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1. Introduction

Equity index returns and volatilities show negative co-ements. The academic literature mostly models
the co-movements through a negative instantaneous diwreldetween innovations in equity returns and
return variance, e.g., Heston (1993), Bates (1996, 200aRslid, Cao, and Chen (1997), Heston and Nandi
(2000), Pan (2002), Carr and Wu (2004), Eraker (2004), arahgand Wu (2004). All these models maintain
scale-free dynamics: Changing the scales or units of thiyeqdex does not alter the dynamic specification

for returns and volatilities.

On the other hand, models with direct index level dependemeepopular in the industry. The local
volatility model of Dupire (1994) specifies the return vdigt as a function of the stock index level and time,
and determines this local volatility function by the ratiocalendar spreads to butterfly spreads. A parsimo-
nious functional choice for the local volatility is the ctaust elasticity of variance (CEV) specification, where
the local volatility is a time-homogeneous power functidthe index level, e.g., Beckers (1980), Cox (1996),
Emanuel and MacBeth (1982), and Schroder (1989). By ama\thie time-series behavior of the Black and
Scholes (1973) implied volatilities on the S&P 500 indexiaps, Derman (1999) concludes that the data
show different regimes, under which the implied volatilégd the equity index show different dependence

structures.

In this paper, we argue that the equity index and its volgtititeract through several distinct channels.
First, the equity return volatility does exhibit level depence, but the dependence is not on the level of
the stock price or market capitalization, but rather on #well of financial leverage. Holding fixed the busi-
ness risk, increasing the level of financial leverage leadsdirect increase in the level of the equity return
volatility. Furthermore, the financial leverage variatian come from the stock price variation when the debt
level is fixed (Black (1976b)), but it can also come from aetiwanagerial decisions on the company'’s capital

structure (Titman and Tompaidis (2005) and Adrian and SP98)).

A second source of interaction can come from the volatilggdback effect on asset returns. Positive
shocks to business risk increase the cost of capital andedtie business valuation. Such a volatility feed-
back effect generates a negative correlation between shoasset returns and asset return volatilities. The

effect exists regardless of the financial leverage levelisorariation.



Yet another source of interaction can come from market tilsm®he financial market experiences both
continuous movements and discontinuous disruptions. e_agpative market disruptions can show self-
exciting behaviors. The occurrence of one negative digmpadften induces more disruptions to follow,

thus raising market volatility.

We propose a model for the equity index dynamics that caglirdnree channels of interactions. We
do so by separately modeling the asset return dynamics anfindincial leverage variation. Specifically,
we decompose the forward equity index level as a product ofrtennegative martingales that measure the
forward asset value and the equity to asset ratio, respéctiwe model the equity to asset ratio as following
a constant elasticity of variance process. As the ratioinkes) the level of financial leverage increases, and
the index return volatility increases, thus generatingl¢irerage effect. Furthermore, we decompose shocks
in the asset return into two components, a continuous coamgand a discontinuous component. We apply
separate time changes to the two components so that sticchastilities can come from both components
separately. We specify the activity rate underlying theetthange of the continuous component as a continu-
ous Markov process, with its Brownian innovation negagivadrrelated with the Brownian innovation in the
return component. This negative instantaneous corralaptures the volatility feedback effect: A positive
shock to the business risk reduces the present valuatiomturief cash flows and is hence associated with a
negative shock on business return. We specify the actiaiy underlying the time change of the discontin-
uous component as a purely discontinuous Markov procedsyariet the negative jumps in the asset return
drive the positive shocks in the activity rate to generagestlf-exciting behavior: A large downside jump on

the asset return leads to a spike in the arrival rate of disaorus movements in the future.

Under this specification, the index return volatility canvaétten as a direct function of the index level,
thus generating the index-level dependence. Neverthélesmdex level in the volatility function is scaled by
the asset value so that the volatility function becomes tagsi quantity and the return dynamics maintain the
scale-free property, thus circumventing the major coreemthe consistency and stability of local volatility-
type specifications. In addition to the index level deperdethe index return variance also varies with three
additional state variables, including the asset level &edwo activity rates underlying the continuous and

discontinuous business shocks, respectively.

Through change of variables, we can represent the indesardfutnamics alternatively as driven by three



independent stochastic variance processes, with no diméex level dependence. Historically, researchers
try to distinguish models with “sticky delta,” under whicaturn volatility does not depend directly on the
price level, from the local volatility-type models, undehish the return variance has a direct dependence on
the price level. Our specification generates a mixture deha¥ both types and can be represented either in
the sticky delta format or with direct price level dependendtile maintaining the dynamics scale free. Thus,

our specification bridges the gap between the two distineasts of literature.

Given the specified dynamics, we propose a tractable proeddu pricing European options on the
equity index. Conditional on the terminal value of the egtit asset ratio, options on the equity index can
be written as options on the asset value. Since we model se¢ ggurn as time-changed Lévy processes, we
can derive the generalized Fourier transform of the assatréollowing Carr and Wu (2004) and compute
the conditional option value on the asset through fast Eounversion. Then, we numerically integrate
the conditional option values on assets over the possililesaf the equity to asset ratio. With the constant
elasticity of variance specification, the probability diatition of the equity to asset ratio is known analytically
as a transformation of the density for a standard Bessekpsod he numerical integration can be performed

efficiently using Gauss-Hermite quadrature rules.

We estimate the model using about over 12 years of overdhater option implied volatility quotes on
the S&P 500 index from January 8 1997 to March 5, 2008. At eatd, dve have 40 quotes on a grid of five
relative strikes from 80% to 120% of the spot index level aigthtefixed time to maturities from one month to
five years. Data analysis reveals three major sources @tizarion the implied volatility surface that dictates
the variation of the average implied volatility levels, timeplied volatility term structure, and the implied
volatility skew along the strike dimension. Our three-facitochastic volatility structure can accommodate
all three sources of variations. The model estimation tesllow that our model can price the equity index
options well across the wide range of strikes and maturiti@srough an analysis of the model parameter
estimates and the state variables, we highlight the diftex@es played by the three different risk sources in

the variation of the index option implied volatility suriac

The rest of the paper is organized as follows. The next sediscusses the equity index dynamics
specification, its different representations, and optiocimg under the specified dynamics. SeciBemnalyzes

the data set and performs principal component analysistarmdae the major sources of variations in the



implied volatility surface. Sectiod discusses the estimation strategy. Sedi@ummarizes the estimation

results. Sectiol® concludes.

2. Separate modeling of asset return dynamics and financiagVerage variation

We fix a filtered complete probability spa¢®, 7, P, (% )i>o0} Satisfying the usual technical conditions.
We assume no-arbitrage in the economy. Then, under cedelimical conditions, there exists at least one
risk-neutral probability measur@, absolutely continuous with respectlfp such that the gains process as-
sociated with any admissible trading strategy deflated byrigkfree rate is a martingale (Cochrane (2004),

Duffie (1992), Harrison and Kreps (1979)).

Let i denote the timeé-forward level of the equity index over some fixed time horizou A; the corre-
sponding timea-forward asset value underlying the equity index, itk i /A, measuring the forward equity
to asset ratio. We assume deterministic interest rates igitid yields. By specifying the dynamics on the
forward instead of the spot, we avoid the notational clusteassociated with interest rates and dividends.
Furthermore, instead of directly specifying the equityexdlynamics, we propose to separately model the

asset value dynamics and the financial leverage variatrongin the following multiplicative decomposition,
R = XA (1)

2.1. Equity-to-asset ratio dynamics and the leverage effec

To capture the financial leverage effect on equity valuagiod equity volatility, we propose to model the
equity-to-asset ratio by a simple constant elasticity oiavece process. Assuming orthogonality betwdn
anddA, the equity-to-asset ratio is a martingale under the resktral measur®, with its variation controlled

by the following stochastic differential equation,
dX/% =% "dw, p>0, (2)

whereW denotes a standard Brownian motidns a positive constant, and the power coefficipdietermines

how the equity index return volatility varies on the levelfafancial leverage. Whep = 0, the level of



financial leverage does not have an impact on the equityrretoliatility. When the power coefficient is
positive p > 0, holding the asset value fixed, a decline in the equityssearatioX; lowers the equity level,
raises the financial leverage, and increases the equityratiatility, thus generating the well-knoweverage
effectdescribed by Black (1976a). We maintgin> O to generate the leverage effect. For® < 1/2, the
origin (zero) is an exit boundary. Far> 1/2, the origin is a regular boundary point and is specified as a

killing boundary by adjoining a killing boundary conditigpavydov and Linetsky (2001)).

The constant elasticity of variance proces@)ig related to a standard Bessel process of orded /(2p)
through the change of variablg = X /(5p). From the well-known expression for the transition densftihe
Bessel process (see Borodin and Salminen (1996) and Reduvoaif1999) for details on Bessel processes),

we can derive the probability transition density)Xaf conditional onX;, with T > t, as,

2p-3.,3% 2D | 2p Py P
X K X+ Xp XXt
f(Xr|X) = meXp<—m ly PR -1 )’ 3
wherel, (x) is the modified Bessel function of the first kind of order Since the value of the modified
Bessel function increases quickly once its argumebecomes large, a modified version of the function
& (x) = Iy(x)e * can be calculated with more numerical stability, especiatienx s large. In this case, we

can rewrite the density function as,

1
2

Xi* % (X0 —XP)? XPXP
100 = 0z ) (e o) @

The constant elasticity of variance process has been uslee literature to model the equity price dynam-
ics. Directly applied to equity prices, the process can gerehe observed negative co-movements between
equity prices and equity return volatilities, but it alsogeates scale-dependence in the dynamics: A re-scale
of the equity price level necessitates a correspondingatrg of the dynamics to maintain stability. This
scale-dependence issue does not show up in our specificatioe are applying the process to a scale-free

guantity, the equity-to-asset ratio.



