ azk .
QK = Gty [ B Ry, (90)

Nevertheless, doing one numerical integration accordingy proposed transform in (84) is more

efficient than doing two numerical integrations accordimgd9) and (90).
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5.2.2. The probability density analogy

The second approach treats the option price analogous tobealmlity density and defines the

Fourier transform of the option value as,
Xp(2) z/ é*Cc(kydk, z=z—iz, zeR,zeD CR". (91)

The transform coefficierttis extended to the complex plane to guarantee the finitefidlss wansform.

For the call option value, the transform is,

Xp(2) = /:eiZkEQ [e-” (es—ek)lszk]dk:e‘”E@ [/Zéz"(es—ek)lykdk}

. izk (iz+1)k
e "MEQ [/S e'2k<e5—ek>dk] — e "MEQ (el_ es—? )
o 1z iz+1

k=s

(92)

k=—o0

For &% = &zk+zk 19 be convergent (to zero) &t= —, we needz > 0, under whiche(Z+1k also

converges to zer® With z > 0, the transform for the call option value becomes,

e(1+iz)s e(iz+1)s

—r (ps(Z—i)
=€ tm. (93)

_ o tpQ
= E - -
Xp(2) e iz iz+1

For some return distributions, the return transfagte — i) = E2[el1112)9) is well-defined only wheu,
is in a subset of the real line. In equation (91), we ise R™ to denote the subset that both guarantees

the convergence @ andelZ*Dk atk = —oo, and assures the finiteness of the transfogta—i).

Given a finite transfornmy(z) for the call option, the option value can be computed from the

following Fourier inversion formula:

—iziteo L
1 ef'ZkXp(Z)dZZ e ; e*'sz)(p(zr —iz)dz. (94)

C(k) - é —izj—o0 Tt

10For other types of contingent claims, the transform wilktalkfferent forms and the required domain fpthat guarantees
the finiteness of the transform varies accordingly.
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We can approximate the integral using summations:

e—ak N-1

C(k) ~ C(k) = = ;e*iz*”)kxp(zr(n) —iz)0z, (95)

wherez (n) are the nodes &f andAz is the spacing between nodes. The fast Fourier transform)(FF
is an efficient algorithm for computing the discrete Fouceefficients. The discrete Fourier transform

is a mapping of = (fo,..., fy_1) " on the vector of Fourier coefficients= (do, ...,dy_1) ", such that
N—1 .
dj = fne %' j=0,1,...N—1 (96)
X

We used = D(f) to denote the fast Fourier transform, which allows the effiticalculation ofl if N

is an even number, sdy = 2™, me N. The algorithm reduces the number of multiplications in the
requiredN summations from an order of2 to that ofm2™1, a very considerable reduction. By a

suitable choice oAz, and a discretization scheme farwe can cast the approximation in the form of

(96) to take advantage of the computational efficiency oRR&.

Following Carr and Madan (1999), we sgtn) = nn andk; = —b+Aj, and requirenA = 211/N.

Then, we can cast the option valuation approximation in ({®®)e form of the FFT summation in (96):
N N-1 .
C(kj) = ane‘"‘ﬂ' =Dj(f), j=01,..,N-1, (97)
n=

with
fn= 1—1Te‘3ki+‘b””nxp(nn —iz). (98)

Under such a discretization scheme, the effective uppér flanthe integration iNn, with a spacing
of n. The range of log strike level is fromb to NA — b, with a uniform spacing oA in the log strike.

To put at-the-moneyk(= 0) option at the middle of the strike range, we cantsetNA /2.

The restriction ofnA = 21/N reveals the trade-off between a fine grid in log strike and a fin
grid in summation. WithN = 212, Carr and Madan (1999) sgt= 0.25 to price stock options. To price
currency and interest-rate options, | oftenrget 1 to generate a finer spacing of strikes and hence more

option values within the relevant range. The choice of thegimary part of the transform coefficient
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also affects the numerical accuracy of the fast Fouriengiga. Lee (2004) provides detailed analysis

on the error bounds and on the choice of the imaginary paheofransform coefficierg;.

5.2.3. Fractional FFT

Recently, Chourdakis (2005) adopts the fractional Fodrarsform (FRFT) method of Bailey and

Swartztrauber (1991) in inverting the option transfo{ptiz). The method can efficiently compute,
N-1 o
dj = fe” " j=0,1,..,N-1, (99)
2

for any value of the parameter. The standard FFT can be seen as a special case fo211/N.