2.2. Asset return dynamics with volatility feedback anfteetiting disruptions

To specify the asset value dynamics, we decompose the stttk asset return into two distinct types:
() small continuous shocks, which we model as a standaravBiemn motionZ;, and (i) large discontinuous
shocks, which we model as a jump procésthat includes both downside jumgs and upside jumps;,
with J = " +J~. We allow the two types of economic shocks to exhibit différstochastic intensities by
applying separate stochastic time changes to the two Lémponents. Formally, we model the return on the

asset under the risk-neutral measQras,

InA /Ay = <z¢lz _ % tZ) n (tha _ g;akj(l)) : (5)

where g, J;) denote the two Lévy components that drive the two typescofiemic shocks on the asset
return, and %%, Z%”) denote the two stochastic time changes separately applibe two Lévy components.
We further assume that the two stochastic time changes ea#lylaleterministic and defined through their

respective activity rates (Carr and Wu (2004)),
t t
2= [Zds 7= [ ds (6)
0 0

We can think oft as the calendar time an@;?,7”) as the business clocks on the two types of economic
shocks. The business clock runs faster when the underlyisméss activity is heavier and thus the activity

rate is higher.

The terms%‘ftZ and77k;(1) in equation[§) represent the convexity adjustments of the two shocks such
that the forward asset value is an exponential martingatieiuthe risk-neutral measure. The tekgts)

denotes the cumulant exponent of the Lévy jump prodedsfined as

ki(s) = ZE [e], (7)

1
t
whereE|-] denotes the expectation operator under the risk-neutrasuneQ. The cumulant exponent of a
standard Brownian motiof is kz(s) = 2>, When the cumulant exponekit(s) of a Lévy process; is well-
defined, the compensated Lévy prockss k_(1)t becomes an exponential martingaleBajgh —s(1t] = 1.

By virtue of the optional stopping time theorem, replacing talendar timewith a locally deterministic time
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changeZ; as defined in@) does not alter the martingale behavior of the exponeriiatkler and Sgrensen

(1997), p. 230).

We specify the Lévy jump components through their Lévysilges under the risk-neutral meas@pe
Ty (x) = e ¥t g (x) = e P ) 8)

which govern the arrival rate of jumps of sixeThe specification describes the variance-gamma Lévy jump
process studied in Madan and Seneta (1990) and Madan, @diGleng (1998). The jump arrival rate cen-
ters around zero and declines monotonically as the absjolbip size declines, withj andv; controlling

the scale of up and down jumps, respectively. The varia@erga process is an infinite-activity jump speci-
fication that generates an infinite number of jumps within f@mye interval, a specification that has generated
better empirical performance in pricing equity index optighan finite-activity jump specifications (Carr and
Wu (2003) and Huang and Wu (2004)). Under the variance-gaspeeification, the cumulant exponents of

the upside and downside jumps are,

Ky (s) = —In(1—sv+), ky+(s)=—In(1+sv-). 9)

We specify the risk-neutral dynamics of the two activityesat?, ') via the following stochastic differ-

ential equations,

d = Kz(8z—Vf)dt+ozyWdZ, E[dZ'dz]=pdt, (10)
dy = k3(6—\)dt—oydJp,. (11)

Equation[[0) models the activity rate’ underlying the continuous sho@ by a continuous mean-reverting
square-root process. The two Brownian innovations arevatioto be correlated. A negative correlation
p < 0 generates the desiredlatility feedbacleffect: A positive shock to the business risk increases disé ¢

of capital and reduces the asset value.

Equation[[T) models the activity rate’ underlying the discontinuous shodk as a mean-reverting pure

jump process. In particular, a downside jump in the asseteviads to an upside jump in the activity rate,



which in turns controls the arrival rate of the downside apside jumps. Thus, the downside jump in the asset
value generates self-excitingbehavior: The occurring of a downside jump event incredsesitrival rate of
future jump events. Eraker (2004) and Eraker, JohannesPalstn (2003) use synchronized finite-activity
jumps to model the equity index return and volatility. In gpecification, the jumps are not only synchronous
in timing, but also in jump sizes. Azizpour and Giesecke @0fnd Ding, Giesecke, and Tomecek (2008)
use a self-exciting process to model the contagion effecbiporate defaults: The default of one company

can increases the arrival rate of default for other companie

Summarizing the specifications, we can write the risk-rad@tsset value dynamics in terms of the follow-

ing set stochastic differential equations,

dA/A = VVEAZ+ [ (€= 1) (1 (dx dt) — - ()dxfdt) + %, (&= 1) (u (dx.dt) — 15— (x)dxydt)
dv? Kz (62— Vf) dt+0z,/4dZ/, E[dZ'dZ] = pdt,
d¥ = k3 (85 —W)dt—oy % x(u (dxdt) — - (x)dxpdt),

(12)
wherep™ (dx dt) andp (dx dt) denote the counting measures of the upside and downsides juRgp each
downside jump of size on InA;, the activity rates jumps up by—o;x. The arrival rate of a downside jump
in In A, of sizex at timet is governed byt (x)v/. Similarly, the timet arrival rate of an upside jump of size

x is governed byt (X)V.

Taken together, our specification incorporates threendisthannels of dynamic interactions between the

equity index and its volatility,

1. The financial leverage effect: A lower equity-to-asset ratio (and hence a higher finaneatdage

level) leads to higher volatility levels for the equity retuholding business risk constant.

2. The asset volatility feedback effect:A rise in business risk increases the cost of capital andr®we
business valuation, thus generating an instantaneousiveegarrelation between innovations in asset

return and return volatility.

3. The self-exciting behavior for market disruptions: The occurring of a large negative market disrup-

tion increases the arrival rate of future discontinuous enoents.



2.3. Alternative representations

Combining the dynamics for the equity-to-asset ratio inagigun [2) with the dynamics for the asset value
in equation[{2), we can write the forward equity index dynamics in termshef asset valué; and the two

activity rates ¢, %),

-P
dR/R = 5<5> dw+\/v?dzt 19

+/ i (dx, dt) — 11+ (x)dxdlt) +/ (€~ 1) (- (dx dt) — T (x)dxpdt).

Holding (A, V¢, V) fixed, the index return variance level depends inverselghenforward index leveF,
similar to traditional constant elasticity of variance gfieations for equity dynamics. Different from the
traditional specification, however, our specificatioriff)(scales the index level by the level of the asset value
to make the index return dynamics scale free, circumveritiegcommon concern against scale-dependent
dynamic specifications. In addition to the level dependgenae specification also generates three additional

sources of variations for the index return through the viarieof the three state variables (v, ).

Alternatively, we can regardX{,v*,\}) as the state variable and write the forward index dynamscs a

dR/R = X PdW -+ VEdZ (14)
+/ (e~ 1) (U (dx dt) — Ty (x)dx'dt) +/ (1) (U (dx dt) — - (x)dxvdt) .

Under this alternative specification, the index returnamece no longer shows explicit dependence on the
index level. The variations of the index return variance sokely determined by the variations of the three
state variables(X;, 2, ). If we further perform a change of variabl = 5%, 2", we obtain a three-factor

stochastic volatility model of the traditional sense,

dR/R = AW+ Mz (15)

+/ (&~ 1) (F (dx, dit) — T+ (x)dxdt) +/ (&~ 1) (- (dx dt) — - (x)dxfdt) |



where the first stochastic volatility factgf follows a 3/2-process,
AV = kx (W)2dt — oy (V)% 2dW, (16)

with kx = p(2p+ 1) andox = 2p and its innovation is perfectly but negatively correlatathvts correspond-
ing return innovation component. Under this specificattbe,index return is driven by two Brownian motion
components and a jump component. The instantaneous vesiandhe two Brownian motiong andv? and

the arrival rate underlying the jump procegsare all stochastic and are driven by three separate dynawvic p
cessedI), I0), and [I). While we specifyf as following affine diffusion ane as following affine jump
dynamics, the variance rate underlying the constant eiystif variance proces# follows a 3/2 process,
the behaviors of which have been studied by several autbays,Heston (1997), Lewis (2000), and Carr and
Sun (2007). Within the one-factor diffusion context, sevemmpirical studies find that a/3 specification

on the variance rate dynamics performs better than the sgquoat specification. Favorable evidence from
time-series returns includes Chacko and Viceira (2008)désand Engle (2002), Javaheri (2005), and Jones
(2003). Supporting evidence from equity index optionsudel Jones (2003), Medvedev and Scalillet (2003),
and Bakshi, Ju, and Ou-Yang (2006).

Equations[I5) and [L6) reveal that from the equity index forward levgland index options, we cannot
identify the scale parametérfor the equity-to-asset rati¥;. Accordingly, we henceforth normalize= 1
and regardxX; as a proportionally scaled version of the actual equitggset ratio. Furthermore, although
the two activity rates\,\y) follow mean-reverting processes, thg23rocess in equatiofl6) is mean-
repelling. This mean-repelling behavior generates langdependence between index return and volatility

and contributes to the option implied volatility skews atwkng option maturities.

Historically, researchers distinguish models with “siakelta,” under which return volatility does not
depend directly on price level, from the local volatilitycanonstant elasticity of variance models, under
which the return variance has direct dependence on the lerieé By contrast, our specification generates
a mixture behavior of both types and can be representedr éithbe sticky delta format as ifflB) or with
direct price level dependence as[iB). Thus, our model represents a unification and reconaihiatif the

two distinct streams of literature.
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2.4. Option pricing

Consider the time-forward value of a European call option on the equity indethwsirike priceK and
expiry dateT, conditional on the timeé-values of the index forward and the three state variabtes, \y).
Since the equity indeX¥ is driven by two orthogonal sources of variatiofsand X;, we can perform the

valuation through the law of iterated expectations,

c(R.K,T) = E[(Fr—K)"|(R,% V.W)]
= E[(XrAr —K) | (A% V)] 17)
_ E[ [_XAT— ‘(XT:-XyAtthZan))HX(]
= E[X-C(ALK/X,T)|X],
whereC(A,K,T) is defined as

which can be regarded as the forward value of a call optionherasset. In equatiofff), we first write
Fr as the product oAr and Xy. Then, given the orthogonality of the two components, wdqgper an
expectation operation conditional on fixed values<gf= X, which results in the forward call value on the
asselC(A,K/X,T). The last steps involves integrating the productaind the forward call on the asset over
the probability density okt = X conditional onX;, which is known in analytical form as il. Conceptually,
the procedure is analogous to the procedure advocated IraktdiMWhite (1987), where the option value on
a pure-diffusion process with independent stochastictiibfais written as an integration of the Black and

Scholes (1973) formula over the conditional density of thgragate return variance.

2.4.1. Fourier transform on asset returns and FFT valuatidioptions on asset

To compute the forward call value on ass##,K, T), we first derive the Fourier transform of the log
asset return Ay /A,

o(u) = [é“'“AT/’*] . ueDCC, (19)

whereD denotes a subsect of the complex plane under which the extjpecin [19) is well defined. Once

we obtain this transfornp(u), we can compute the option valgevia fast Fourier transform (FFT) following

11



the procedure first proposed by Carr and Madan (1999).

Since the log asset return is modeled as a linear combinafidwo time-changed Lévy processes in
equation[B), we follow Carr and Wu (2004) and write the Fourier transfas the Laplace transforms of the

two stochastic time changes under a new measre

ou) = F [exp<iu (Z%zT — %Qﬁ) +iu (‘]Ti?r — kJ(l)Q;fT>>}
E* [exp(—Wz(W 5 — ws(u)Tr)] (20)

where the new measuhd is defined by the following complex-valued exponential nmgdle,

M . 1 .
el exp<|u <Z‘Tt,ZT — E‘Zﬁ) +Pz(WELF +iu (JQLJT — kJ(l)Q{fT> +l.IJJ(U)(1;:1|-> , (21)

and (Yz(u),P;(u)) are the characteristic exponents of the two convexitystdf Lévy component&; —

$t,J% —ky(1)t) prior to the time change,

u = 3(iu+u?),
L|w'Z( ) 2( ) (22)
Pi(u) = In(I—iuvy+)(1+iuvy-) —iuln(l—vy+)(1+vy-).
Under measur®l, the dynamics of the two activity rates become,
d¥ = (kz8z —kYV¢)dt+ oz MmdZ™, kY =kz —iupoyz, (23)

dv = (k38 —K§W) dt— oy [ x (p(dx dt) — 8t ()dxdt), K} =Ky — 0Vt —vyo).

The exponential martingale i) generates an exponential tilting in the Lévy densityofunder the new

measuraVl,
jux o= [X V3 |y |~ — XL - Vo~
T[IE/E(X) — dWXg=IXI/V; ‘X’ 1_g@ x| /vy~ ‘X’ 17 - = m (24)
The cumulant exponent of the downside judapunder measur®l becomes,
Ky (s) = —In(1+sh). (25)

With the affine activity rate dynamics in equatid@3), the Laplace transform if2() can be solved in

12



exponential-affine forms (Filipovi€ (2001) and Duffie,ipdvi¢, and Schachermayer (2003)),

o(u) = exp(—az(1) —bz (W —ay(1) —by(1)), T=T—t, (26)
where the affine coefficients solve the following ordinarffetential equations,

by(t) = Wz(u) — Kbz (1) — 30%hz(1)?, a5 (1) = bz (1)kz6z,
by(1) = Wi(u)— (Ka+05vy-)by(t) — K} (a3by(1)), & (T) = by(T)Ks63,

(27)

starting ataz(0) = bz(0) = a3(0) = b;(0) = 0. The ordinary differential equations governing the coeffits

(az(1),bz(1)) can be solved analytically,

o) = ey &=y ()20,

(28)
ar(t) = % [2|n( “z (1 eET))+(z—K1§ﬂ)r].

The ordinary differential equations governing the coedfits(az (1), bz (1)) can be solved numerically using

the standard Runge-Kutta 4th order method.

With the Fourier transforng(u) on the asset return, we first re-scale the forward call vaiuthe asset
c(k) = C(A, K, T)/A with k= InK/A. That is, we represent the forward call value in percentafédke
forward asset value as a function of moneyness defined asdh&rike over forward. Then, we derive the
Fourier transform on the re-scaled forward @#h) in terms of the Fourier transform on the asset return,

u (U—I)
/ ek ()(|u+1) (29)

which is well-defined when contains an imaginary componant u, — iv, with u, being real and being a

real positive number. With the transform 9], the call value can be computed via the following inversion

C( k) _ e—vk

® iurk
- /0 e (U —iv)du. (30)
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To perform the inversion, we first discretize the integrahggshe trapezoid rule:

e—vk N _
S Sme™ UKy (U — V)AL, (31)
0

T[m:

c(k) ~

whered,, = % whenm= 0 and 1 otherwise. We perform the summation using discreteFaurier trans-

form (FFT). FFT is an efficient algorithm for computing diste Fourier coefficients. The discrete Fourier

transform is a mapping df= (fo,---, fy_1) " on the vector of Fourier coefficients= (dp,---,dy_1) ", such
that
1 N-1 i 21T
dJ:N z fmemeWI’ J:O,l,,N—l (32)
m=0

FFT allows the efficient calculation afif N is an even number, sdy = 2",n € N. The algorithm reduces
the number of multiplications in the requiréd summations from an order of2to that ofn2"1, a very

considerable reduction.

To map the inversion in equatioBl) to the FFT form in[B2), we set the summation grid ly= Au and
Um = nNm, and we set the relative strike grid By= —b-+Aj with A = 211/(nN) andb = AN/2. Then, the call

value becomes
1 N—-1

C(kj)zﬁ >

on N i .
fmejm%ly fm = 6mﬁe7VkJ+lumbX(um - Iv)nv (33)
0

with j =0,1,--- ,N — 1. The inversion has the FFT form and can hence be computedeefficiacross the

whole spectrum of strikels;.

2.4.2. Numerical integration with Gauss-Hermite quadratu

Once we have computed the forward call value on asset adresshole spectrum of strikes using the
FFT method, we approximate the integration in the last lihequation [[7) by a weighted sum of a finite

number M) of forward asset call values at equity-to-asset ratioesl(j, j = 1,2,--- | M,
) M
(K. T) = [ FOX)XC(AK/XTIAX = 3 WX C(AGK /X, T), (34)
=1

where we choose the point§ and their corresponding weights based on the Gauss-Hegonigrature rule.

The Gauss-Hermite quadrature rule is designed to appréiaraintegral of the forn™®, h(x) e dx
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whereh(x) is an arbitrary smooth function. After some re-scaling, itfiegral can be regarded as an expec-
tation ofh(x) wherex is a normally distributed random variable with zero meanarthnce of one half. For

a given target functiom(x), the Gauss-Hermite quadrature rule generates a set of tw@ighnd nodes,
i=1,2---,M,that are defined by

ey M ML) ()
/_ooh(x)e dx_gleh(x,)Jr o) (35)

for someg € (—o, o). The approximation error vanishes if the integrditg) is a polynomial of degree equal

or less than 1 — 1. See Davis and Rabinowitz (1984) for details.

To apply the quadrature rules, we need to map the quadraddesrand weight§x;, w; JM:1 to our choice

of Xj and the weightg//. Given the constant elasticity of variance dynamics, oasarable choice is,
X (%) = %@V P2V -\ = X 2T —t). (36)

The choice is motivated by a log-normal approximation ofdbasity ofX by assuming that the instantaneous
return varianced®x 2" is fixed. Then, given the Gauss-Hermite quadratiwe, xj}".;, we choose thex;
points as

X = XeVPh—iV (37)

and the summation weights as

CFGPXOX(x) - FOGIXOXG VR
- 2 WJ - 2 WJ’
e X e X

W, (38)

with the transition density (Xj|X;) given in {@).

2.5. Market prices of risks and the statistical dynamics

The economy that we have described includes four sourcdskof (i) W, which controls the variation
of the financial leverage, (iiX;, which controls the continuous variation of the asset retgii) J, which
controls the discontinuous movements of the asset retadh(ie) Z', which controls the continuous variation

of the activity rates*. The activity rates is assumed to be driven by the same downside jump variatithein
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return jump and hence does not add additional variationcesuiFurthermore, siné andzy are correlated,

we perform the following decomposition &,

Z =pzy+\/1-p?Z, (39)

whereZ; captures the return diffusion variation component thandependent of the diffusion variance rate

variation.

To derive the statistical dynamics of the equity index, we tige following exponential martingale to

define the measure changes fréno Q,

dpP

dQ

(- [ i) £ () £ (~vap) £ (-vs). (40)

whereE(-) denotes the stochastic exponential operator. The speidfica (40) assumes constant market
pricesy?, V., V" for the independent diffusion return rigk the jump riskJ, and the diffusion variance rate risk
ZY, respectively. The market price for the equity-to-assto résk is assumed to be time varying and take the

following linear form,

Y = (ax — KxxX — Kx2V¥& —Kxa¥} ) , (41)

under which thé®-dynamics of the equity-to-asset ratio becomes,
dX = X P (ax — KxxX — Kx W — Kx W) dt+ X Pdw®, (42)

where the statistical drift of th& process accommodates managerial decisions on financeabtpy. The
specification allows the managers to adjust the financia@rége as a function of the current leverage level
X, the current business diffusion risk Iew%i, and the current business jump risk Ievé] We usek =
[Kxx,Kxz, KXJ]T to denote the leverage loading coefficient vector on theethtate variable@((,vtz,vg). The

constant ternay allows the manager to set a long-run target on the equipstet ratio.