Therefore, we can use the FRFT method to compute,
C(k,t) = Z)fneﬂ”'ﬂ', j=0,1,...,N—1, (100)
n=

without the trade-off between the summation gyidnd the strike spacing.

We used = D(f,a) to denote the FRFT operation, with(f) = D(f, 211/N) being the standard FFT
as a special case. Ax-point FRFT can be implemented by invoking thréé-goint FFT procedures.
Define the following A-point vectors:

y = ((fném2a>:l , (0)#_3) , (101)

=0
7 = <<eim2a):l__:’<eiTt(N—n)2cx):l__:>' (102)

The FRFT is given by,

Dk(h,a) = (™) 01@ D, 1(Dj(y)©Dj(2)). (103)

whereD;l(') denotes the inverse FFT operation andenotes element-by-element vector multiplica-
tion. Due to the multiple application of the FFT operatioBfourdakis (2005) shows that &hkpoint

FRFT procedure demands a similar number of elementary tipesaas a Hl-point FFT procedure.
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However, given the free choices arandn, FRFT can be applied more efficiently. Using a smaler
with FRFT can achieve the same option pricing accuracy asgwsimuch largeN with FFT. Numer-
ical analysis shows that with similar computational tintee FRFT method can often achieve better
computational accuracy than the FFT method. The accurapyowament is larger when we have a
better understanding of the model and model parameteraswécan set the boundaries more tightly.
Nevertheless, the analysis also reveals a few cases of etaripleakdown when the model takes ex-
treme parameters and when the bounds are set too tight. Hbecmore freedom also asks for more
discretion and caution in applying this method to generalbeist results in all situations. This concern
becomes especially important for model estimation, duwhgch the trial model parameters can vary

greatly.

6. Estimating Lévy processes with and without time changes

Model estimation can be classified into three categoriesegtimating the statistical dynamics to
capture the behavior of the time-series returns, (2) esitigdhe risk-neutral dynamics to match the
option price behavior, and (3) estimating the statistical ask-neutral dynamics jointly using both
time-series returns and option prices and learning theviehaf market prices of various sources of

risks.

6.1. Estimating statistical dynamic using time-seriesmes

Without time change, a Lévy process implies that the sgcreturns are iid. Thus, we can regard
each day’s return as random draws from the same distribufidns property makes the maximum
likelihood method easy to implement. For the Lévy procedkat | have discussed in this paper, only
a few of them have analytical density functions, but vitall of them have analytical characteristic
functions. We can use fast Fourier transform (FFT) to nucadlyi convert the characteristic function
into density functions. Carr, Geman, Madan, and Yor (20G2) this method to estimate the CGMY
model to stock returns. To implement this method, we noymadled to use a large numbirfor the

FFT so that we obtain numerical density values at a fine grigkalizations. Then, we can map the
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actual data to the grids by grouping the actual realizatiotes different bins that match the grids of
the FFT and assign the same likelihood for realizations iwithe same bin. Alternatively, we can
simply interpolate the density values from the FFT to mat@hdctual realizations. Furthermore, to
improve numerical stability and to generate enough poimtké relevant FFT range, it is often helpful

to standardize the return series (Wu (2006)).

The estimation becomes more involved when the model cantaimdom time changes. Since the
activity rates are not observable, some filtering techniguzten necessary to determine the current
level of the activity rates. Eraker, Johannes, and Pols883Rand Li, Wells, and Yu (2004) propose
to estimate the dynamics using a Bayesian approach inv®iaikov Chain Monte Carlo (MCMC)
simulation. They use MCMC to Bayesian update the distrdoutf both the state variables and model
parameters. Javaheri (2005) propose a maximum likelihogtthoa in estimating time-changed Lévy
processes. Under this method, the distribution of the idgtigtes are predicted and updated according
to Bayesian rules and using Markov Chain Monte Carlo sinaratThen, the model parameters are
estimated by maximizing the likelihood of the time-serieturns. Kretschmer and Pigorsch (2004)

propose to use the efficient method of moments (EMM) of Gabaial Tauchen (1996).