With the market price of the Brownian ridk specified in[fl), we can also derive thB-dynamics for

the variance rateX = X, %,

A = (%)? (kx — 0xXP (ax — KxxX — Kx2W — KxaW} ) ) dt — ox (W) ¥ 2dW". (43)
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The constant market price) of the independent diffusion return risk;] generates an instantaneous
risk premium on the asset return\gf,/1 — p2vZ. The market pricey) of the jump return riskJ) generates

an exponential tilting on the Lévy density under the stiati$ measuré?,
TE, (x) = &M ¥ x =g Vi x T (x) = &% MM x|t = e M ¢, (44)

with Vi, = vy /(1—yvy-) andVi. = v3-/(1+y'vy-). The exponential tilting generates an instantaneous
asset return risk premium given k¥(1) —k; (1), the cumulant exponent differences under the two proltgbili
measures evaluated at one. Furthermore, the market prjompfrisk induces a drift adjustment ofiunder

the statistical measur®, o; (vﬂj, —vjf) Vy. Finally, the constant market pricg'J of the diffusion variance

risk (Z') generates a drift adjustment tegozvZ for V2. It also generates an instantaneous asset return risk

premiumpy“vé.

Taken together, we can write the dynamics of the asset valdets underlying activity rates under the

statistical measure as,

dA/A = (VIZPA 4oy I+ (K (1) — k(1)) W
T\ \BdZF + /O NE (u (e dt) — 78 (9 dxft) + / i (e~ 1) (i (dxdt) 6 (dxfalt),

dZ = <Kzez—K]§th) dt+ 07,/ GdZ"?, (45)

dv (KJGJ—K?VS) dt—ch/O

00

X (u‘(dx, dt) — - (x)dX\{]dt> ,

with k¥ = kz — Yoz andk}) = k3 — 03 (V- —v;-).

2.6. A reduced-form benchmark for stock return dynamics

The current state of the art in option pricing is to specifg tinderlying security return dynamics as
driven by two return components, each driven by a sepamatéastic volatility process. Several studies show
that two stochastic volatility factors perform much bettean one stochastic volatility factor does in pricing
equity index options (Bates (2000), Huang and Wu (2004), @ndstoffersen, Heston, and Jacobs (2007))

and currency options (Carr and Wu (2007)). The two returngmments with separate stochastic volatilities
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can readily accommodate stochastic skewness in the unagriturn risk-neutral distribution. Furthermore,
when the two volatility factors show different risk-neutpeersistence, they can also help capture variations

along the term structure dimension.

To compare our model with the state of the art in the optionimgi literature, we create a reduced-form
benchmark model for the equity index return dynamics with stochastic volatility factors by setting = 1
and hence&s = A;. Thus, we can regard the benchmark as a restricted versioarahodel that ignores the
leverage effect. By comparison, Bates (2000) specifies tmapidiffusion return components, each driven
by a separate stochastic volatility process. The jump compis are useful in generating the short-term
implied volatility smiles while the two stochastic volatyl processes generate stochastic skewness in the
return distribution. Christoffersen, Heston, and Jac@®7) consider a special case of the Bates model by
removing the jump components. Huang and Wu (2004) enhaheesléntification of the Bates model by
limiting one return component to a pure diffusion and theeottomponent to be a pure jump process. The
specification allows the stochastic skew behavior while &lgving the capability of generating short-term
smiles through the jump component. All these specificatioosrporate a negative instantaneous correlation
between the index return and return variance. The negativelation is often labeled as the leverage effect,

without further distinction between the actual leverageafand the volatility feedback effect.

Our benchmark is similar to the Huang-Wu specification, bithwvan additional layer of interactions
between the index return and return volatility through tak-exciting behavior of downside return jumps.
Thus, our reduced-form benchmark represents a refinedseagegion of the state of the art in reduced-form
equity index option pricing. We use the term “reduced-fortm’highlight the fact that the benchmark, as
in most extant models in the option pricing literature, does separately model asset value dynamics and
finance leverage, and hence does not differentiate theadgeezffect and the volatility feedback effect. By
comparing the empirical performance of our full model witte reduced-form benchmark, we gauge the

benefits of allowing distinct channels of interactions kesw equity returns and volatilities.

Under the benchmark specification for the equity index, we mace equity index options(k,K,T)
using the same Fourier transform method as we have useccingnptions on asset;(A,K, T), discussed

in Sectior2.41
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3. Data analysis

We obtain over-the-counter implied volatility quotes frarbroker dealer on S&P 500 index options.
The sample is from January 8, 1997 to March 5, 2008. The datawailable daily, but we sample the data
weekly every Wednesday to avoid weekday effects. At eaah tlae quotes are available at eight fixed time
to maturities at one, three, six, 12, 24, 36, 48, and 60 mowtheach maturities, there are five quotes at 80,
90, 100, 110, and 120 percent of the spot index level. All togre we have 40 implied volatility series on a

grid of five relative strikes and eight fixed time to matusti@ver 583 weeks.

Compared to the exchange market (the Chicago Board of GpEigohange), the over-the-counter market
trades options over a much wider spectrum of maturities. & particular maturity, any one of the many
different mechanisms can be used to generate an implietlliplskew along the strike dimension; yet these
different mechanisms have different implications on hoerithplied volatility skew evolve with the option
time to maturity. By using the over-the-counter data thatecaonaturities from one month to five years, we

can achieve a better distinction of the different mechasimat our model incorporates.

3.1. Summary statistics

Tablellreports the summary statistics of the implied volatiliotgs. Panel A reports the sample averages
of the implied volatilities. At each fixed maturity, the agge implied volatilities decline with increasing
strike prices, generating the well-documented impliechtitity skew pattern for stock indexes. At each fixed
relative strike (X), the implied volatilities increase with the time to matyrfior at-the-money options (100%
strike) and at high relative strikes (110% and 120% strikas)the term structure becomes downward sloping

for options at 80% and 90% relative strikes.

[Table[llabout here.]

Figureldl plots the mean implied volatility surface in the left pangleafunction of the relative strikes and
time to maturities. Since an 80% relative strike is far maneaf-the-money at the one-month maturity than
at the five-year maturity, the implied volatility skew looksich steeper at short than at long maturities. To
adjust for the maturity and implied volatility level difience, we define a standardized moneyness measure,

d =In(%/100)/(IV 1/1/100), wherelV denotes the implied volatility (in percentage points) & thlative
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strike K (in percentages of spot) and the time to maturifyn years). The standardized moneyness measure
approximates the number of standard deviations that the $& away from the spot. With the standardized
moneyness measude we construct a comparable implied volatility skew measureach date and maturity
as,

IV 7(80%) — IV; 7(120%

KT = a7 (80%) — dr (120%) (46)

which measures the implied volatility difference in pertzge points at 80% and 120% strikes, divided by
the absolute difference in their respective standard muess; Since the 80% strike implied volatility is
universally higher than the corresponding 120% strike ietpVolatility across all dates and maturities, our
skew measure generates positive estimates. The highestingates, the steeper the negative slope of the
implied volatility plot against the standardized moneynaseasure. The right panel of Figifieplots the
sample averages of the skew measure at different matunties solid line and their 10th and 90th percentiles
in the two dashed lines. The skew measure is on average ldvgbog maturities due to the smile pattern
(curvature). As the option maturity increases, the smileobees a pure skew and the slope increases in

absolute magnitude.

[Fig. 1 about here.]

Table[ll reports the standard deviation estimates of the impliedtNity series in Panel B. We also visu-
alize the standard deviation variation along the strike @madiurity dimension in the left panel of Figu
Consistent with the negative skew in the implied volatiléyels, the standard deviation estimates also de-
cline with increasing strikes. Along the maturity dimemsithe standard deviation estimates show a steeply
downward sloping term structure, suggesting the presehadighly mean-reverting (under the risk-neutral
measure) stochastic volatility factor. Neverthelessnatdive-year maturity, the implied volatilities still have
a large amount of variation left, suggesting the preseneenafarly non-stationary component in the implied

volatility variation.

[Fig. 2 about here.]

Panel C of Tabléll reports the weekly autocorrelation estimates of the indplielatility series. The

estimates range from 0.936 to 0.989. Figlieisualizes the autocorrelation variation along the redati
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strike and time to maturity dimension. The plot reveals axpnent upward sloping term structure for the
autocorrelation estimates. The upward-sloping term siracsuggests the presence of multiple stochastic
volatility factors, with a relatively transient factor doibuting mainly at the short maturities and generating

the lower autocorrelation estimates, and a more persifstetar affecting implied volatilities of all maturities.

3.2. Principal component analysis

To understand the driving forces of the implied volatilityrfsce variation, we perform a principal com-
ponent analysis on the 40 implied volatility series. We festimate the covariance matrix of the weekly
changes on the 40 series, and then compute the eigenvaldesgamvectors of the covariance matrix. The
normalized eigenvalues can be interpreted as the pereewiaigition explained by each principal component,
and the mimicking portfolio for each component can be forfmgedsing the eigenvector corresponding to the
eigenvalue as the portfolio weight. The bar charts in thegmsel of Figur@ represent the normalized eigen-
values for the first ten principal components. The first ppaccomponent explains 85.09% of the variation,
the second component explains 8.24% of the variation, aathitd component explains 3.30% of the varia-
tion. Thus, the first three principal components explainr ®&62% of the variation in the implied volatility
surface. Therefore, a three-factor stochastic volatiittyicture can explain the majority of the variations in

the implied volatility surface.

[Fig. 3 about here.]

The three lines in the second panel of Fig@elot the eigenvectors corresponding to the first three
eigenvalues, which capture the loading of the first threacipal components on the 40 implied volatility
series. In the plot, the 40 implied volatility series arekehfirst in five strikes from 80% to 120% at each
maturity, and then in the eight maturities from one monthwe fiears. The solid line graphs the loadings of
the first principal component (P1), which are positive as@s40 series. Thus, this first principal component
captures the overall variation of the implied volatilitidshe loading decline with increasing maturity reflects

the declining variation of the implied volatility serieslahger maturities.

The dashed line in the second panel of FigBrelots the loadings of the second principal component

(P2), which are relatively flat across the five strikes at emalturity, but decline monotonically as the time to
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maturity increases. The loadings are positive at short mtigs (one and two months), but become negative
when the maturities are six months and longer, thus creatiegm structure slope factor. This distinct term
structure pattern becomes clearer when we plot the facaaling of the second principal component in a

three-dimensional surface in the third panel in FidBire

Finally, the dash-dotted line in the second panel of Fig@irgots the loadings of the third principal
component (P3), which show strong variations along th&esttimension. The pattern becomes all the more
evident when we plot the loadings in a three-dimensionalasarin the last panel in Figui@ At each
maturity, the loadings are positive at low strikes but niegaat high strikes. The strike dimension variation
is particularly strong at short maturities, but the vaaatdiminishes as the maturity increases. The smaller
variation along the strike dimension at longer maturitgepartly due to the scaling because the same relative

strike range implies a smaller range of standard devia@bitenger maturities.

Compared to the over-the-counter implied volatility qptde exchange-listed index options trade over
a wider strike range but a narrower maturity range, with tleimum time to maturity being less than three
years. When we perform principal component analysis ordsiaived data on the exchange-listed options,
we obtain a similar three-factor structure, but with théketdimension variation contributing more to the
total variance than the term structure variation does. Tagether, the data ask for a three-factor volatility
structure that capture the level, the term structure, amdtitike-dimension variation, respectively. Our model
specification can in principal accommodate the three dilnarf variation in the implied volatility surface
through the variations of the financial leverage rag @nd the two activity rates on the diffusion and jump

components of the asset retuss (7)), respectively.

3.3. Dynamic interactions between index returns and optigulied volatilities

To understand the interactions between the stock index tmaption implied volatility level and the
slopes along the maturity and moneyness dimension, we asavdrage of the eight at-the-money implied
volatility series to proxy the volatility level, the diffence between five-year and one-month at-the-money
implied volatilities to proxy the term structure variatjcamnd the average of the eight implied volatility skew
series as defined in equatidff to proxy the moneyness dimension variation. When we medabercorre-

lation between the weekly index returns and weekly changéise three implied volatility dimensions, we
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obtain highly negative estimates between the index retadhtlae volatility level and skew, at0.8114 and
—0.707, respectively. On the other hand, the index return tadro@ estimate with the term structure series is
highly positive at 07643. These correlation estimates suggest that when tbleisidex drops and hence the
index return is negative, (i) the implied volatility levertds to go up; (ii) the negative implied volatility skew
along the moneyness dimension becomes steeper (morevedgatiewed), and (iii) the implied volatility
term structure becomes flatter or more downward slopings;Tie stock index movements interact strongly

with all three dimensions of the option implied volatilituréace.

The three panels on the left side of Figidrplot the weekly changes in the three implied volatility seri
against weekly returns on the stock index, with the circlesating data points and the solid lines denot-
ing local linear regression fits with a Gaussian kernel an@faudt bandwidth choice. The plots confirm
the correlation estimates in showing strongly negativencyements between the index return and the im-
plied volatility level and skew, and strongly positive cavements between the index return and the implied
volatility term structure. Further inspection of the plotseals a certain degree of asymmetry for the implied
volatility response when the index return experienceslaagitive versus negative movements. Overall, the
responses of all three implied volatility series are stesng large negative index movements than to large
positive movements. This asymmetry is the strongest fointipdied volatility skew. For example, the correla-
tion between the index return and the implied volatilitywke —0.5425 when conditioning on positive index
returns, but becomes0.6370 when conditioning on negative index returns. Furtleeenthe correlation
estimate is—0.6612 when conditioning on the index return being lower th&%o, but the estimate becomes
virtually zero at 003 when conditioning on the index return being greater thn Similar asymmetries
exist on the implied volatility levels, but not on the termusture. This asymmetric behavior on the implied
volatility level and skew is consistent with our self-ekuit downside return jump specification. A downside
jump in the asset return leads to a positive jump in the drrate of jumps and thus a positive jump in index
return variance. Furthermore, when the negative jump sizen average larger than the positive jump sizes
(v3- > vy3+), the jump component in the asset return generates negéveness in the index return and hence
contributes to the negatively sloped implied volatilityesk When the negative return jump leads to a spike in
the jump arrival rate, it also leads to a spike in the returgatiee skewness and the option implied volatility

skew.
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[Fig. 4 about here.]

The three panels on the right side of Figidiglot the cross-correlations at different leads and laga®en
the weekly index returns and weekly changes in the threeiéahplolatility series. For all three pairs, the
instantaneous correlations are the strongest. In addiigged index returns show some positive predictions
on the at-the-money implied volatility level and the impligolatility skew, but negative predictions on the
implied volatility term structure. On the other hand, ladgeeekly changed in the at-the-money implied

volatility and the implied volatility skew seem to predibetindex return positively over a two-month horizon.

FigureB plots the time series of the equity index in the first panek &quity index experienced sustained
growth between 1996 and 2000, followed by a three-yearatuatil the rebound starting in 2003. The
rebound reached its peak in mid 2007. The second panel ofedfplots the at-the-money implied volatility
at one-month (solid line) and five-year (dashed line) maési The variation of the one-month implied
volatility is much stronger than the five-year volatilityh&@ implied volatility levels are relatively low around
15% at the beginning of our sample period in 1997 and readiedbtvest point in 2007. In between, the
volatility series have experienced numerous spikes to @gis &8 40% and have a sustained period of high

long-term implied volatility from 1999 to 2003. The impliedlatility started to go up again since 2007.
[Fig. 5 about here.]

The third panel of Figur plots the implied volatility term structure, defined as tiféedence in five-year
and one-month at-the-money implied volatilities. The testnuctures are mostly positive and hence upward
sloping, except during the occasional spikes in the steont-implied volatility, such as during the 1997-1998
Asian crises, the 1999 Nasdaq bubble, and the high voygpiétiod during the 2000-2003 recession. The term
structure started to become downward sloping again sirecbafinning of 2008. The last panel in Figlite
plots the skew measure defined [#6) at one-month (solid line) and five-year (dashed line) nigést The
estimates are universally positively, suggesting thabfiteon implied volatility are always negatively sloped

against strike during our sample period. The skew estintatesto be high at high volatility days.

Our model specification can in principle explain the threiagipal sources of variation on the implied
volatility surface and their dynamic interactions with tinelex return. First, the two activity rateg?(\)

and the financial leveragg (or its transformv = X{z") all contribute to the volatility level variation for the
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index return. Second, shocks to the two activity rates cae dédferent impacts across the implied volatility
term structure when the risk-neutral mean-reversion speaesl different. In addition, shocks on the mean-
repelling 3/2-processy’ have long-lasting impacts across the whole spectrum of nitiegs The different
responses generate variations in the term structure offrtpkeid volatility that dominate the second principal
component. Third, the negative jump compon&nin the asset value dynamics generates negative skewness
in the equity index return at very short maturities, althoitg contribution dies away as maturity increases.
The relative variation between the two activity rate$, ;) alters relative composition of continuous and
discontinuous components in the asset return and thusaeserariations on the return skewness, particu-
larly at short to moderate horizons. By contrast, the retlgwness generated from the financial leverage
effect affects both short and long maturities. Finally,thiee sources of variationsl{, v, /) have negative
co-movements with the index return and thus contribute eocoliserved negative correlation between index
returns and implied volatility level changes. In addititime self-exciting behavior embedded in the specifi-
cation ofv} dynamics can induce the observed asymmetry in the relaibme®n the implied volatility skew

and the index return.

4. Estimation strategy

The variation of the index options is controlled by four statriables, represented bl (%, V&, V).
Among the four state variables, the forward index level isasizable, whereas the other thré ¢, \}) are
not directly observable. To estimate the model parameteth@® observed option prices, we cast the model
into a state-space form and infer the three unobservedatablesv; = [X;, V¢, V| " at each datefrom the
observed option prices using a filtering technique. We eg8rthe model parameters by maximizing the sum

of weekly likelihood values on options.

In the state-space form, we specify the state propagatioaties onV; as en euler approximation of their
statistical dynamics:

Vi = f(M-1,0)+ v/ Qt-1&, (47)

whereg; denotes the standardized forecasting error vector, antbteeasting functionf (\;_1;©) and the
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forecasting error variance are given by,

X+ X Pa— Kk Vi_1)At 22
fM-1;0) = | kz6z0t+ (L—kZAWV ; |, Qa= 02V, >At (48)
KoBsAt + (1 — k5At)W | a3(Vi ),

with At = 7/365 denoting the weekly frequency of the data,denoting a diagonal matrix, ar@ denoting

the parameter set.

We specify the measurement equations on the implied \vibjatjlotes, assuming additive, normally-

distributed measurement errors:

vt = h(\;©) + VRa, (49)

wherey; denotes the timéforward value of the out-of-the-money options computediftbe implied volatil-

ity quotes, scaled by the Black-Scholes vega of the optidw,; ©) denotes the corresponding model value
as a function of the state vectdr and the parameter sé We assume that the pricing errors on the scaled
option prices are i.i.d. normal with zero mean and constarnimce. Hence, we can write the pricing error
covariance matrix ai} = og_ l40, With 0¢ being a scalar antdg denoting an identity matrix of dimension 40.
The dimension of the measurement equation correspond® téGhmplied volatility series across the five

relative strikes at each maturity and eight time to maesiti

When the state propagation and measurement equations assi@alinear, the Kalman filter provides
efficient forecasts and updates on the mean and covariaribe state vector and observations. Our state-
propagation equations and measurement equations do gy shae Gaussian and linear conditions. We use
an extended version of the Kalman filter, the unscented Kalfiitar, to handle the deviations. Specifically,
let Vi, V;, Zxyt denote the timét — 1) ex ante forecasts of timevalues of the state vector, the measurement
series, and the covariance between seriasdy; Iet\A/t,Vt,fxyt denote the corresponding ex post update, or
filtering, on the state vector, the measurement, and theieoes. The unscented Kalman filter uses a set of
deterministically chosen (sigma) points to approximate gtate distribution. At each tireif we usek to
denote the number of states (three in our model) andjus® denote a control parameter, we first generate a

set of X+ 1 sigma vectorg;_1 from the time(t — 1) updated meaﬁ_l and covariancefvv,t_l of the state
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vector according to the following equations,

10 = Vi,
Xt-10 At 1 _ (50)
Xt = Vet /(kEm G J=l.ok i=1..2
with the corresponding weightg given by,
wo = n/k+n), w=1/2k+n), i=1,..,2 (51)

These sigma vectors form a discrete distribution witbeing the corresponding probabilities. We propagate
these sigma points through the propagation equal@nt6 compute the forecasted mean and covariance of

the state vector at tinte

Xei = f(Xt-1i:0), VtzzizzkoWiXt,n

_ . B (52)
Sovt = YW (X — Vo) X — Vi) T+ Qet

We then re-generate the sigma poixitbased on the forecasted mégrand covarianc&y; in very much the
same procedure as in equatiof8)(and E1). With the re-generated sigma points, we compute the fsteda

mean and covariances of the measurements,

gt,i = h(X;0), %= XiZIZ(OWigt,ia
_ _ _ T
Sy = YW (E-Li _Vt> (Eni _Vt> +R, (53)
= X v (v TN (E _w)
vyt = YitoW (Xt.i —Vt) (Et,i —Yt> .