6.2. Estimating risk-neutral dynamic to fit option prices

If the objective is to estimate a Lévy process for the riskitnal return dynamics using option
prices, nonlinear least square or some variant of it is thetrdmect method to use. Since a Lévy
process implies iid returns, the conditional return disttion over a fixed time horizon remains the
same at different dates. Accordingly, the option price bEhaacross strikes and time-to-maturities,
when scaled by the spot price, should remain the same adregdifferent dates. In particular, the
Black-Scholes implied volatility surface across monegnasd time-to-maturity should remain the
same across different days. In reality, however, the opiiice behavior does change over time. For
example, the implied volatility levels vary over time. Theape of the implied volatility smile also
varies over time. A Lévy model without time change canngitege these time variations. A common
practice in the industry is to re-estimate the model daligt is, to use different model parameters to
match the different implied volatility levels and shapesdiéierent days. This method is convenient and

is also used in early academic works, e.g., Bakshi, Cao, &ed C1997) and Carr and Wu (2003a).
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In fact, even for one day, most Lévy processes have diffesifitting the implied volatility surface
across different maturities. The implied volatility smidserved from the market often persists as
maturity increases, implying that the risk-neutral retdistribution remains highly non-normal at long
horizons. Yet, since Lévy models imply iid returns, if tleurn variance is finite under the model spec-
ification, the classic central limit theorem dictates tlinet $kewness of the return distribution declines
like the reciprocal of the square root of the horizon and ttemes kurtosis declines like the reciprocal
of horizon. Hence, return non-normality declines rapiditfvincreasing maturities. For these models,
calibration is often forced to be done at each maturity. Aedéint set of model parameters are used to

fit the implied volatility smile at different maturities.

Carr and Wu (2003a) uses a maximum negatively skewathble process to model the stock
index return. Although the model-implied return distribut is iid, the model-implied return variance
is infinite and hence the central limit theorem does not apfitys, the model is capable of generating
persistent implied volatility smiles across maturitiesu (¥006) use the dampened power law to model
the index return innovation. With exponential dampenindarrthe statistical measure, return variance
is finite and the central limit theorem applies. The stat@treturn distribution is non-normal at high
sampling frequencies but converges to normal rapidly wittetaggregation. However, by applying
a measure change using an exponential martingale, the dampen the left tail can be made to
disappear under the risk-neutral measure so that the retwiance becomes infinite under the risk-
neutral measure and the risk-neutral return non-normabtjonger disappears with increasing option

maturity.

Applying stochastic time change to Lévy processes not gaherates time variation in the return
distribution, but also generates cross-sectional optiice ehaviors that are more consistent with
market observations. For example, a persistent activiy peocess can generate non-normality out
of a normal return innovation and can slow down the convergeasf a non-normal return distribu-
tion to normality. For daily calibration, the unobservabidivity rates are treated the same as model

parameters. They are all used as free inputs to make the valdek fit market observations.

A dynamically consistent estimation is to keep the modehpeaters constant and only allow the
activity rates to vary over time. Huang and Wu (2004) emplagsted nonlinear least square procedure

for this purpose. Given parameter guesses, they minimieiicing errors at each day to infer the
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activity rates at that day. Then, the parameters are chasearinimize the aggregate pricing errors
over the whole sample period. Carr and Wu (2007) cast the Indua state-space form and estimate
the model parameters using the maximum likelihood metholde State propagation equations are
defined by the time-series dynamics of the activity ratesthrdneasurement equations are defined
on the option prices. Given parameter guesses, they useeamdexl version of the Kalman filter, the
unscented Kalman filter (Wan and van der Merwe (2001)), tainlihe forecasts and filtering on the
conditional mean and variance of the states and measureniémn, they construct the likelihood of
the option series assuming normally distributed forengséirrors. Using this approach, they identify
both the statistical and the risk-neutral dynamics of th#viag rates, and thus the market price of the
activity rate risk. Nevertheless, by using only optionsaddiey do not estimate the statistical return

dynamics, nor the market price of return risk.

6.3. Static and dynamic consistency in model estimation

Daily re-calibration or re-calibration at each option midjuraises the issue of internal consistency.
Option values generated from a no-arbitrage model arenaligrconsistent with one another and do
not generate arbitrage opportunities among themselvesn\Wimodel is re-calibrated at each maturity,
the option values generated at different maturities arengisdly from different models and hence
the internal consistency between them is no longer guagdnté&/hen a model is re-calibrated daily,
option values generated from the model at one day are noagiemd to be consistent with option
values generated at another day. One of the potential daefeloing daily re-calibration is in risk
management. A “fully” hedged option portfolio based on a el@ssuming constant model parameters

is destined to generate hedging errors if the model paramate altered on a daily basis.