With these moment conditions, we perform the filtering stepdame as in the Kalman filter assuming normal

distributions,

Vi=Vit+ KO -%), Zvvi=23vvi— %Sy % (54)

where the Kalman gain i8¢ = Zyy; (fwt)_l. We refer the reader to Wan and van der Merwe (2001) for

general treatments of the unscented Kalman filter.

Given the forecasted option pricgsand their conditional covariance mati,; obtained from the un-

scented Kalman filtering, we compute the quasi-log likedthwalue for each week’s observation on the option
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prices assuming normally distributed forecasting errors,

k(©) = —% 10g[Zyye| - % (06 =307 (Ee) "0k =3)) - (55)

We choose model parameters to maximize the sum of the wealjkkelihood values on the options,

©=arg rr(])axL(e, (WHey), with £(0,{y}y,) let (56)

whereN = 583 denotes the number of weeks in our sample.

The model has ten parametersKz,0z,0z,p,K3,83,03,V3+,vy-) and three state variableX (vZ, ) to
price 40 options each week for 583 weeks (all together 23¢g32i@ns). In addition, we have six parameters
(a, KXX,KXZ,KXJ,V",V’) that control the market prices of risks and hence the dtatistlynamics and one
auxiliary parameteo? for the measurement error variance. Without using the indaxn data, we leave
the market price of the independent diffusion return righ (iIn-identified. Thus, the procedure estimates 17

parameters and filters out the time series of the three shaiEbles.

The reduced-form benchmark model can be estimated usirgathe procedure. The model has nine pa-
rametersKz,08z,0z,p,Kj,0;,03,Vy+,Vy-) and two state variablesd,\}) to price the options, two parameters
(y",y?) to define the market prices of risks from the two activity satnd one auxiliary parameteg for the

measurement error variance, a total of 12 parameters.

5. Estimation results

First, we compare the performance of the full model and tlieiged-form benchmark in pricing the
index options across different strikes and maturities. nTfiwm the estimates of the structural parameters,
we discuss the dynamics of the risk factors and how they iboitér to the index option implied volatility skew

and term structure.
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5.1. Performance analysis

Table2 reports the summary statistics of the pricing errors froenttio estimated models, the full model
on the left side and the reduced-form benchmark on the riglet sThe pricing errors are defined as the
difference between the implied volatility quotes and theegponding model values, in percentage points.
Panel A in the table reports the sample averages of the grasirors. A positive mean pricing error suggests
that the model underprices the option on average. The méeingerrors from the full model are mostly
small except at the one-month maturity and do not show olvpaiterns. The mean pricing errors from the
reduced-form benchmark are larger overall and show an abuierm structure pattern: The mean pricing
errors are mostly positive at short and long maturities bein@gative at intermediate maturities. The pattern

suggests that the model generates more curvature on thetrercture than observed from the data.

[Table2 about here.]

Panel B of Tabl@ reports the root mean squared pricing error (rmse). Themagts from the full model
are mostly smaller than those from the reduced-form bendhnide average root mean squared error from
the 40 implied volatility series is 0.83 for the full modeldat.187 for the reduced-form benchmark. Thus,

the full model generates a 30% reduction over the benchmatieiaverage root mean squared pricing error.

Panel C reports the explained variation, defined as one ntir@ugariance of the pricing errors over the
variance of the original implied volatility series. Thelfahodel can explain all but two implied volatility
series by over 90% and explain all but seven series by 95% 0By ast, the reduced-form benchmark leaves

five series explained by less than 90% and leaves 15 seriksreegh by less than 95%.

Finally, the last row of the table reports the maximized liggllhood values from the two models. We
can think of the reduced-form benchmark as a constrainesioreof the full model. Then, the constrained
version has 5 fewer parameters and one fewer state var@aideye can regard twice the difference between
the log likelihood values as having a Chi-squared distidoutvith 588 degrees of freedom. The Chi-squared

test static is 16,773. The constrained version is strorgjscted.
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5.2. Parameter estimates

Table@reports the parameter estimates and their standard eordosth the full model and the reduced-
form benchmark. Given the large amount of options data @@B¢bservations) used for the model estimation,
all parameters are estimated with strong statistical Bggmce. We focus our discussion on the equity index

dynamics implied by the estimated full model.

[Table3about here.]

The power coefficienp that governs the constant elasticity of variance behasgi@stimated at.8427,
suggesting a strong dependence of the index return variamdbe leverage leveX;. When using a pure
constant elasticity of variance model to fit the implied wititsg skew in the S&P 500 index options, Jackwerth
and Rubinstein (1996) find that the fitted values for the paweifficient can be as high @s= 5. Our estimate
is much smaller as we have several other components in thelrttwat also contribute to the interactions
between the index return and return variance. The estinatggegend to be much smaller when the dynamics
are fitted to the time-series of the index returns (Becke®8@L and Christie (1982)) instead of the index

option prices.

The activity rate underlying the diffusion return components driven by a mean-reverting square-root
process[I0), with kz measuring the risk-neutral mean-reverting speeddarttie risk-neutral long-run mean.
The estimate okz = 3.0114 indicates that this variance rate process is highlynmezerting under the risk-
neutral measure. As a result, shocks on the activitywattissipates quickly as the option maturity increases.
The mean estimate & = 0.0244 implies a return volatility contribution @f8; = 15.62% under the risk-
neutral measure. The activity rat@ shows high instantaneous volatility of volatility az = 0.5988 and
highly negative instantaneous correlation with the cqoesling return innovation componemt= —0.8354.
The high volatility of volatility contributes to the curvak of the implied volatility smile, whereas the negative

instantaneous correlation adds to the negative implieatit} skew.

In contrast to the strong risk-neutral mean-reverting biemaf the diffusion variance ratef, the arrival
rate of the jump return component has a very small risk-neutral mean-reverting spegd; 0.0009. As
a result, the impact of the jump component persists acrésptbn maturities. The estimate for the risk-

neutral mean of the arrival rate is extremely large, magmifythe contribution of the component at long
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option maturities. On the other hand, the large estimate;ea 5.6355 indicates that a downside jump in the

asset return evokes a much larger upside jump in the retuianea.

The coefficients\(;;,Vv;- ) measure the average sizes of the upside and downside retops under the
risk-neutral measure. The average downside jump sizeilnast to bev;- = 0.1926 whereas the average
upside jump is close to zero. The large difference in theaaejump sizes generate another layer of skewness

in the instantaneous stock return distribution under thlemeutral measure.

We use four parameters to capture how the equity-to-assereaponds to the levels of financial leverage
and business risk. The parameksrx allows mean reversion in the capital structure decisione Jimall
estimate suggests that the leverage ratio is a very persistecess. The parametexz captures how the
capital structure decision responds to the current levdififsion business risk. Interestingly, the estimate is
strongly positive, suggesting th&t declines and hence financial leverage increases with isiogediffusion
business risk. By contrast, the capital structure resptmtiee jump business risk is captured hy;, which
is estimated to be negative. Thus, the aggregate economgagdinancial leverage when the expected jump

risk increases but increases financial leverage when thesidih risk increases.

Finally, the estimation generates a significantly negatinagket price §) on the diffusion variance risk
and a significantly positive market pricg) on the jump return risk. Several studies, e.g., Bakshi amobidia
(2003a,b) and Carr and Wu (2009), have documented negananee risk premiums on stock indexes. Our
model decomposes the index return into three risk souwtie&;( J; ), all contributing to the stochastic return
variance. Based on the parameter estimates and the estistate variablesX,vZ,\/), we can calculate
the average contribution to return variance and variargtepiemium from each risk source. The financial
leverage factoX; generates an instantaneous index return variangé ﬁfX{zP, which has a sample average
0f 0.0119, or 10.91% in volatility term. The instantanedsk-neutral drift ofX is u(v¥)@ = p(2p+1)(&)?,
and the corresponding statistical driftpié’)F = (V)2 (kx — ox (X”)(ax — KxxX — Kx2¥& —KxaW)). The
sample averages of the two drifts ar@@7 and 066, generating a slightly positive average instantasieou

variance risk premium of.0028.

The diffusive component of the asset return contributeiédristantaneous index return variancevpy
which generates a sample average of 0.0231, or 15.19% itilipléerm. We specifyv? as following a

square-root diffusion dynamics, with the instantaneosis premium onv given byy'ozV#. With a negative
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estimate on the market prig#, the instantaneous risk premium averages @412.

Finally, the jump component of the asset return contribtivethe instantaneous index return variance
by (V3. +V3_ )W) under the risk-neutral measure affet, )2+ (vi-)?)\/) under the statistical measure, with
the difference induced by the market price of jump 8k The sample averages of the two variance series
are 0.0137 (11.72% in volatility term) and 0.0116 (10.79%akatility term), respectively, thus generating a
negative variance risk premium ef0.0021. Furthermore, the market price of the jump risk alsuded a
difference between the statistical and risk-neutral sldft the jump arrival ratef at o;(vi- — v;- )%, which

averages at0.0318.

Figureld plots the time series of the extracted state variables. Taadial leverage and its contribution
to the index return variance{) reached historical highs before the burst of the Nasdaglbufollowed by a
deleveraging process. The diffusion return variarng® (eached its highest point during the 2003 recession,
but had been low during the years after. The jump rigl $piked to its highest level during the hedge fund

crisis and the ensuing Asian crises in 1999.

[Fig. 6 about here.]

5.3. Multiple sources of index return variance variation

According to the index return dynamics representation imaéiqn [L5), the variation of the index return
is governed by three random sourc@d{,Z;,J). Both the variance rates for the two Brownian motions
(W, Z) and the arrival rate for the jum{@;) are stochastic and are governed by separate dynamic pesces
(&, W), respectively. The risk-neutral dynamics of the thre¢estariables determine how shocks to the
three sources of variance risks dissipate across the retmignce term structure. A transient shock mainly
affects the short-term return variance and hence shart-tgtions, whereas a persistent shock affects return
variance and option prices at both short and long maturifiee v = X(z'“ process is mean-repelling under
the risk-neutral measure. Thus, shocksXphave long-lasting impacts on the return variance term sirec
Furthermore, the risk-neutral mean-reverting speed;fés estimated very small at; = 0.0009, suggesting
that shocks o are also long-lasting. On the other hand, the risk-neutemreverting speed fof is

quite large akz = 3.0114. As a result, shocks ofi tend to dissipate quickly as the return variance horizon
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increases.

In Figure[d, we plot the responses of the implied volatilities agairgicks on each of the three risk
factors across different strikes and maturities. Panelsarfirst, second, and the third row plot responses to
the equity-to-asset rati¥;, the activity rate underlying the diffusion return compohe’, and the activity
rate underlying the jump return componepi respectively. In each row, panels on the left plot the raspe
of one-month option implied volatilities across differaitikes, panels in the middle plot the responses of the
five-year option implied volatilities across differentikéis, and panels on the right plot responses of at-the-
money (100% strike) option implied volatilities acrossfeiént time to maturities. In each panel, the solid
lines represent the model-generated implied volatiliig®n evaluated at the sample averages of the state
variables; the dashed lines represent the model-generalieels when evaluated at the 90th-percentile of the
state variable in question while holding the other two staiéables at their sample averages; the dash-dotted
lines represent responses to a shift to the 10th percentiléhé state variable in question while holding the

other two state variables at their sample averages.
[Fig. 7 about here.]

When we shift the equity-to-asset ratip from its sample average to its 90th-percentile value while
holding everything else constant, the financial leveragedsiced and the contribution of the factor to the
index return variance)(zp) is reduced accordingly. Thus, as shown in the first row oftifgf] the dashed
lines are below the solid line across all strikes and maggtitOn the other hand, when the equity-to-asset
ratio is reduced to its 10th-percentile value, the finareisrage increases, and the option implied volatilities
(dash-dotted lines) increase and hence move above theliselidAt short maturities, shocks 2§ affect the
implied volatilities more at-the-money than out-of-themey. The implied volatility response becomes more
unform across strikes at long maturities. When we plot thetmoney implied volatility term structure in
the right panel, we observe that the responses of the atitimey implied volatilities to theé; risk factor are
relatively uniform across maturities. A shockXpinduces a near parallel shift in the at-the-money implied

volatility term structure.

When the activity rate? experiences a positive shock, the return variance cotiiibérom the diffusion
component ;) increases. In response, the option implied volatilities/enup. Panels in the second row of

Figure[? show that the dashed lines are all above the solid line. Ativegshock tovf lowers the option
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implied volatility (dash-dotted lines). At short matue$, the responses are stronger at high strikes than at
low strikes. At long maturities, the implied volatility nesnses become much smaller but more uniform
across different strikes. The term structure plot on thitriide highlights the transient nature of tiferisk
factor: Shocks te? induce large responses at short maturities, but the restwines quickly as the option

maturity increases.

When the activity rate; experiences a positive shock, the return variance incsdas the contribution
of the jump component. Furthermore,\glsgoverns the intensity of the negatively skewed return jump-c
ponent, a positive shock i} also increases the negative skewness of the instantanetuws distribution.
In response, a positive shockwbnot only raises the implied volatility level, but also inases the negative
skew, especially at short maturities, by rasing the lovwkstimplied volatility more than the high-strike im-
plied volatility. Furthermore, given the low mean-reversestimate, shocks t¢ have a persistent impact on

the at-the-money implied volatility term structure.

5.4. Different channels of implied volatility skew

It is well-known that the equity index option implied voléies show a persistent negative skew pattern
along the moneyness dimension. Several mechanisms hauepbggosed in the literature to account for
a negative skew at a particular maturity, including dowagigmps in equity returns, negative correlations
between equity returns and return volatilities, and loadtility type price level dependence. Our model
accommodates all these mechanisms and more. Under oufispelyinamics for the equity index, the index
option implied volatility skew can come from four distinaiwgces: (i) the leverage effect through the strictly
positive power coefficienp, (ii) the instantaneous negative correlatipr: 0 between diffusion return and
volatility risks, (iii) the return jump component that geates much larger downside jumps than upside jumps
(v3- > v3+), and (iv) the self-exciting downside jumps in the assatrrethat lead to more frequent arrival of
jumps. Based on the parameter estimates, we assess thibwtoorirof each source to the implied volatility

skews at different maturities.

Figure[d plots the term structure of the model-generated impliedievalkew, calculated according to
equation [6) based on model-generated implied volatility estimatedifédrent strikes and maturities. The

model values are generated at the sample averages of tieesthte variables. The solid lines in all panels
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plot the same term structure generated from the model paeamstimates reported in Talfe The dashed
lines in each panel are generated by increasing the absoagaitude of one particular parameter and the
dashed-dotted lines are generated by decreasing the sbswgnitude of the same parameter, while holding

all other parameters to their original estimates.

The first panel shows the effect of varying the power coefficig that governs the constant elasticity
of variance behavior. Tab[@ reports an estimate qf = 2.8427. When we increase the power coefficient
to 3.3 for the dashed line in the first panel, the implied \vlitvatskew becomes steeper except at very long
maturities. On the other hand, lowering the coefficient ®l8wer the skew at short maturities, but raises
the skew at long maturities, as shown by the dash-dotted Tihe fact that the effect switch directions from
short to long maturities indicates that the power coefficiigieracts with other components of the index return

dynamics to generate the implied volatility skew.

[Fig. 8 about here.]

The second panel in Figu@plots the effect of the instantaneous correlatponThe correlation is esti-
mated to be strongly negative a0.8354. When we alter the correlation estimate, its effecthenimplied
volatility skew is relatively uniform across all maturisieIncreasing the absolute magnitude of the negative

correlation increases the implied volatility skew at bdtlors and long maturities.

To capture the effect of the return jumps, we alter the avessze of the downside jumpy-) and plots
the effect of this perturbation on the skew term structurn@third panel of Figur@ Reducing the average
size of downside jumps reduces the negative skewness ofithye jeturn component and hence lowers the
skew estimate at the short maturities. Furthermore, dueetpérsistent risk-neutral dynamicswf this jump

size effect persists to long option maturities.

In the last panel, we capture the self-exciting featureughothec; parameter. Setting; to zero would
completely remove the self-exciting feature as negatittrmgumps would not be able to increase the arrival
rate of future jumps. When we vary the parameigr the skew estimates virtually do not change at short
maturities, but the skew variations at long maturities arnigegsignificant. Increasing the intensity of the self-
exciting feature by increasinmy; generates stronger negative skews in the option implieatilitt plots along

the moneyness dimension.
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6. Concluding remarks

The movements of the stock index and index volatility caariatt through several distinct channels. First,
holding the aggregate debt level and business risk fixedcknden the index level increases the financial
leverage of the aggregate economy and raises the equitiflitypllnrough the increased financial leverage.
Second, holding the leverage ratio fixed, an increase inukméss risk increases the discounting and hence
reduces the valuation of future cash flows, thus generatingstantaneous negative correlation between asset
return and risk. Finally, the stock market experiences lootitinuous movements and discontinuous large
disruptions. The large disruptions, especially negativeso often exhibit a self-exciting feature in that the
occurrence of one disruption induces more disruptionsltovipthus again raising the index return volatility.