Both the academia and practitioners appreciate the vittlbeiag both cross-sectionally and dy-
namically consistent. Nevertheless, building a dynamjicansistent model that fits the market data
well can be difficult. Hence, the daily re-calibration medttan be regarded as a compromise to achieve
static consistency cross-sectionally but not dynamic isterscy over time. It remains true that a hedg-
ing strategy with constant parameter assumptions is baugdrierate hedging errors when the model
parameters are altered. One way to minimize the impact ginguparameters is to consider short in-

vestment horizons. For example, an investor that closegdstion daily does not need to worry about
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the dynamic inconsistency of dail re-calibration. Withier linvestment horizon of one day, the model
parameters are fixed and the option values generated fromdbel are internally consistent. Market
makers are often regarded as very short-term investorg iy rarely hold long-term inventories.
Therefore, dynamic consistency may not be as an overridimgearn as it is to long-term investors.
The more pressing concern for market makers is to achiews-@@ctional consistency across quotes
for different contracts at a point in time. Furthermore csirthey need to provide two-sided quotes,

they often need a model that can match the current markees|uell.

On the other hand, for a hedge fund that bets on long-termecgance, a model that always fits
the data well is not the key requirement. In fact, since tbbjective is to find market mispricings, it
is important that their model can generate values thatrdiften the market. A good model produces
pricing errors that are zero on average and transient ineato that if the model picks out a security
that is over-valued, the over-valuation disappears in &s& future. However, although they have a less
stringent requirement on the model’s fitting performanbeytoften have a more stringent requirement
for dynamic consistency when they bet on long-term converge To them, it is important to keep
the model parameters fixed over time and only allow statealibas to vary, even if such a practice

increases the model complexity and sometimes also incteag®icing errors of the model.

In a dynamically consistent model, the parameters thatllareed to vary daily should be converted
into state variables, and their dynamics should be priceelhwialuing a contingent claim. Stochastic
time change provides an intuitive and tractable way of tgra static model to a dynamic one. Under
Lévy processes with stochastic time changes, we can lnaitdable models that generate reasonable
pricing performance while maintaining dynamic consisjenRecent developments in econometrics
further enable us to estimate these models with dynamidstensy constraints and within a reasonably
short time framework. Once estimated, updating the agtigites based on newly arrived option quotes

can be done almost instantaneously. Hence, it causes nadelaading or market making.

6.4. Joint estimation of statistical and risk-neutral dymas

One of the frontiers in the academic literature is to exgloitinformation in the derivatives market

to infer the market prices on various sources of risks. Wanileng time series can be used to estimate
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the statistical dynamics of the security return, a largessigection of option prices across multiple
strikes and maturities provide important information abthe risk-neutral dynamics. The market
prices of various sources of risks dictate the differendsveen the return dynamics under the two
measures. Hence, estimation using both time series angd-seational data can help us identify the

dynamics under both measures and the market pricing onugasiources of risks.

Pan (2002) uses the generalized methods of moments to &stffiae jump-diffusion stochastic
volatility models under both probability measures and wtilng jump risk premia implicit in options.
The moment conditions are constructed using both optiodgiare-series returns. Eraker (2004) es-
timate similar dynamics under both measures using the MCpjaach. At each day, he uses the
time-series returns and a few randomly sampled option frides a result, many available options
data are thrown out in his estimation. Bakshi and Wu (2008p@se a maximum likelihood approach,
where the likelihood on options and on time-series returescanstructed sequentially and the max-
imization is over the sum of the likelihoods on the two setglatia. First, they cast the activity rate
dynamics into a state-propagation equation and the optioaginto measurement equations. Second,
they use the unscented Kalman filter to predict and updatéeadtivity rates. Third, the likelihood
on the options are constructed based on the forecastings @mothe options assuming normal fore-
casting errors. Fourth, they take the filtered activity sae given and construct the likelihood of the
returns conditional on the filtered activity rates. The dtiadal likelihood can be obtained using fast
Fourier inversion of the conditional characteristic fuoet Finally, model parameters are chosen to
maximize the sum of the likelihood of the time-series resusnd option prices. They use this estima-
tion procedure to analyze the variation of various sourdenarket prices around the Nasdaq bubble

period.

7. Concluding remarks

Lévy processes with stochastic time changes have becanettersal building blocks for finan-
cial security returns. Different Lévy components can bedus capture both continuous and discontin-
uous movements. Stochastic time changes can be applieddoméze the intensity of these different

movements to generate stochastic time variation in vilagind higher return moments. | provide a
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summary on how different return behaviors can be capturediffigrent Lévy components and differ-
ent ways of applying time changes, under both the risk-abuteasure and the statistical measure. |
also discuss how to compute European option values unde pecifications using Fourier transform

methods, and how to estimate the model parameters usinesénes returns and option prices.
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