In this paper, we capture all three channels of interactinseparately modeling the asset return dynamics
and the financial leverage variations. We analyze the iratitins of the dynamic specifications on pricing

the equity index options across different strikes and nitsar

We propose a numerically tractable procedure to price giuiex options under the specified dynamics,
and we estimate the dynamics using about a decade worth Bffmseounter equity index options data that
span five different strikes at each fixed time to maturity aigtitedifferent fixed time to maturities from one
month to five year. The estimation results show that the mpddbrms well in pricing the equity index
options. From the parameter estimates, we analyze the dgmaifreach risk sources and how they affect the

implied volatility behaviors across strikes and matusitie

Our analysis highlights the virtue of separating the effafcfinancial leverage from the dynamics of
asset returns that underly the fundamental business ritkoudgh our analysis is on the equity index, the
separate treatment is all the more appropriate for indalidompanies. In a recent working paper, Choi and
Richardson (2008) study the separate variations of firmtilitles and financial leverages across different
companies. A line for future research is to link the crossiseal differences in firm volatilities and financial

leverages to the different behaviors of individual stockays across strike and maturities.
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Table 1
Summary statistics of implied volatility quotes

K/m 1 3 6 12 24 36 48 60
A. Mean
80 33.84 28.95 26.69 25.18 24.53 24.46 24.56 24.77
90 25.91 23.97 23.11 22.63 22.70 22.97 23.30 23.66
100 18.81 19.39 19.75 20.20 20.93 21.54 22.08 22.60
110 15.11 16.02 16.96 18.01 19.29 20.20 20.94 21.59
120 14.28 14.59 15.25 16.36 17.86 18.97 19.87 20.64
B. Standard deviation
80 6.65 5.90 5.25 4.80 4.63 4.41 4.21 4.08
90 6.22 5.61 5.06 4.66 4.48 4,32 4.17 4.06
100 6.06 5.41 4,92 457 4.37 4.25 4.14 4.04
110 5.09 4.92 4.70 4.47 4,29 4.20 4,12 4.02
120 452 4.24 4.19 4.18 4,12 411 4.08 4.01
C. Weekly autocorrelation
80 0.937 0.965 0.974 0.981 0.986 0.987 0.988 0.988
90 0.937 0.963 0.973 0.980 0.986 0.987 0.988 0.988
100 0.936 0.962 0.972 0.980 0.985 0.987 0.988 0.988
110 0.944 0.961 0.972 0.980 0.985 0.987 0.988 0.988
120 0.963 0.969 0.972 0.980 0.984 0.987 0.988 0.989

Entries report the summary statistics of 40 implied vdlstieries (in percentage points) across five relative
strikes (X, in percentages of the spot index level) and eight time tanieggs (m, in months). Panel A reports
the sample average, panel B reports the standard deviatimhpanel C reports the weekly autocorrelation

estimates. The data are sampled weekly (on Wednesdays)Jamooary 8, 1997 to March 5, 2008, 583
observations for each series.
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Table 2
Summary statistics of pricing errors

Full model Reduced-form benchmark
K/m 1 3 6 12 24 36 48 60 1 3 6 12 24 36 48 60

A. Mean pricing error
80 -0.595 0.508 0.200 0.056 -0.061 -0.208 -0.285 -0.260 70.84.141 0.253 -0.358 -0.414 -0.201 0.112 0.499
90 0.389 0.250 0.189 0.141 0.068 -0.003 -0.019 0.046 0.152250.-0.062 -0.329 -0.341 -0.136 0.172 0.554
100 -0.237 0.030 0.118 0.086 0.043 0.055 0.108 0.220 0.328490. 0.007 -0.233 -0.312 -0.123 0.182 0.563
110 -0.654 -0.112 0.015 -0.021 -0.048 0.032 0.149 0.307 80.90.369 0.132 -0.151 -0.314 -0.143 0.160 0.541
120 -1.297 0.215 0.227 0.062 -0.099 -0.019 0.132 0.326 2.408.157 -0.252 -0.299 -0.358 -0.196 0.103 0.483

B. Root mean squared error
80 2.216 1.103 1.050 0.836 0.607 0.550 0.770 1.064 3.904 52.15515 1.301 1.131 0.902 0.908 1.181
90 1.225 0.727 0.701 0.641 0.445 0.279 0.445 0.758 2.252 21.10.852 0.810 0.708 0.591 0.711 1.056
100 1.111 0.409 0.474 0.555 0.418 0.286 0.377 0.657 1.290010.60.641 0.678 0.528 0.425 0.592 0.966
110 1.499 0.720 0.720 0.717 0.551 0436 0.465 0.674 2.486820.91.067 1.025 0.711 0.488 0.554 0.901
120 4014 1.081 1.057 0.984 0.714 0.561 0.572 0.735 3.836881.41.299 1.327 1.014 0.663 0.583 0.856

C. Explained variation
80 0.897 0972 0.961 0.970 0.983 0.987 0.971 0.936 0.672 40.90919 0.932 0.948 0.960 0.954 0.931
90 0.965 0.985 0.982 0.982 0.990 0.996 0.989 0.965 0.869 20.98972 0975 0.981 0.982 0.973 0.951
100 0.968 0.994 0.991 0.986 0.991 0.996 0.992 0.977 0.957880.90.983 0.981 0.990 0.991 0.981 0.962
110 0.930 0.979 0.977 0974 0.984 0.989 0.989 0.978 0.795660.90.949 0.949 0.978 0.988 0.983 0.968
120 0.293 0.938 0.939 0.945 0.971 0.981 0.981 0.973 0.289780.80.907 0.904 0.947 0.976 0.980 0.969
Average 0.810 0.974 0.970 0.971 0.984 0.990 0.984 0.966 70.70.940 0.946 0.948 0.969 0.979 0.974 0.956

L 46,651 38,265

Entries report the summary statistics of the pricing erfays both our full model (left side) and the reduced-form ¢femark (right side). The
pricing errors are defined as the difference between thdaaohpblatility quotes and the corresponding model value#h In percentage points.
Panel A reports the sample averages of the pricing erronselBareports the root mean squared pricing errors. Panep@ritethe explained
variation, defined as one minus the ratio of the pricing erasiance to the variance of the original implied volatilitgries. The last panel reports
the maximized log likelihood values for the two models.



Table 3
Maximum likelihood estimates of model parameters

C] Full model Reduced-form benchmark
Estimates Std. Error Estimates Std. Error

p 2.8427 0.0074

Kz 3.0114 0.0127 1.0933 0.0076
(574 0.0244 0.0000 0.0479 0.0001
Oz 0.5988 0.0015 0.4923 0.0025
p -0.8354 0.0016 -0.7242 0.0027
Kj 0.0009 0.0000 0.0000 0.0000
0; 113.8562 0.0715 0.0394 0.0006
(o} 5.6355 0.0272 19.6423 0.3165
Vi+ 0.0000 0.0000 0.0197 0.0004
Vi- 0.1926 0.0002 0.0779 0.0004
ax 0.0003 0.0000

Kxx 0.0001 0.0000

Kxz 17.5360 0.3087

KxJ -0.0774 0.0000

4 -17.4507 0.3048 -18.7061 0.5781
Yy 0.4468 0.0023 -0.0000 0.0000
og 0.0052 0.0000 0.0120 0.0000

Entries report the maximum likelihood estimates of the nhpdeameters and their standard errors for both
the full model and the reduced-form benchmark.
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Fig. 1. The mean implied volatility surface and implied \idity skew. The left panel plots the sample
averages of the implied volatilities as a function of refatstrikes and time to maturities. The right panel
plots the sample averages (solid line) and the 10th and @0teptiles (dashed lines) of the implied volatility
skew estimates across different maturities. The skew isnelkfas the implied volatility differences at 80%
and 120% strikes divided by the absolute difference in thieesponding standardized moneyness measure
d=In(%/100)/(IV v/1/100), wherelV is the implied volatility quote (in percentage points) & glercentage
relative strikeX and time to maturity.
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Fig. 2. The weekly standard deviation (left panel) and aut@tation (right panel) of the implied volatility
series are plotted against the relative strikes and timeatoinities.
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Fig. 3. Principal component analysis on the implied vatgtdurface. The bar chart in the left panel plots the
first ten normalized eigenvalues of covariance matrix ofklyeehanges on the 40 implied volatility series.
They can be interpreted as the percentage variation egpldig each principal component. The right panel
plot the eigenvectors of the first three eigenvalues (P1PB2respectively), which can be interpreted as the
loading coefficients of the three principal components an4f implied volatility series. The 40 implied
volatility series are ranked first in five strikes from 80% t20% at each maturity, and then in the eight
maturities from one month to five years.
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Fig. 4. Co-movements between the index returns and theeachpblatility surface. The three panels on the left
side plot weekly changes in the average at-the-money ichpbéatility level (top panel), the average implied
volatility skew (middle panel), and the at-the-money iraglivolatility term structure (bottom panel) against
weekly index returns. Circles denote data points and simigkIrepresent local linear regression fits with a
Gaussian kernel and a default bandwidth choice. The threelpan the right side plot the cross-correlogram
at different leads and lags between the weekly index retadnigeekly changes in the three implied volatility
series.
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Fig. 5. The time series of the S&P 500 index and the optioniedplolatility combinations. The first panel
plots the time series of the S&P 500 index. The second panéd ghe at-the-money implied volatility at
one month (solid line) and five-year (dashed line) matwitiehe third panel plots the at-the-money implied
volatility term structure, defined as the difference betwéee-year and one-month at-the-money implied
volatilities. The last panel plots the implied volatilitkesv (SK) series at one-month and five-year maturities.

48



3.2 0.035
3F 0.03
2.8F 0.025
2.6 0.02
< X -
2.4F 0.015
2.2 0.01
2F 0.005
18 0 e
97 98 99 00 01 02 03 04 05 06 07 08 09 97 98 99 00 01 02 03 04 05 06 07 08 09
0.14 4.5
0.12} i
3.5
3.
2.5F
S -
2.
1.5F 1
ir 4
0.5p 1
0 0 M Al }\-
97 98 99 00 01 02 03 04 05 06 07 08 09 97 98 99 00 01 02 03 04 05 06 07 08 09

Fig. 6. The time series of the state variables. The statalas time series are extracted using the unscented
Kalman filter under the estimated model parameters.
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Fig. 7. Shocks and implied volatility responses. The satidd in each panel represent the implied volatility
generated from the estimated model when evaluated at thelessawerage of the state variables. The dashed
lines are obtained by setting one state variable to its 96tkagmtile while holding the other two to their
average values. The dashed-dotted lines are obtainedtmgsate state variable to its 10th percentile while
holding the other two to their average. The three rows remtesnplied volatility responses to the three
state variables. The first two columns plot the responsesefnoonth and five-year implied volatilities,
respectively, across different strikes. The last colunuispthe responses of at-the-money implied volatilities

at different maturities.
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Fig. 8. Multiple sources of implied volatility skews. Eachrel plots the effect of varying one parameters
on the term structure of the option implied volatility skeviaile holding other parameters to their maximum
likelihood estimates. The skew is defined according to eouigd8) based on model-generated implied
volatility values.
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